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Preface 


This book ig devoted to two separate, but related, topies: (1) the synthesis and 
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simplification of switching and logic circuits, and (2) the theory of Boolean algebras. 


Those people whose primary interest is in switching and logic circuits can read 
Chapter 4 immediately after a quick perusal of Chapter 1. We have confined our 
treatment of switching and logic circuits to combinational circuits, i. circuits in 
which the outputs at a given time depend only on the present value of the inputs and 


not upon the previous values of the inputs. The extensive theory of sequential circuits, 
in which the outnnte danand alen nnoan tha history of the invuts, may be pursued by 
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the reader in Introduction to ours Theory and Logical Design by F. J. Hill and 
Das ahs nas Lown ae Mab nnn dH 


G PR Datarann fesfavanns 8A a. 
wae ae, 2 CVEPSON (Tererence o4, page 202}, Introduction to Switching Gna AUTOMEALG 


Theory by M. A. Harrison (ref. 88, page 202), and other textbooks on switching theory. 


The treatment of Boolean algebras is somewhat deeper than in most elementary 
texts. It can serve as an introduction to graduate-level books such as Boolean Algebras 
by R. Sikorski (ref. 148, page 207) and Lectures on Boolean Algebras by P. R. Halmos 
(ref. 116, nage 207). 
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There is no prerequisite for the reading of this book. Each chapter begins with 
clear statements of pertinent definitions, principles and theorems together with illus- 
trative and other descriptive material. This is followed by graded sets of solved and 
supplementary problems. The solved problems serve to illustrate and amplify the 
theory, bring into sharp focus those fine points without which the student continually 
feels himself on unsafe ground, and provide the repetition of basic principles so vital 
to effective learning. A few problems which involve modern algebra or point-set 
topology are clearly labeled. The supplementary problems serve as a complete review 
of the material of each chapter. Difficult problems are identified by a superscript > 


following the problem number. 


The extensive bibliography at the end of the book is divided into two parts, the 
first on Switching Circuits, Logic Circuits and Minimization, and the second on 
Boolean Algebras and Related Topics. It was designed for browsing. We have listed 
many articles and books not explicitly referred to in the body of the text in order to 
give the reader the opportunity to delve further into the literature on his own. 
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Chapter 1 


The Algebra of Logic 


There are many ways of operating on propositions to form new propositions. We shall 
limit ourselves to those operations on propositions which are most relevant to mathematics 
and science, namely, to truth-functional operations. An operation is said to be truth- 
functional if the truth value (truth or falsity) of the resulting proposition is determined 
by the truth values of the propositions from which it is constructed. The investigation of 
truth-functional operations is called the propositional calculus, or, in old-fashioned 
terminology, the algebra of logic, although its subject matter formg only a small and 


atypically simple branch of modern mathematical logic. 


Negation 
Negation is the simplest common example of a truth-functional operation. If A is a 
proposition, then its denial, not-A is true when Ais false and false when A is true Wa ahall 
ry BD BM VV AEA FEE AOA 4141 AOI VV ALUEL PE ID WL uc. wrou Sais 


use a special sign 1 to stand for negation. Thus, 1A is the proposition which asserts the 
denial of A. The relation between the truth values of 1A and A can be made explicit by a 
diagram called a truth table. 


Ala 
T F 
F T 
Fig. 1-1 


this truth table, the column under A gives the two possible truth values T (truth) 
(falsity) of A. Each entry in the column under 1A gives the truth value of 1A 


Pa eee 


esponding to the truth value of A in the same row. 


eS 
* 5 
gs 


Conjunction 
Another truth-functional operation about which little discussion is necessary is con- 
junction. We shall use A & B to stand for the conjunction (A and B). The truth table 


fw Bf 
LOr W 1S 


A B A&B 
T T T 
F T F 
T F F 
F F F 
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There are four possible 


in the truth table. Th 
of A and 8 is true. 


® © 


Disjunction 

The use of the word “or” in English is ambiguous. Sometimes, “A or B”’t means that 
at least one of A and 6 is true, but that both A and B may be true. This is the inclusive 
usage of “or”. Thus to explain someone’s success one might say “he is very smart or he 
is very lucky’, and this clearly does not exclude the possibility that he is both smart and 
lucky. The inclusive usage of “or” is often rendered in legal documents by the expression 
“and/or”. 


Sometimes the word “or” is used in an exclusive sense. For example, “Hither I will go 
skating this afternoon or I will stay at home to study this afternoon” clearly means that I 
will not both go skating and stay home to study this afternoon. Whether the exclusive usage 
is intended by the speaker or is merely inferred by the listener is often difficult to determine 
from the sentence itseif. 

In any case, the ambiguity in usage of the word “or” is something that we cannot allow 
in a language intended for scientific epplicauons. It is necessary to employ distinct symbols 
for the different meanings of “or”, and it turns out to be more convenient to introduce 
a special symbol for the inclusive usage, since this occurs more frequently in mathematical 
assertions.!! 


“Av B” shal] stand for “A or B or both”. Thus in its truth table (Fig. 1-3) the only case 


where Av B is false is the case where both A and B are false. The expression Av B will be 


anllad 2 dradam atsn of A ax” B\ 
CTau€G & GiSJUNCTION {of mem arG ww), 


Fig. 1-3 


Conditionals 


In mathematics, expressions of the form “If A then B” occur so often that it is necessary 
to understand the corresponding truth-functional operation. It is obvious that, when A is T 
and B is F, “If A then B” must be F. But in natural languages (like English) there is no 
established usage in the other cases (when A is F, or when both A and B are T). In fact 


when the meanings of A and B are not related (such as in “If the price of milk is 25¢ per 


quart, then high tide j is at 8:00 P.M. today”), the expression “If A then B”’ is not regarded 
as having any meaning at all. 


tStrictly speaking, we should employ quotation marks whenever we are talking about an expression 
rather than using it. However, this would sometimes get the reader lost in a sea of quotation marks, 
and we adopt instead the practice of omitting quotation marks whenever misunderstanding is improbable. 

ttIn some natural languages, there are different words for the inclusive and exclusive “or”. For example, 
in Latin, “vel” is used in the inclusive sense, while “aut” is used in the exclusive sense. 


CHAP. 1] THE ALGEBRA OF LOGIC 3 


us aw ae ~ ean et 
Thus if we wish to regard “If A then 8” as truth-functional (i.e. the truth value must 


be determined by those of A and B), we shall have to go beyond ordinary usage. To this 
end we first introduce > as a symbol for the new operation. Thus we shall write “A B” 
instead of “If A then B’. A-B is called a conditional with antecedent A and consequent B. 
The truth table for > contains so far only one entry, in the third row. 


A B AaB 
aca 
ope 

TY) F) F 
F r | 


As a guideline for deciding how to fill in the rest of the truth table, we can turn to 


ae mt se fo ag ke cha 7 ae Tr. 
If (C & D) then ©”, which seems to be a proposition which should always be true. When 


C is T and D is F, (C & D) is F. Thus the second line of our truth table should be T (since 
(© & 8) is F, © is T, and (if (© & B) then C) is T). Likewise when C is F and D is F, 
(© & D) is F. Hence the fourth line should be T. Finally, when € is T and D is T, (C & D) 
is T, and the first line should be T. We arrive at the following truth table: 


Fig. 1-5 
A~B is F when and only when A is T and B is F.. 


To make the meaning of A~ B somewhat clearer, notice that A~> B and (1A) v B always 
have the same truth value. (Just consider each of the four possible assignments of truth 
values to Aand B.) Thus the intuitive meaning of A> B is “not-A or B”. are is precisely 
the meaning which is given to “If A then RB” in contemporary mathematic 


dS ee ee 


A proposition A~ B is T whenever A is F, irrespective of the truth value of B. Notice 
also that A~ B is automatically T whenever B is T, without regard to the truth value of A. 
In these two cases, one sometimes says that A> B is trivially true by virtue of the falsity 
of A or the truth of B. 


Example 1.1. 
The propositions 2+2=5 ~ 11 and 2+2=5 > 1=1 are both trivially true, since 2+2=5 
is false. 


Biconditionals 

At this time we shall introduce a special symbol for just one more truth-functional 
operation: A if and only if B. Let A«>B stand for “A if and only if B”, where we under- 
stand the latter expression to mean that A and B have the same truth value (i.e. if A is T, 
so is B, and vice versa). This gives rise to the truth table: 
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T T T 
F T F 
T F F 
F | F | T 
Fig. 1-6 


A proposition of the form A = B is called a biconditional. Notice that AB always takes 
the same truth value as (A~ B) & (B~> A); this is reflected in the mathematical practice of 
deriving a biconditional A B by proving A> B and B~> A separately. 


12 CONNECTIVES 


Up to this point, we have selected five truth-functional operations and introduced special 
symbols for them: 1. & v,7,¢. Of course if wa limit ourselves only to two variables, 


sana See Yeeenes fy &, Ue Seeess VA wee SS Wesdy UV 


then there are 2*=16 different truth-functional operations. With two variables, a truth 


tahln hae fanr vada 
VOMIT 4160 2YUL LY WV 


Soy yap 
YoaA Ald 
{ 


Fig. 1-7 


A truth-functional operation can have either T or F in each row. Hence there are 2°2-2-2 
possible binary truth-functional operations. 


Corresponding to any truth-functional operation (i.e. to any truth table) we can introduce 
a special symbol, called a connective, to indicate that operation. Thus the symbols 
1, & v,~, — are connectives. These five connectives will suffice for all practical purposes. 


Example 1.2. 
The operation carresponding to the exclusive usage of “or” could he designated by 2 connective +, 


having as its truth table: 


13 STATEMENT FORMS 
To study the properties of truth-functional operations we introduce the following notions. 
By a statement form (in the connectives 1, & v, >, <) we mean any expression built 
up from the statement letters A, B,C, ..., Ai, Bi, Ci, ... by a finite number of applications 
of the connectives 1, &,v,7,<. More precisely, an expression is a statement form if it 
can shown to be one by means of the following two rules: 
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(2) If A and B are statement forms, so are (1A), (A&B), (Av B), (A> 8B), and (Ao B).t 


Example 1.3. 
Examples of statement forms: 
(i) (A > (Bv (C&(1A)); (ii) (TA (18); (Hid) (CA TAQ) > (Az > A). 


Clearly we can talk about statement forms in any given set of connectives (instead of 


just 1, &, v, >, <>) by using the given connectives in clause (2) of the definition. 


The need for parentheses in writing statement forms seems obvious. An expression 
such as Av B&C might mean either ((Av B) &C) or (Av (B&C)), and these two statement 
forms are not, in any sense, equivalent. 


While parentheses are necessary, there are many cases in which some parentheses may 
be conveniently and unambiguously omitted. For that purpose, we adopt the following 
conventions for omission of parentheses. 


(1) Every statement form other than a statement letter has an outer pair of parentheses. 


We may omit this outer pair without any danger of ambiguity. Thus instead of 
((Av B) & (1C)), we write (Av B) & (1C). 


(2) We omit the pair of parentheses around a denial (1A). Thus instead of (1A) v C, we 
write TAvC. This cannot be confused with 1(AvC), since the parentheses will not 
be dropped from the latter. As another example consider (A & B) v(1(1(1B))). This 
becomes (A & B) v 111B. 


(8) For any binary connective, we adopt the principle of association to the left. For 
example, A & B & C will stand for (A&B) & C, and A>B->C will stand for (A> B)>C. 


Example 1.4. 


Applying (1)-(8) above, the statement forms in the column on the left below are reduced to the equiva- 
lent expressions on the right. 


((1(1(A &C))) v (1A)) IVMAEC)V 1A 
(A v (1B)) & (C & (14))) (Av 1B) & (C& 1A) 
(((A v (1B)) & ©) & (1A)) (AV 1B)&C& TA 
(( 1A) > (B > (1(A v €)))) 1A 7 (B> (Av) 
More far-reaching conventions for omitting parentheses are presented in Appendix A. 


In addition, poses B contains a method of rewriting statement forms so that no 
parentheses are required at all. 


tAn even more rigorous definition is: B is a statement form if and only if there is a finite sequence A;,.--:s 
A, such that 
(1) A, is B; 
(2) if 1=i=-n, then either A; is a statement letter or there exist j,k <i such that A; is (1A) 
or A; is (A;&A,) or A; is (A;v A;) or A; is (A; > A,) or A; is (A; <> A,). 
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Every statement form A defines a truth-function: for every assignment of truth values 
to the statement letters in A, we can calculate the corresponding truth value of A itself. 
This calculation can be exhibited by means of a truth table. 


Example 1.5. 
The statement form (1A v B) < A has the truth table 


A|BIaA| AvB | (1AVBROA 

ae ee | T | T 

F{/T|T r F 

t|F]F F F 

FIFI T T F 
Fig. 1-9 


Each row corresponds to an assignment of truth values to the statement letters. The columns give the 
corresponding truth values for the statement forms occurring in the step-by-step construction of the 
given statement form. 


Example 1.6. 
The statement form (Av (B &C)) > B has the truth table 


A] B Cc BEC Av(BEC) (Av (B&C))>B 


4 


> > Mr Mie Mi i) a 

i? Me he i i a | 
i ic i i i a | 
ic ie a > i 


Whawn’ thavsa are thras atatemant lattere. walteo thet he triath “able bac a: Fee 
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general, when there are 2 statement letters, there are 2* rows in the truth table, since 
there are two possibilities, T or F, for each statement letter. 


Abbreviated Truth Tables 


By the principal connective of a statement form (other than a statement letter), we mean 
the last connective used in the construction of the statement form. For example, (A v B)>C 
has ~ as its principal connective, A v (B > C) has v as its principal connective, and 1(A v B) 
has 71 as its principal connective. 


There is a way of abbreviating truth tables so as to make the computations shorter. 
We just write down the given statement form once, and, instead of devoting a separate 
column to each statement form forming a part of the given statement form, we write the 
truth value of every such part under the principal connective of that part. 


Example 1.7. 


Abbreviated truth table for (14 vB) @ A. We begin with Fig. 1-11. Notice that each occurrence 
of a atatement letter requires a repetition of the truth assignment for that letter. 
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i in | v BY eo A 

qb ea Ey am 

T T T 

F T F 

T F T 

F F F 
Fig. 1-11 


Then the negation is handled: 
(1AVB) PA 


FT T T 


TF T F 
FT F T 
TF F F 


(WAV B) OA 


FTTT T 
TFTT F 
FTFF T 
TFTF F 


and, finally, the biconditional 
(IAVB) OA 


FTTT TT 
TFTT FF 
FTFF FT 
TFTF FF 


Of course our use of four separate diagrams was only for the sake of illustration. In practice all the 
work can be carried out in one diagram. 


A statement form A is said to be a tautology if it takes the value T for all assignments 
of truth values to its statement letters. Clearly A is a tautology if and only if the column 
under A in its truth table contains only T’s. 


Example 18. AA is a tautology. 


AIlA-?A 

T T 

F T 

Fig. 1-12 

Example 19. Av 14 is a tautology. 
taa] Ava 

T F T 
F T T 
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Example 1.10. (Av B) < (Bv A) is a tautology. 
(Av B) @ (Bv A) 


bar | 


Le | 


Example 1.11. [A & (Rv C)]) @ [(A&B)vV(A&C) is a tautology.t 
A. Se 
A 
Al Bic! Bvc | A&(BvYG | A&B A&C (A&B)V(A&C) | A 
TT) T | T 7 T rt Tr T T 
F/ T/T T | F | F | F | F | T 
T | F | T | T | T | F | T | T | T 
¥F| F/T T F F F F T 
T| TF T T T F T T 
r| Tt] F T F F F F T 
T!| PIF F F F F F T 
F/ FIFI F | F [ F | F | F iT 
Fig. 1-15 


Theorem 1.1. If K is a tautology, and statement forms A, B,C, ... are substituted for the 
statement letters A, B,C, ... of K (the same statement form replacing all 
occurrences of a statement letter), then the resulting statement form K* is 
a tautology. 


Example 1.12. 
(Av B) @ (BVA) is a tautology. Replace A by (BvC) and simultaneously replace B by A. The 
new statement form [(Bv C)v A] @ [Av (Bv C)] is a tautology. 


Proof of Theorem 1.1. K determines a truth-function f(A, B,C, ...) which always takes 
the value T no matter what the truth values of A, B,C, ... may be. Let g:, gz, gs, ... be the 
truth-functions determined by A,B,C, .... Then the truth-function determined by K* 
must have the form f* = f(g:(..-), g2(..-), ga(.--), ---), and, since f always takes the value 


T, f* also always takes the value T. > 


A contradiction is a statement form which always takes the value F. Hence A is a 
contradiction if and only if TA is a tautology, and A is a tautology if and only if “1A is a 


ea aera ewes ae SSE Usly a VaMuUVveV Sy y wesw Fe Sm oe 


contradiction. 


Example 1.13. A & 1A is a contradiction. 


Fig. 1-16 


tin writing this statement form, we have replaced some parentheses by brackets to improve legibility. 
For the same purpose, we also shall use L~aces. 
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F 
T F 
F F 
F F 


T 
lr | 


Fig. 1-18 


1.7 LOGICAL IMPLICATION AND EQUIVALENCE 


We say that a statement form A logically implies a statement form B if and only if every 
assignment of truth values making A true also makes B true. 


Example 1.16. A logically implies A. 


Example 1.17. A logically implies Av B. For, whenever A is true, Av B also must be true. 


Theorem 1.2. A logically implies 8 if and only if A> B is a tautology. 


Proof. A logically implies B if and only if, whenever A is true, B must also be true. 
Therefore A logically implies 8 if and only if it is never the case that A is true and B is 
false. But the latter assertion means that A > B is never false, i.e. that A> B is a tautology. > 


n statement form is a 


checking whether A 


Since we can effectively determine by a truth table whether a giv: 


tautology, Theorem 1.2 provides us with an 
logically implies B. 


& 
8 
a. 
<2 
© 
Hl 
r} 
8 
© 
° 


Example 1.18. Show that (A > B) — A logically implies A. 
Proof. Fig. 1-19 shows that ((A > B) > A) A is a tautology. 
(A>B)-A ((A7B)>A)?A 


T T T T 

F T T F T 

T | F | F. | T T 

F F T F T 
Fig. 1-19 


Statement forms A and B are called logically equivalent if and only if A and B always 
take the same truth value for any truth assignment to the statement letters. Clearly this 
means that A and B have the same entries in the last column of their truth tables. 
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Example 1.20. A <> is logically equivalent to (A> B)&(B> A 


A| 8B Cerner 
T | T T 
F T F T F Pr 
T | F F | F T | F 
FIrF T T T T 


Fig. 1-20 


Theorem 1.3. A and B are logically equivalent if and only if Aj B is a tautology. 


Proof. A«<»B is T when and only when A and B have the same truth value. Hence 
A = B is a tautology (i.e. always takes the value T) if and only if A and B always have the 
same truth value (i.e. are logically equivalent). > 


Example 121. A—2>(B-—C) is logically equivalent to (A & B) > C. 
Proof. [A7~(B->C)] @ [(A &B) > C] is a tautology as shown in Fig. 1-21. 


[A = (B> C))@ [(A &B) + C} 


BoC |A-(B-C) (A&B)>C 


B | ¢ 
T | T T T T T T 
F T | T T —T F T T 
ete Gal a Wee a 
F F T T T F T T 
T T F F F T F T 
F T | F F T F T T 
T F = T T F T T 
plete eli ae gel 
Fig. 1-21 


Corollary 14. If A and B are logically equivalent and we replace statement letters in A 
and 8 by statement forms (all occurrences of the same statement letter being 
replaced in both A and B by the same statement form), then the resulting 
statement forms are also logically equivalent. 


Proof. This is a direct consequence of Theorems 1.3 and 1.1.» 


Example 1.22. 


A-(B>C) and (A&8)->C are logically equivalent. Hence so are (CVA)>(B>(Av8B)) and 
(Cv A) & B) > (Av B) (and, in general, en are A>(B>C) and (A &B)>C for any statement forms 


A, B, C). ov = 


Theorem L5 (Replacement). If 8 and C are logically equivalent and if, within a statement 


form A, we replace one or more oceurrences of B by €. then the resulting 


VSR Oy SUV peeey Use VS acsvey VLU Mesesewtun wa My “Sy waewee wae 


statement form A® is logically equivalent to A. 


Proof. In the calculation of the truth values of A and A®*, the distinction between B 
and C is unimportant, since B and © always take the same truth value. > 


Example 1.23. 
Let A be (Av B)-C. Since Av B is logically equivalent to Bv A, A is logically equivalent to 
(BV A) > C, 
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: air ; eae ane eet, (eee 
The following examples of logically equivalent pair il be extremely 


useful in the rest of this book, for the purpose of finding, for ¢ a given statement form, 
logically equivalent statement forms which are simpler or have a particularly revealing 
structure. We leave verification of their logical equivalence as an exercise. 


5 
© 


Example 1.24. "11AandA (Law of Double Negation) 


Example 1.25. (a) A&A and A 


(6) Av A and A (Idempotence) 


Example 1.26. (a) A&B and B&A 2 re 
(>) AvB and BVA {Commutativity) 
Example 1.27. (a) (A&B) &C and A& (B&C) 


(6) (Av B)v © and Av (Bv¢) (Associativity) 


As a result of the associative laws, we can leave out parentheses in conjunctions or dis- 
junctions, if we do not distinguish between logically equivalent statement forms. For 
example, A v B v C v D stands for ((A vB) v C) v D, but the statement forms (Av(BvC)) v D, 
Av ((BvC)vD), (AvB)v (Cv D) and Av (By (Cv D)) are logically equivalent to it. 

Terminology: In Aiv A:v -::v As, the statement forms A; are called disjuncts, while 
in Ai & A: & ... & A, the statement forms A; are called conjuncts. 


Example 1.28. De Morgan’s Laws. 


(2) WAv®) and WAG 1B 
(8) 1(A&8) and Av 1B 


Example 1.29. Distributive Laws (or Factoring-out Laws). 
(2) A& (BV CS) and (A&B) v (A&C) 


(0) Av (B&C) and (Av 8) & (AVC) 


Notice that there is a distributive law in arithmetic: a-(b+e) = (a+b) +(a-c); but 
the other distributive law, a +(b+c) = (a+b)+(a+c) is false. (Take a=b=e= 1.) 
Example 1.30. Absorption Laws. 

(I) (a) Av (A&B) and A 
(6) A& (AvVB) and A 


(I) (a) (A&B) v 18 and Av 1B 
(8) (Av B)& 1B and A& 1B 


(III) If T is a tautology and F is a contradiction, 
(a) (T&A) and A (ce) (F&A) and F 
(®) (Tv A) and T (d) (Fv A) and A 


We ‘shall often have occasion to use the logical equivalence between (A & 1B) vB and 
Av B, and-between (Av 1B) & Band A&B. We shall justify this by reference to Example 
1.30(II), since it amounts to substituting 1B for B in Example 1.80(II) and then using 
Example 1.24. 


Exampie i.3i. A>B and 18—- 1A  (Contrapositive) 
Example 1:32. Elimination of conditionals. 


(2) A>B and IAVB 


(6) A~>B and 1(A& 18) 
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Examole 1.33. Elimination of hiconditionals. 
(2) A@B and (A&B) v (TAE& 1B) 
(6) A@B and (1AVB) & (1Bv A) 


Dern enlace 190 and 199 auchkla nc ty teamcfy Amer icra abet ned Po fa LP ee 
XGMpies i.06 GG i.vv Shaws US 106 TLaNnSiOrm Gniy Fiven Svavemenit orm ino a i0gi aj 
equivalent statement form which contains neither > nor «. 


18 DISJUNCTIVE NORMAL FORM 


By literals we mean the statement letters A,B,C, ... and the denials of stateme-— 
letters 1A, 1B, 1C,.... By a fundamental conjunction we mean either (i) a literal <r 
(ii) a conjunction of two or more literals no two of which involve the same statement lettez. 
For instance, Ax, 18, A& B, 14:&A&C are fundamental conjunctions, while 11-4. 


ASXPBRkA RP & A & C & | R are not fundamental egninnetiana 
amaGesaay, 2 MG sumGQusstilvss: COMpUBC UGS. 


One fundamental conjunction A is said to be included in another B if all the literals c= 
A are also literals of Bt. For example, A & B is included in A& B, B& (1C) is included 
in (1C)& B, Bis included in A & BR, and 10 &A is included in A& B& 1C, while B is 


not included in A & 1B. 
A statement form A is said to be in disjunctive normal form (dnf) if either (i) A is 2 


fundamental conjunction, or (ii) A is a disjunction of two or more fundamental conjunctiozs. 
of which none is included in another. 


Example 1.34. The following statement forms are in dnf. 
(a) B 
(6) 10VvC 
(ec) AV{(1IBEC) 
(a) (A& TB) v (TAKE TBEC) 
(e—) (B&IA)v (TAK IBED) VAV (BEC E 1D). 


Example 1.35. The following statement forms are not in dnf. 
(a) C& 1C 
(b) (CvD)&A 
(.)} (C&A & 1B) v (1C&A) v (C& 1B). 


Replacing statement forms by logically equivalent ones, we can transform a statemen= 
form into one in disjunctive normal form. 


Example 136. (Av B)& (Av Cv 1B) 


Av (B&(Cv 1B)) (Distributive Laws, Example 1.29) 
Av (BEC) (Absorption Law, Example 1.30(IIb)) 
Example 1.37. VWAvCj)v (AB) 


WAvC)v(TAVB) (Example 1.32(a)) 
(14 & 1C)v 1A vB (Example 1.28(a), De Morgan’s Laws) 
iA vB (Example 1.86(Ia)) 


tMore precisely, if all literals of A which do not oecur within another literal of A are also literals of B 
which do not occur within another literal of B. Thus B&A is not included in ChA& 1B, and 1B&A is 


not included in B& A. 
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Example 138. (A & 1B) (Bv A) 
[(A& 1B) & (BV A)] v [1(A & 1B) & 1(Bv A)| Example 1.33(a) 
Examples 1.27(a), Examples 
1,30(I1b) 1.28(b), 1.24 Beample 1:30(4) 
[A & 1B & A) v [(1Av B) & (WBE 1A)] 
Example 1.25 Example 1.30(IId) 
[A & 1B] v [((1A & 1B) & 1A} 
| Example 1.25(a) 
[A & 1B] v [1A & 1B} 


This is in disjunctive normal form. However, it is logically equivalent to 
(Av 1A) & 1B (Example 1.29(a)) 
18 (Example 1.30(II1a)) 


This example shows that there are two logically equivalent statement forms, both of which are in 
disjunctive normal form. 
illustrated in Examples 1.86-1.88 is codified in the following proposition. 
Theorem 1.6. Every statement form which is not a contradiction is logically equivalent 
to a statement form in disjunctive normal form. 


Proof. By Examples 1.32 and 1.33 we may find a logically equivalent statement form 
in the connectives 1, &, v, and then, by De Morgan’s Laws (Example 1.28) we can move the 
negation signs inward so that negation signs apply only to statement letters. Thus we may 
confine our attention to statement forms built up from literals by means of & and v. The 
proof proceeds by induction on the number of the connectives & and v in the given state- 
ment form A. If »=0, A is a literal, and every literal is already in dnf. Assume now 


that A contains k of the connectives & and v, and that the theorem is true for all natural 
numbers 2 < k. 


Case1: AisB vC. By inductive hypothesis, B and © are logically equivalent to state- 
ment forms B* and C*, respectively, in dnf. Hence A is logically equivalent to B* v C*. 
Now if any disjuncts D, of B* or of C* are included in any other disjuncts D, of B* or of 
C*, then we drop the disjuncts D2. (by Example 1.80(Ia)). The resulting statement form is 
in dnf and is logically equivalent to A. 


Case 2: AisB&€. By inductive hypothesis, B and © are logically equivalent to state- 
ment forms B* and C*, respectively, in dnf. Hence A is logically equivalent to B* & C*. 
Let us assume that B* is (B.v --- v B,) and C# is (C,v --- v ©,), where the B's and C,’s 
are fundamental conjunctions, and r=1,s=1. Then B* & C# is 


/ B\ 2 (* eP\ 
\@lv "7" Vv Br) & (W1LV ""* Vv ws) 


which by a Distributive Law (Example 1.29(d)) is logically equivalent to 
[((Biv---vB,) & Cilv--- v [(Biv--- vB) & C,] 


and, again by a Distributive Law (Example 1.29(a)), each (Biv --- vB,) & C; is logically 
equivalent to (BL &C,) v --- v (B-&C;). Thus we obtain the disjunction of all B: & €;, where 


1=i=r,1=j=s. Each B; & C; is a conjunction of literals. We can omit repeated literals 
in B, & c; (by Example 1 .25(a)) and, if both a statement letter and its denial occur as con- 


janioese Js astty SH WUUVIEAU ALY AUULULL GLE 


juncts in, B & C,, then the latter is a contradiction and can be dropped (by Example 
1.30(IITd)). (Not all the B; & C, will be dropped, since, in that case, A would be logically 
equivalent to a disjunction of contradictions and hence, would be a contradiction itself.) The 


resulting disjunction is in dnf. p» 
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if Li &. & Li is one >of its diaj wactions: uhere each Lisa literal, then we assign to the 
statentent letter appearing in kL; the value T if L: is the statement letter itself, and the value 
F if L; is the denial of the statement letter. This assignment of truth values makes each ly 


true and h hence hi & le ate & & bx true, and therefore the wncle disj unction must be true (since 
one of its disjuncts is true). Thus the disjunction cannot be a contradiction. 


Example 1.39. 
In (A& IEC) V(IAE 1BEC), if we make A true, B false and C true, then the first disjunct 
A& 1B & C is true (and, alternatively, if we make A false, B false and C true, then the second disjunct is true). 


Remark (2) on Theorem 1.6. From the proof it is clear that the logically equivalent 
statement form in dnf may be chosen so that its statement letters already occur in the given 
statement form, i.e. no new statement letters are introduced. 


There is a special type of dnf which will be very useful. A statement form A in dnf is 
said to be in full disjunctive normal form (with respect to the statement letters Si, ..., Sx) if 


A is one of the letters §, &. and 


BR UES EWU AN Sip co oy Sy 


(ii) each disjunct in A contains all the letters Si, ..., S:. 


Example 1.40, 

The statement forms (A&BE& 1C)v (IA&BEC) v (A& IBE IC) and IB&A & IC are in full dis- 
junctive normal form (with rerpect to A,B,C). However, (A&B)v(1A&BE&C) and IAV(A& IRE 10) 
are not in full disjunctive normal form with respect to A, B, C. 


Example 1 

The statement f 
ment form (A & 1B 
collection of letters. 


Bb 
4 
is 
: 
3 
2 
7 
S 
oO 
a 


ig in full dnf with ragnect 


n. 
Tull amt roopecs to B, but x wits FE 


12 2 
v (A&B) is in full dnf with respect to and B, but not with respec 


Theorem 1.7. Every non-contradictory statement form A containing $;,...,5, as its 
statement letters is logically equivalent to a statement form in full dnf (with 
respect to Si, .- ., Sx). 


Proof. Ais known by Theorem 1.6 to be logically equivalent to a statement form 8 in 
dnf, and the statement letters of B already occur in A. Now assume that some statement 
letter S; is missing from a disjunct D; of B. However, D; is logically equivalent to 
D,& (Siv 18,) (by Example 1.30(IIIa)), which in turn is logically equivalent to (D;&§)) v 
(D; & 1S;) (by Example 1.29(a)). Hence we replace D; by (D;&S,) v (D; & 1S;). In this way 


we can introduce the letters S, §, into any of the disiuncts from which they are missing. 
ke 


WS Geese SERED UEEW SUNTAN Wig 5 0 ty SK ASeU Sesay 


The final result is in full dnf with respect to Si, ..., 


Example 1.42. 
(A& 1B)v Bv(1A&1BE 1C) is in dof, but not in full dnf with respect to A,B,C. We obtain 
a logically equivalent full dnf as follows: 


(A& IB&C) v (AL IBE NC) Vv By (1AE 1BE 1C) 
(A& IBEC) v (AKTBE NC) v (BEA) v (BE 1A) v (1A & TBE NC) 


(A&IBE&C) v (AE 1BE1C) v (B&EAEC) Vv (BEAE NIC) v (BE TAC) 
Vv (BE 1AE1C) v (AE IWBE NC) 
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In ceneral the mothod indicated in Thesrem 1 7 caw he anmmarizgad in the follawinge 


Owes ey Une aN mMacared in wnecrem i.f Can ce Summar 1Zed in the aVseav UT £4855 


way. If letters $,,..., os are missing from a disjunct D;, we add as conjuncts to D, all of 
the 2° possible combinations of §;,, ..., $;, or their denials. For example, to obtain a state- 
ment form in full dnf (with respect to A,B,C) logically equivalent to 1B, we construct 


(IB&A&OC) v (1BEAK NC) v (1BETA&C) vv (IBENAE TC) 


19 ADEQUATE SYSTEMS OF CONNECTIVES 
As we have remarked earlier, every statement form determines a truth function, and 
this tru th function may be exhibited by means of a truth table. The converse problem 


suggests itself: For any given truth function, is there a statement form determining it? 


ee ee see weedy Ae SSeS wwesaeesy 


There are 2” truth functions of » variables. For, there are 2* truth assignments to 
the 2 variables, and, to each of these assignments, the truth function can associate the value 
T or the value F. 


Example 1.43. 


The four truth functions of one variable are 


A[1A Av dA A&A 


T | F | T | F 
F T T F 
Fig. 1-22 


Example 1.44. 
The sixteen truth functions of two variables are 


ao ma wie 


F 
F 
F 


A-B A@OB 1(A = B) BoA IA& 1B 1Av 1B 1(B = A) 1(A > B) 


T T F T F F F F 
T F T F F T T F 
F F T T F T F T 
T b T t F I T I T I T ! F I 

Fig. 1-23 


Theorem 1.8. Every truth function is determined by a statement form in the connectives 
1, &, v. 


Proof. The given truth function f(a, ..., 2») can be exhibited as a “truth table”: 


16 THE ALGEBRA OF LOGIC [CHAP. 1 


Fig. 1-24 


There are 2" rows in the table. In each row, the last column indicates the corresponding 
value f(%1,...,%n). In constructing an appropriate statement form, we shall associate the 
letters A,,...,A, with the variables x, ...,2%s. 


Case 1: The last column contains only F’s. Then the statement form (Ai & 1A) v -:: v 
(An & 1A,) determines f. (Of course, any contradiction also determines f.) 


Case 2: There are some 1’s in the last column. For 1=i<=n and 1=k#=2", let 


f a if A. éelene tha ealeca Tin tha beth enc: 

A _ fai 44 247 VANS LILT VGIUT 2 idl LIU ULI AW 
ik = A . 

1 14; if A, takes the value F in the kth row 


Let D, stand for the fundamental conjunction An & Ax & ... & An. In an obvious way, 
Dj, is associated with the kth row of the truth table. For, D, is T unde¥ the truth assignment 
given in the kth row (where A; is assigned the value given to x), and D, is F under the truth 
assignment given in any other row. (Notice that, in any other row, say the jth, some A; 
will be assigned a value different from its value in the kth row. Hence under the truth 
assignment corresponding to the jth row, Aw will receive the value F and hence D; will also 
receive the value F.) Now let ki, ..., &s; be the rows in which the truth function f has the 
value T. Let A be the statement form D,, v --- v Dx,. Then A determines the truth func- 
tion f. (For the &ith row, f takes the value T; but Dx, also is T, and therefore so is A. For 
the jth row, where j is different from any of k;,..., ks, the function f takes the value F; but 
each D,, also is F on the jth row, and hence so is A.) Notice that A is a statement form in 


the connectives 1, &, v. > 


Remark on Theorem 1.8. If the given truth function is not always F (Case 2), the 
statement form A constructed in the proof is in full disjunctive normal form. This gives 
us a way of constructing a full dnf logically equivalent to a given non-contradictory state- 
ment form ©. Just write down the truth table for © and then construct the corresponding 
statement form A as in the proof of Theorem 1.8. 


Example 1.45. 


, Le ) a oer 6 oe 
Ulven wie wuLo 


f(xy, %2) 


i a | 
Lr a | 


Fig. 1-25 


Dy is 14,& Az, Dy, is A, & Ao, D, is IA, & A>. Hence 
A, & Ao) v (A, & 1A,) v (1A, & 149) 


CHAP. 1] THE ALGEBRA OF LOGIC 17 


Examnle 1.46. 
Given the truth function 


2 | %2 | Xs G(X1, Xa, Xa) 
T T T T 
F T {| T T 
T F | T T 
F | F/ T F 
T T Fr F 
F TI F F 
T | F | ¥ F 
F F F | T 
Fig. 1-26 


The statement form having g as its truth function is 
(Ay &Ay& Aq) v (1A, &A,&As) v (Ay & 1A, & Aa) v (1A, & 1A, & 14g) 
Example 1.47. 
To find a statement form in fuli dnf logicaliy equivalent to (Av B) & (AvCv 
latter’s truth table: 


m A 2 at 
68), Construct we 


A | = =} 76 | AVB | AvCv 1B | (Av B) & (AV Cv 1B) 
T T/T F T T T 
F | T | T | F | T | T | T 
T F T T T T T 
F F T T F T F 
T T F F T T T 
F T F F T F F 
T F F T | T | T | T 
F F F T F T F 
Fig. 1-27 


Then the method of Theorem 1.8 yields 
(A&BEC) Vv (TA&BEOQ) Vv (A& NBEO) V (A&BE NC) Vv (AG 1BE NC) 


Facer o.oo 


By an adequate system of connectives we mean a collection @ of connectives such that 
every truth function is determined by a statement form in the connectives of B. Thus 
Theorem 1.8 asserts that {1, &, v} is an adequate system of connectives. 

Corollary 1.9. Each of the following is an adequate system of connectives: 

(a) (1, &}, (bd) {1, v}, (c) {1,7} 

Proof. 

(2) By Theorem 1.8, {1, &,v} is adequate. But, replacing any statement form Av B by 
the logically equivalent statement form 1(17A& 1B), we obtain for any statement 
form in {71, &, v} a logically equivalent statement form in {71, &}. 

(0) We proceed as in (a), but here we replace every A & B by 1(1Av 1B). 

(c) We can replace every Av B by the logically equivalent (1A) > B. > 


There are two binary connectives such that each of them alone forms an adequate system. 


Let | be the connective corresponding to the truth-functional operation of alternative 
denial. viven by the truth table 


WES Ue wees VAS! 


18 THE ALGEBRA OF LOGIC {CHAP. 1 


A|B means “not both A and B”. The connective | is called the Sheffer stroke. {|} is 
adequate, since 1A is logically equivalent to A|A, and Av B is logically equivalent to 
(A|A) | (B/B). 


Let | be the connective corresponding to the truth-functional operation of joint denial, 
given by the truth table 


F F 
T | F | F 
F T 


Fig. 1-29 


A |B is read “neither A nor B”’. {|} is adequate, since 1A is logically equivalent to 
AJA, and A&B is logically equivalent to (AJA) | (818). 


Theorem 1.10. The only one-element adequate systems of binary connectives are {|} and 
{1}. 


Proof. Let g(x,y) be the truth function of a binary connective # forming an adequate 
system. Clearly, g(T,T)=F. For, if 9(T,T) were T, then any statement form in # alone 
would always take the value T when its statement letters all took the value T, and no such 
statement form could determine the negation operation. For the same reason (reversing 
the roles of T and F), g(F,F)=T. The situation at this stage is given by Fig. 1-30. 


Aww 
a, Dp 


F T 


Fig. 1-30 


Case 1. The second row is F and the third row is T. Then A # B is logically equivalent 
to 18, and aii the statement forms in # alone using the letters A and B would be logically 
equivalent to one of A, B, TA, 1B. Then {#} would not be adequate. 

Case 2. The second row is T and the third row is F. This is handled in exactly the 
same way as Case i, since A # B would be logically equivalent to TA. 

Case 8. The second and third rows are F. Then # is |. 


vase 4. The second and third rows are T. Then # is |b 
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1.1. 


1.2. 


1.3. 


Reduce the following sentences to statement forms. 

(a) A necessary condition for x to be prime is that z is odd or x = 2. 

(6) A sufficient condition for f to be continuous is that f is differentiable. 

(c) ‘A necessary and sufficient condition for Jones to be elected is that Jones wins 
75 votes. 

(d) Grass will grow only if enough moisture is available. 

(e) It is raining but the sun is still shining. 

(f) He will die today unless medical aid is obtained. 

(g) If taxes are increased or government spending decreases, then inflation will not 
occur this year. 

Solution: 

(a) P-(OvD), where P is “xz is prime”, O is “x is odd”, and Dis “x = 2”. 

(0) D>C, where D is “f ie differentiahle” and C is “f is continuous”. : 

(c) E<>V, where E is “Jones will be elected” and V is “Jones will win 75 votes”. 

(dq) GM, where G is “grass will grow”, and M is “enough moisture is available”. 

(ec) R&S, where Ris “it is raining”, and S is “the sun is still shining”. 

(Note that “but” indicates conjunction, usually with an element of surprise.) 

f) 1D>M (er, equivelently, WM4-D), where D is “he will die today”, and M is “medical 

aid is obtained”. 

(9) TvG> 11, where 7 is “taxes are increased”, G is “government spending decreases”, and 
I is “inflation will occur this year”. 


Eliminate as many parentheses as possible from: 
(a) {[(Av B)>(1C)] v (1B) & C) &B))} 

(0) {[A&(1(1B))] @ [Bo (CvB))) 

(c) [(B (Cv B)) @ (A&(1(1B)))] 


Solution: 


fa) (AV Ba AM» (2B2CLB 
ee LW" oie i Lod eis Le ww wey 


(6) [A & 11B] @& [Bo (Cv B)] 
(ec) B< (Cv B) © (A& 17B) 


Write the truth tables for (a) (Av 1B)+ (C&A), (b) (A 1B) v (B> A). 


Solution: 
1 Av 1B C&A (Av 1B)> (C&A) 
T T 


(a) 
& 
T 
F 
T 
F 
F 
F 
F 
F 


dip 
w& 


y29 DPd yd yaia 


yoy aay 

S939 H HH 23 YHA Alo 
PHAawaaAaA ys 
AHA WMAH HY 
Yay Y yy 
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1.4. 


1.5. 


1.6. 


(0) 


THE ALGEBRA OF LOGIC [CHAP.1 


Write abbreviated truth tabies for 
(a) (A> B)>B)v 1A, (0) (1A& 1B) > (BoC). 


Solution: 

(a) (A7>B)?7B) v 1A (b) (TA & TB) > (BOC) 
TTT TT TFET FTFFT TTTT 
FTT TT TTF TF FFT TTTT 
TFRFFTF TET PTETEF TFET 
FTF FF TTF TF TTF FFFT 

FTFFT TTFF 
TF FFT TTFF 
FTFTF TFTF 
TFTTF TFTE 


Show that the following are tautologies. 


(2) 
() 
(c) 


(A@(A&1A)) @ TA, 
(A 7B)? C)> ((C > A) > (D> A)), 
(A > B) > ((B>C)7 (A> 0)). 


Solution: 


(a) 


(b) Instead of using a truth table, we show that the statement form cannot be F. Assume that 


some assignment makes it F, Then ((A ~ B)—>C) is T while ((C*A)>(D—A)) is F. Since 
the latter is F, C7 A is T but D~>A is F. Since the latter is F, D is T and A is F. Since 
C->A is T and A is F, C must also be F. Since ((A > 8) —>C) is T and C is F, it follows that 
A-Bis F. But this is impossible, since A is F. 


As in (0), we shall show that the statement form is a tautology by proving that the assumption 


Las ever TP loatde +5 = contrac: Bimmrsenn thet anni. nai ened wenden Pa 
that it is ever F ieads io a contradiction. ASSUME SUae SOME assignment makes i at FB, Then 


A-B is T, while (B > C) 7 (AC) is F. Since the latter is F, B>C is T and A->C is F. 
Since the latter is F, A is T and Cis F. Since B>C is T and C is F, it follows that B is F. 
Since A ~ B is T and B is F, we know that A is F, contradicting the fact that A is T. 


Show that the following are contradictions. 


(a) (Av B) & (Av 1B) & (1A vB) & (1Av 18), 

(b) (A&C) v (BENTO) o [((TAEC)v (IBENO)] 

Solntion: 

(a) Any truth assignment to A and B makes one of the conjuncts false. 


(b) 


Let A stand for the statement form. 
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17. 


_ 
go 


1.9. 


lnc | Aa&éc | B&1c | AéC 


> 
ty 
») 
af 
J 
ty 


tilritl|rlertle T F F 
Flritr{[rflrle F F T 
tirelrilrirler T F F 
Filreilrieclsel ep F F T 
T T F F F T F T F 
rFiti|rl cle |e F T F 
tcileij/ririgrdes F F F 
F | F | F | T | T ie | F | F | F 
(A&C)V(B&IC) | (TA&C)V(1BENC) | A 

F T F F 

F F T F 

F | T | F | F 

F F T F 
>| 2 | # | 

F T F F 

r | F | r | s 

T F T F 


Prove that if A and A> B are tautologies, then so is B. 


More generally, any truth assignment making both A and AB true must also make 8 true. 
For, if 8 were false, then, since A is true, A> B would be false by virtue of the truth table for —. 


Drenerns 
££ 2UVC. 


(2) If A logically implies B and B logically implies C, then A logically implies C. 

(b) If A is logically equivalent to B and B is logically equivalent to ©, then A is 
logically equivalent to C. 

(c) A is logically equivalent to A. 

(d) A logically implies A. 

(e) If A is logically equivalent to B, then B is logically equivalent to A. 

Solution: 

(a) To show that A logically implies C, we shall show that, whenever A is T, C must also be T. 
sari T. Since A logically implies 8, B must be T. Since B logically implies €, © must 


(®) If A and B always take the same truth value, and B and € always take the same truth value, 
then A and C always take the same truth value. 


(c) A always takes the same truth value as A. 
(d) follows from (ec). 
(e) This is clear from the definition of logical equivalence. 


~~ 


For each of the following, find a logically equivalent statement form in disjunctive 
normal form: 
(a) (AVB)& (BVO), (b) TAv (B10). 


Solutiou: 
(a) (AVB) &(1BVC) (b) IAVv (B= 1C) 
(A&1B)v (AEC) y (B&1B)v (BEC) IAvV(1By 1C) 


(AZIWBV(AEDY (BEC) 1Av IBv 2 


yee Se Say wa YOU 
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1.10. For each of the following, find a logically livalent statement form in full disjunctive 


EO wing, TREE & SOR 1c equiv ee eee AS eee 288 AR MA, 


normal form (with respect to all the vorletles occurring in the statement form): 
(a) (A& 1B)v (A&C) (ec) B>(Av1C) 
(0) (AvB)o1C (@) (A> B)> ((B+C)> (AC) 


Solution: 
(a) (A&1B)v (A&C) 
(A&E IBEC)v (A&IBE NC) vy (AEBEC) 


(bs) (AVB)e1C 
(AvB& 10) v (1(AV REC) 
(A&1C)v (BE1C)) v (TAK 1BEC) 
(A&EBENC)V (AE IBE NC) V (ABE NC) VY (TAEBEN)V(1A& 1BEC) 
(Ak R&C) v (A £IRX 1c} vy (TA aR& 30) ve (1A &EWkZ2EC 


\ 


(ec) B>(Av 1C) 
IBv (Av 1C) 


IBvAvaig 
ay 


re id 


(d) 1(A>B)v ((B>C) + (A>O)) 
11(A & 1B) v (1(B>C)v (A>C)) 


omDl.. fem (D Oo marry, 7 
(A& tery ( bile TUY a1AvC) 


(AE TB)v(B&IC)VvV AVC 
(AE INBEC)V (AE IBE TC) v (AEBEI)V(IASEBEINC) 
V(TAEBEQY (AE TBEOC)V (TAK IBE TC) Vv (A&BEC) 


1.11. Two statement forms A and B in full dnf (with respect to the same statement letters) 
are logically equivalent if and only if they are essentially the same (i.e. they contain 
the same fundamental conjunctions except possibly for a change in the order of the 
conjuncts in each conjunction). 


Solution: 

Assume that A has as one of its disjuncts a fundamental conjunction B, & ... & B, (where each 
B, is a literal), no permutation of the conjuncts of which is a disjunct of B. Under the truth assign- 
ment which assigns T to a statement letter if it is one of the literals 5; and assigns F to a statement 
letter if its denial is one of the literals B, B, & ... & B, is T, and hence A is also. But every other 
essentially different fundamental conjunction is F, and therefore B must be F. Thus A and B 
could not be logically equivalent. 


1.12, By a fundamental disjunction we mean either (i) a literal or (ii) a disjunction of two 
or more literals no two of which involve the same statement letter. One fundamental 
disjunction A is said to be included in another B if all the literals of A are also literals 
of B. A statement form A is in conjunctive normal form (enf) if either (i) A is a 
fundamental disjunction or (ii ) A is a conjunction of two or more fundamental dis- 
junctions of which none is included in another. A statement form A in enf is said 
to be in full enf (with respect to the statement letters S:, ..., Sx) if and only if every 


conjunct of A contains all the letters S;, ..., S,. 

(a) Which of the following are in cnf? Which are in full cnf? 
(i) (AvBv 10) & (Av 1B) (iii) (A v B) & (Bv 1B) 
(ii) (Av By 1C) & (Av B) (iv) 1A 


UF ON 


CHAP. 1] THE ALGEBRA OF LOGIC 23 


$n pawn amt 


naieal a «zm 
a 0 @ Svacvemicnie 


denial of tatamant farm A in (Fill) dnf i a 
MmIai Of x z Voien 


ee 4. > pI UEALA AAA ALU AWA AAL OS LAh (a Mss) Uda. 

form B in (full) enf obtained by exchanging & and v and by changing each literal 
to its opposite (i.e. omitting the negation sign if it is present or adding it if it is 
absent). (Example: 1((A& 1B&C)v(1A& 1B &C)) is logically equivalent to 
(TAvByv 10) & (Av Bv 1C),) 

(c) Any non-tautologous statement form A is logically equivalent to a statement form 
in full enf (with respect to all statement letters in A). 

(d) For oach of the following, find a 


) For each of the following, a 


one in full enf). 
(i) (A> 1B) & (Av(BEOC)), 
(il) (A&B)v(1A& 1B), 
(ili) Ao (Bv TC). 
(e) Given a truth table for a truth function (not always taking the value T), construct 
a statement form in full cnf determining the given truth function. 


Solution: 
(a) (i) In enf, but not in full enf. (ii) Not in enf, since one conjunet is ir 
( 


(iii) Not in enf, since Bv 1B is not a fundamental disjunction. (iv) In f 


(5) This follows by several applications of De Morgan’s Laws (Example 1.28(a)). 

(c) Assume A is non-tautologous. Then 7A is not a contradiction, and, by Theorem 1.7, 1A is 
logieally equivalent to 2 statement form in full dnf (with respect to all the statement letters 
in A). Hence by part (6), IA is logically equivalent to a statement form in full enf. 
But A is logically equivalent to 174A. 

@) (i) (A> 1B) &(Av (B&O) 

(Av 1B) & (Av B) & (Av C)) 
(WAv IB) &(AVB)&(AVC)  (enf) 


MMAR. BD MR DPD swm ae ep... 
Lifaav IOV aL Iav IDV 


Hye annivgalant at 
ae = - re Ne vu wu 


(full cnf) 

(ii) (A&B)v (14 & 1B) 

(Av 1A) &(Av 1B) &(Bv 1A) & (Bv 1B) 

(Av 1B) & (By 1A) (full enf) 
(iti) Ao (Bv 1C) 

(A > (By 1C)) & ((Bv 1C) 2 A) 

(IAvV Bv 10) & (1(Bv 1W)v A) 

(IAVBy IOV &UIBEC YA) 


wa ME Sy Ce a, 


(TAv Bv 1€) &(1Bv A) & (Cv A) 
(TAv Bv 10) & (Av 1B) & (Av C) (cnf) 
(IAVBv 10) &(Av BVO) & (Av 1Byv IC) & (AvBvC) (full enf) 


(e}) Use the same procedure as in the proof of Theorem 1.8, except that we use only the rows ending 
in F (rather than T), we exchange & and v throughout, and we replace each literal by its 


was 


opposite. 
Example. A B Cc 
T | T | T : F 
F T T T 
T F T T 
F/ PF] T]T 
T|T|]FYJIF 
F{\F | Fi] T 
Answer: (VAv IBY TOC) & (Av IBV OE (Av IBVO) 


1.15. 


1.16. 
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A Bic 

T T T T 
F T T F 
T F Tr: F 
F F T F 
T T F F 
e|rjrl F 
T F F T 
F F F F 

Solution: (A&BE&C) v (A& IBE 1C) 


Find a statement form in the Sheffer stroke | alone an 


alent to the statement form A & 1B. 


{Qe 
=] 
f°] 
Ss 
~~ 
i 
| 
iD 
— 
[=] 
ro 
o 
a] 


Solution: 
For the Sheffer stroke, A& 1B 
W(TAV B) 
(Al A)v B) 
1{{(A | A) | (A }A)] | (B] B)} 
({(A | A) [C4] Al] | BiB) | (4414 jal] | BiB) 
For I, A& 1B, A & (BULB), (ALA) 1 (BLB)L(BLB)) 


Show that {>,v} is not an adequate system of connectives. 


Solution: 

If Ais a statement form in ~, Vv, then A takes the value T when the statement letters are T 
(since T>T=T and TvT=T). Hence negation is not determined by any statement form in 
7,v 


Prove that {1, } is not an adequate system of connectives. 


Solution: 

The eight truth functions in the following diagram are the only ones determined by statement 
forms in 1,<. For, if we apply 1 to any of them or if we apply — to any two of them we 
obtain another of them. 


A Bi IA}1B AGA A&A A&B A® 1B 
T T F F T F T F 
F T T FP T F F T 
T F F T T F F T 
FUP) TT ¢ T ' F t T ‘ F 


Alternative solution. We shall show that the truth function determined by a statement form 
in 1, @ takes T an even number of times. This is clearly true for statement letters, and, when it 
holds for A, it must hold for TA. It remains to show that, if it holds for A and B, it also holds for 
AB. Let » be the number of rows in the truth table. 7 is even (since 2 is of the form 2*, where 
k=1). Let j and ! be the number of T’s of A and B respectively. Let m be the number of T’s of 
A&B, and let s be the number of T’s of 1A& 1B. Then j+i-m=n-—s; hence f+i-n=m—s. 
Since j,i, are even, it follows that m— 9 is even, i.e. m and ¢ have the same parity (both odd or 
beth even), Hence m+2 is even, But m+e is the number of T's of A B, 


Cums Ceessjo sewenee © 3 ove. aus ™ iS we DUMmMoer Ls S ts 
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1.17, 


1.18. 


Determine whether the following arg ee are correct by representing the sen- 


tences as statement forms and checking to see whether the conjunction of the assump- 
tions logically implies the conclusion. 


(a) Either Arien is lying or Brewster was in Mexico in April or Crawford was not a 
blackmailer. If Brewster was not in Mexico in April, then either Arlen is telling 
the truth or Crawford was a blackmailer. Hence Brewster must have been in 
Mexico in April. 


(b) If the budget is not cut, then a necessary and sufficient condition for prices to 
remain stable is that taxes will be raised. Taxes will be raised only if the budget 
is not cut. If prices remain stable, then taxes will not be raised. Hence taxes 
will not be raised. 


Conclusion: 3B. 


Does (A v Bv 1C) & (1B > (TA Vv C)) logically imply B? In other words, is (Av By 1C) & 
(1B >(IAVvC))] > Ba tautology? Let us try to find a truth assignment making this statement 
form false. Then the antecedent (A v Bv 1C) & (1B ~(1AvC)) must be T and the consequent 
B must be F. Hence Av Bv 1C is T and 1B >(1AvC) is T. Since B is F, 18 is T; and 
therefore since 15 >(1Av C) is T, it follows that JAVC is T. Since AV BV 1C is T but 
B ia F, it follows that Av 1C is T. Itis clear now that, if we take A to be T, C to be T, and 


B to he F, then the statement form is F. Therefore the conclusion ig not implied by the premises. 


(6) Assumptions: 1B8>(P@2R), R>1B, P>1R. 
Conclusion: 12. 
Does (1B > (P > R)) & (R> 1B) & (P > 18) logically imply 12? Let us try to find a 
truth assignment making the former true and the latter false. Then 18—7(P@R) is T, 
R- 1B is T, andP>1Ris T. Since 1R is F, Ris T. But R> 1B is T, and therefore 
1B is T. Hence by the truth of 1B >(P@R), (POR) is T. Since FR is T, P must be T. 
Then since P> 12 is T, 12 is T, which is impossible. Therefore the argument is correct. 


(a) and (5) can be solved by writing down the truth tables, but the method used above is usually 
faster. 


Are the following assumptions consistent? f will be continuous (D) if g is bounded 
(C) or h is linear (Z). g is bounded and & is integrable (B) if and only if h is bounded 
(A) or f is not continuous. If g is bounded, then h is unbounded. If g is unbounded 
or h is not integrable, then A is linear and f is not continuous. 


Solution: 
Assumptions: (Cv E)?>D, (C&B)@ (Av 1D), C7 1A, (1Cv 1B) 7(£& 1D). Assume 
that these are all T. 


Case 1. Cis T. Then A is F. Since Cv E is T, Dis T. Therefore AV 1D is F. Hence 
C&Bis FF, Hence Bis Fj and 1Cv 1B is T. Thus FZ & 1D is T, and D is F, which is impossible. 


Case 2. Cis F. Thus 1C is T, and therefore so is 1Cv 1R. It follows that FE & 1D is T, 
and therefore E is T and D is F. Since Cv E is T, then D is T, which is a contradiction. Hence 
the assumptions are inconsistent. 


This and similar problems can also be solved by writing out the complete truth table (which, 


in this case, has sixteen rows). 
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1.19. 


1.21. 


1,22, 


THE ALGEBRA OF LOGIC (CHAP. 1 


If Ais a statement form in 1, & v, and A* results from A by interchanging & and.v 


and replacing all statement letters by their denials, show that A* is logicall 
equivalent to TA. 


Solution: 
Apply De Morgan’s Laws (Example 1.28) to 1A until no denials of conjunctions or disjunctions 
remain. The result is A*. 


Let A and B be statement forms in 1, &, v. By the dual A‘ of A we mean the state- 
ment form obtained from A by interchanging & and v. Notice that (A‘)* =A. 
(a) Show that A is a tautology if and only if 1(A‘*) is a tautology. 


(6) Prove that, if A> B is a tautology (ie. A logically implies B), then B¢ > At is a 
tautology (i.e. B¢ logically implies A’). (Example: Since A & B-> A is a tautology, 
soisA+>AvB.,) 


(c) Prove: A@B8 is a tautology (i.e. A is logically equivalent to B) if and only if 
A‘ = B* is also a tautology (i.e. A‘ is logically equivalent to B*). (Example: Since 
(A v B) is logically equivalent to 14 & 1B, it follows that 1(A & B) is logically 
equivalent to 14 v 1B.) 


Solution: 

(a) By Problem 1.19, 1(A*) is logically equivalent to (A¢)*, where (A‘)* is obtained from A? by 
exchanging & and v, and replacing all their statement letters by their denials. But then 
(A‘)* is obtained from A by replacing all statement letters by their denials; and therefore if A 
is a tautology, so is (A%* (by Theorem 1.1); and conversely if (A¢)* is a tautology, so is A. (In 
this case we substitute for each statement letter its denial and then again use Theorem 1.1 
plus the Law of Double Negation (Example 1.24).) 


(0) Assume AB is a tautology. Then Av 8 is a tautology, and, by part (a), 1((1Av 8)¢) is a 
tautology. But 1((1Av B)¢) is 1(12A¢& 8¢), which is logically equivalent to B¢ > Ad, 


(c) Assume A@B is a tautology. Then A-B and 8>A are tautologies. By part (b), B¢- Ad 
and Ad > B¢ are also tautologies. Hence A? <— B¢ is a tautology. Conversely, if A? — B4 is a 
tautology, then, by what we have just proved, (A‘)4 <> (B4)@ is a tautology. But (A¢)¢ is A, and 
(B4)¢ is B, 


Supplementary Problems 


Write the following sentences as statement forms. 


(a) A depression will occur if government spending does not increase, and inflation will result only 
if government spending increases. 


(d) Jones will lose his job unless he makes good on the deficit, although Jones is the cousin of the 
boss’s wife. 


(ec) Either f is discontinuous or if f is nonlinear, then f is differentiable. 


Assume that the truth values of A, 8, C are T, F, F. Compute the truth values of (a) (A— 18) © 
(Av GC) &B), (b) (A (A> B)) v (AC). 
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1.24, 


1.25, 


1.26. 


be 


1.29. 


1,30. 


1.31. 


1.32, 


In each of the following cases, what further truth values can be deduced from those already given? 
(a) ITAv(A>B), (8) (A&B) (TAV 1B), (ce) (TAVB)7(A 7 10). 
¥ T F 


Which of the following are statement forms? For the statement forms, determine the principal 
connectives. 


(a) (A v (18) + A) & (1A), (0) (((A +B) >A) > A) B), (0) (T(((A v B)v C) & (1B))) 


Eliminate as many parentheses as possible from 
(a) ({[(A v (1B) v Cy & [A v (1(1.8))]} & (1A) 
(8) ((1(Av B)) v (Cv (1B)) 

(ec) (A +(1(Bv C))) > (1A) + (1B) 


Write truth tables and abbreviated truth tables for the statement forms of Exercise 1.26. 


Determine which of the foliowing are tauiciogies, which are contradictions, and which are neither. 
(a) [((A > B) > 1(B> A)] © (A&B) 

(6) (A >B)>B)>-B 

(0) [(A + B)>(C>D)] > [E> (D+ A) > (C> A)} 

(d) A @ (B& (A (B@ A))) 

(e) B& WiAvB) 

() (AVBVC) © [(((4 > 8) =B)+0)+0 

(7) (A + B)> A) @ (B>(B-> A)) 

(k) (A>(B&1B)) 714 


Show that A is logically equivslent to B if and only if A logically implies B and 8 logically implies A. 


Show that a statement form logically equivalent to a tautology is a tautology, and a statement form 
logically equivalent to a contradiction is a contradiction. 


Give an example to show that, if A logically implies 8, then B does not neceesarily logically imply A. 


Of the following pairs D and &, find those pairs for which D is logically equivalent to E, those for 
which D logically implies E, and those for which E logically implies D. 


(a) C < ((A&C) v (B& 1C)) B> (CA) 
(0) Av (BC) (Av B) + (Av C) 
(e) Wve) 18 

(d) Av (B&C) AvB 

(e) A@B BA 


(pn A& (Bc) (AoRaeoC 
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1.33. 


1.34. 


1.35. 


1.36. 


1.37. 


1.38. 


1.89. 


1.40. 


1.41, 


THE ALGEBRA OF LOGIC [CHAP. 1 
Prove: A, v A,v--+ v A, is T if and only if at least one of the Aj’s is T; and A, &Aa,£_... £&, 
is T if and only if all of the A,’s are T. 


Prove generalizations of De Morgan’s Laws and the Distributive Laws, in the sense that rhe 
following pairs are logically equivalent: 


(a) 1(A;v -++ Vv Ay) 1A,&...& IA, 
(b) (A, &...&A,) IA Vee Vv A, 
(c) A& (B,v--- Vv B,) (A&B) v +-- v (A&B,) 
(d) Av (B,&... &B,) (AvB,) &... & (AVB,) 


Which of the following are fundamental conjunctions? 
(a) A&B& 1A, (4) B& IA, (c:) BECEAEC. 


Which of the following are in disjunctive norma] form? 
(a) (A&B) v (TA&B) v (A&E IC) 

(6) (B&1A)v (A&B) v (1A &B) 

(c) IA & 1B 

(d) (A&B) v (1A&B)v (AEBEC) 


(ce) (A&B) v (A& 1B) v (A&B) v (14 & 18) 


Find a statement form in disjunctive norma] form logically equivalent to: 
(a) (A> IB) &(BVC), () (Av IB)EC, (ce) (A v By 1C) & (BV C). 


Which of the following are in full dnf (with respect to all the variables occurring in the statemen: 
form)? For those not in full dnf, find a logically equivalent statement form in full dnf. 


(a) (A&B)v (1A & 1B) 

(b:) (A&B) V (1A EC) 

(c:) (A&BEC)V (A&BENC) Vv (A& 1BEC) 

(dq) (A&B)VC 

Which of the following are in conjunctive normal form? In full enf? For any not in full cnf 
(with respect to all its statement letters), find a logically equivalent statement form im full cnf. 
(a) Av 1B 

(b) (AVB)& (Av 1B) & (Av BvC) 

(c:) A& 1B 

(2) (AvB) & (Av 1B) 

(e) (A&B)v (1A & 1B) 


Which statement forms are in both dnf and cnf? 


For each of the following truth tables (a,) (8), (ce), construct a corresponding statement form in full 


dnf and one in full enf, 
AIBI Cc! ft @t t& 


Yo se yy oy 
4q°y5 4 4 gy yy yy 
S13 9d gy a 


142. A statement form A is a tautology if and only if it is logically equivalent to a statement form in 


full dnf having 2* disjuncts, where ” is the number of statement letters in A. 
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1.51, 


1.52.) 


Find @ statement form in the Sheffer stroke | and a statement form in | logically equivalent to the 
statement forms (a) (Av 1B) &(A>C), (b) (A & 1B). 


Show that A+B is logically equivalent to 1(A<>B). (Cf. Example 1.2 on page 4.) 


Determine whether the following arguments are correct. 


(a) If April is rainy, then flowers will bloom in May and mosquitoes will thrive in June. If mos- 
quitoes thrive in June, then malaria will increase in July. If fiowers bloom in May, there will 
be a lot of honey in September. If April is not rainy, then the lawns will be brown this summer. 
Hence either there will be a lot of honey in September and malaria will increase in July, or the 
lawns wil! be brown this summer. 


then gar hk is differen itia 


GUS, ble. 
and f is beaut nded. A sufficient condition for g 0 
Hence g is differentiable. 


(c) If an orange precipitate forms, then either sodium or potassium is present. If sodium is not 
present, then iron is present. If iron is present and an orange precipitate forms, then potassium 
is not present. Hence sodium is present. 


Check the consistency of the following sets of assumptions. 


(a) If the roof needs repair or the house has to be painted, then either the house will be sold or no 
vacation will be taken this summer. The house will be sold if and only if the roof needs repair 
and a vacation will be taken this summer. If the house has to be painted, then the house will 
not be sold or the roof does not need repair. Either a vacation will be taken this summer, or 
the house has to be painted and the house will be sold. 


(6) Either devaluation will occur, or, if exports do not decrease, then price controls will be impesed. 
If devaluation does not occur, then exports will decrease. If price controls are imposed, then 
exports will not decrease. 


A computer (called Farfel) has been built to answer any yes-or-no question, but it has been pro- 
grammed either to answer all questions truthfully or to give incorrect answers to all questions. 
If we wish to find out whether Fermat’s Last Theorem is true, what question should we put to the 
computer? (Hint: Let A stand for “Fermat’s Last Theorem is true” and let B stand for “Farfel 
answers all questions truthfully” Construct a statemont form A such that, if “A?” is put as a 


question to Farfel, then the answer will be “Yes” if and only if A is true.) 


1.53.2 Find the duals of statement forms in 1, &, v which are logically equivalent to A>B and A 8, 


1.54.2 


and extend Problems 1.19-1.20 to statement forms in 73, & v,7, @. 


Prove that a statement form A whose only connective is @ is a tautology if and only if every state- 
ment letter occurs in A an even number of times. (Hint: Problem 1.32(e, /).) 


Chapter 2 


The Algebra of Sets 


By a set we mean any collection of objects.t For example, we may speak of the set of 
all living Americans, the set of all letters of the English alphabet, or the set of all real 
numbers less than 4. In most cases, sets will be defined by means of a characteristic 
property of the objects belonging to the set. In the examples above, we used the properties 
of being 4 living American, a letter of the English alphabet, or a real number less than 4. 


Notation: For a given property P(z), let {x: P(x)} denote the set of all objects x such 


that Diw\ Ja trian 
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Example 2.1. 
The set of all real roots of the equation x+— 2z?--3=0 is denoted by 


Sometimes we shall define a set merely by listing its elements within braces: 
{a, b,c, ..., hk}. In particular, {6} is the set having 6b as its only member. Such a set {b} 
is called a singleton. The set {b,c} contains 0 and ¢ as its only members, and, if be, 
then {b, c} is called an unordered pair. Notice that {b,c} = {c, b}. 


Example 2.2. 
The set of integers strictly between 1 and 5 is equal to {2, 3, 4}. 


Example 2.3, 
The set of all real roots of the equation 2*-—2x?—3 = 0 is equal to the set {v3, -V¥3 }. 


We shall extend this method of denoting sets by listing a few elements of the set, fol- 
lowed by dots, in such a way as to indicate the characteristic property of the elements of 


tha aat 
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Example 2.4. 

{1, 2, 3, 4, ...} is intended to represent the set of positive integers. {1, 4, 9, 16, 25, ..., *, ...} is the 
set of squares of positive integers. {Washington, Adams, Jefferson, Madison, ...} is the set of Presidents 
of the United States. 


Definition: An oblect x belonging to a set A is said to he a member or element of A. Wo 


i we 
shall write x € A to indicate that x is a member of A. The denial of rE A 
will be written x € A. 


Example 2.5. 6 € {x: = is an even integer}, 1 € {x: < is an even integer} 


+Synonyms for set are totality, family, and clase. 


oo 
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are when and only when A and B have the same members. 
Equality of A and B is designated in the usual way by A=B, and denial of this equality 
by AB. 
Example 2.6. {e: #2 =1 and zisa real number} = {x: x =1 or x = —1} 


We say that A is a subset of B if and only if every member of A is also a member of B. 


We write A ¢ RB as an abbreviation for: 4 is « subset of B. Sometimes, instead of saving 


ast 25 ree Cee Aes BU oe Ww owlute Uy 


that A is a subset of B, one says that A is included in B. The denial of A CB is written 
AdpD 
aa - de 


Example 2.7. {1,3} ¢ {1,2,3,6}; {6,0} Cc {e,a,b}; {1,2,4} ¢ {1, 2, 5} 


Obvious properties of the inclusion relation are 

Incl (i) ACA _ (Reflexivity). 

Incl (ii) If ACB and BCC, then ACC (Transitivity). 
Incl (iii) A=B ifandonly if (ACB & BCA). 


It is convenient to introduce a special sign for the relation of proper inclusion. We shall 
use A C Bas an abbreviation for ACB & A*B. Thus ACB if and only if every member 
of A is a member of B but there is a member of B which is not a member of A. If ACB, 
we say that A is a proper subset of B. Hence the only subset of B which is not a proper 
subset of B is B itself. The denial of A C B is written A ¢ B. 


Some basic properties of proper inclusion are: 
Pl(i) ACA. 

Pl(iii) If ACB& BCC, then ACC. 
Pliii) If ACB& BCC, then ACC. 
Pli(iv) If ACB, then BCA. 


Example 2.8. {1,3} c {1,2,3}; {1,3} ¢ {1,3}; {1,4} ¢ {1,3} 


23 NULL SET. NUMBER OF SUBSETS 


Whenever P(z) is a property satisfied by no objects at all, then {z: P(x)} is a set having 
no members. For example, {x: 2%} is a set with no members. We shall use @ to denote 


© eat with na mamhaecs Wh. eat WM ia enlled tha 4:7] aot ne peemte: set) Whaesn ta nranicala 
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one null set, since any two null sets would contain the same members (namely, none at all) 
and therefore must be equal. The null set is included in every set: @ C A for all A. 


Beamnin 90 
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The only subset of @ is @ itself. 


Example 2.10. 
The subsets of {x} are @ and {x}. Thus a singieton has two subsets. 


Example 2.11. 
If «y, the subsets of the unordered pair {x,y} are @, {x}, {y} and {x,y}. Thus a two-element set 


has four subacts 
Bas scour suoscts. 
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Example 2.12. 


If x, y and z are three distinct objects, then the subsets of {z,y,z} are @, {x}, {y}, {z}, {x,y}, {x,2}, 
{y,z} and {x,y,z}. Thus there are eight subsets of a three-element set. 


Let P(A) denote the set of all subsets of A. Then P(A) = {B: BCA}. Examples 
2.9-2.12 suggest the following result. 


Theorem 2.1. For any non-negative integer n, if a set A has nm elements, then the set 
P(A) of all subsets of A has 2* elements. 


First proof: The result is clear when »=0 (Example 2.9). Assume a set A has n 
elements, where »> 0. In choosing an arbitrary subset C of A, there are two possibilities 
for each element z of A: x€C or x@C. Whether one element = is in the subset C is 
independent of whether any other element y is in C. Hence there are 2" ways of choosing 
a subset of A. 


that the result is true for »=k, and assume that A i 
A = (G1, ..., Gey Geri}. We must prove that A has 2**) subsets, Let B= {ai,..., dx}. 
Since B has k elements, then by inductive hypothesis B has 2* subsets. Every subset C of 
B can be thought of as determining two distinct subsets of A, i.e. C itself and C together 
with the element a.::. In addition, every subset D of A is determined in this way by pre- 
cisely one subset C of 5, ie. C is obtained by removing a,+; from D (where, if a.+1 € D, 
then C is identical with D). Thus the number of subsets of A is twice the number of subsets 
of B. But since B has 2" subsets, A has 2**! subsets. p 


> © 


24 UNION 


Given sets A and B, their union AUB consists of all elements of A or B or both. Thus 
AUB = {~: x€Av2€EB}. Remember that v stands for the inclusive “or”, ie. for any 
sentences A, B, Av B means A or B or both. 


Example 2.13. {1, 2, 3} U {1, 8, 4, 6} = {1, 2, 3, 4, 6} 


{0, 2, 4, 6, 8, ...} U {1, 3, 5, 7,9, ...} {0, 1, 2, 3, 4, 5, ...} 


If we represent the elements of A and B by points 


within two circles, then their union consists of all frames 
points lying within either of the two circles (see 


Sante EY att, eibitme Lai fe 2 i 


Fig. 2-1), The union operation on sets has the 
obvious properties: 


U(i) AUA =A _ (Idempotence) 
Ui) AUB = BUA (Commutativity) Fig. 2-1 
Uli) AUM=A 


Uliv) (AUB)UC = AU(BUC) (Associativity) 
Uv) AUB=B ifandonlyif ACB 
Ui) ACAUB & BCAUB 
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25 INTERSECTION 
Given sets A and B, their intersection ANB consists of all objects which are in both 
A and B. Thus, 
ANB = {a:2€A & cz EB} 
Example 2.14, {1, 2, 4} 9 (1,3, 4} = {1, 4} 
{1, 3, 5} 9 (2, 4,6) = @ 
{1, 8, 5}. {0,2} = @ 


{0, 1, 2} n {0,3} = {0} 


Pictorially, we can visualize the intersection as 


consisting of the shaded area of Fig. 2-2. A B 
Two sets A and B such that ANB=@ are said a 
to be disjoint. \ \/ y 
The following properties of the intersection opera- _“ M—” 
tion are evident, Fig. 2-2 
Int(i) AMA = A _ (Idempotence). 


Int(ii) ANB = BNA (Commutativity). 
iii) AN® = @. 
Int(iv) (ANB)NC = AN(BNC) (Associativity). 
v) ANB=A ifandonly if ACB. 
Int(vi) ANBCA & ANBCEB. 
The associative laws for unions and intersections allow us to omit parentheses in writing 
unions or intersections of three or more sets. Thus we write ANBNC to stand for either 


(ANB)NC or AN(BNC), since these sets are equal. Similarly ANBNCND has a unique 
meaning, since any of the five ways of inserting parentheses yields the same result. 


Important relations between unions and intersections are given by the distributive laws: 
Dist (i) ANM(BUC) (ANB) U(ANC). 
Dist (ii) AU(BNC) (AUB) N (AUC). 


Property Dist (i) can be verified directly from the definitions by logical manipulations. 
Thus, 


AN(BUC) = {4: rEA & rEBUC} 
= {%: 2€A & (XEBvreEc)} 
= {%: (tEA & ZEB)v(xEA & EC)} 


= fume me AAD ae AAth 
= qw- TSAO v TOCA; 


= (ANB)U(ANC) 


We also can check Dist (i) pictorially. In Fig. 2-3 below, ‘we have vertical lines for 
BuC and horizontal lines for A. Hence AM (BUC) is represented by the cross-hatched area. 
In Fig. 2-4 below, the vertical lines indicate ANB and the horizontal lines ANC. The com- 


bined area represents (AN B)U(AMC) and is seen to be identical with the cross-hatched 
area of Fig. 2-3. Dist(ii) may be handled in a similar manner (see Problem 2. 3). 


AY [hey AR AS seceeetisSts ask SS Mestssems lklee 
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Diagrams as shown in Fig. 2-3 and 2-4 are called Venn diagrams. They are useful for 
verifying identities involving operations on sets. but should not be considered tools of 
rigorous mathematical proof. Similar pictorial methods can be given for four or more 
sets (see [112]t and J. F. Randolph, American Mathematical Monthly, 1965, pp. 117-127), 
but this does not seem fruitful enough to warrant consideration here. 

Example 2.15. Show that AN(AUB) = A. 
By U(vi), A CAUB, Hence, by Int(v), AN(AUB) = A. 
Example 2.16. Show that AU(ANB) = A. 
AU(ANB) = (AUA)N(AUB) = AN(AUB) = A 
The first equality is justified by Dist (ii), the second by U(i), and the third by Example 2.15. 

The distributive laws have the obvious generalizations: 

Dist (i) AN(B:UBU---UB.) = (ANB) U(ANR)U:-- U(ANR,) 

Dist (ii) AU(BiNB2N---NBn) (AUB) N(AUB)N---N(AUB,) 


These can be proved directly, using mathematical induction. 


26 DIFFERENCE AND SYMMETRIC DIFFERENCE 


By the difference B~ A of B and A we mean the set of all those objects in B which are 
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not in A (the shaded area of Fig. 2-5). Thus, 
B~A = (2: 2€B & «€ A} 


A B 
Clearly, 
Di) B~B=90 
D(iii) B~@=8B Neo 7a 7 
Di) @~A=9 ve 
Cc 


> a > a 
Div) (A~B)~ A~ (BUC) A B 
= (A~C)~B 
The symmetric difference AASB of sets A and B is 
NZ Ne” 


(A ~B)U(B~ A) (the shaded area of Fig. 2-6). Fig. 2-6 
makes it clear that AAB = (AUB) ~ (ANB). Fig. 2-6 


tThroughout this book numbers in brackets refer to Bibliography, pages 201-208. 
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The following properties are easily verified. 
SD(i) AAA @ 

SD(ii) AAB = BAA 

SDiiii) AAD=A 


Example 2.17. 

Let A = (0,1,2,3,5}, B = {0,1,2,3}, C = {0,1,4,5}). Then BCA, CGA, ANC = { 
BnC={0,1}, A~B= {5}, A~C = {2,33}, B~ C= {2,3}, C~B = {4,8}, AAB = {5}, AAC = {2, 
BAC = {2,3,4,5). 


2.7 UNIVERSAL SET. COMPLEMENT 


We shall often find it useful to confine our attention to the subsets of some given set X. 
In such a case, X is called the universal set or the universe (of discourse). 


7 tam duet a nt haat fy ~ 
The union, intersection, difference, and symmetric difference of subsets of X are again 


subsets of X. When we restrict ourselves to subsets of X, there is still another operation 
which rg be introduced. If ACX, then the complement A of A is defined to be X~A. 
Thus, A = (1: EX & 2G@A}. Whenever we use complements, it is assumed that we 
are Teale: only with subsets of some fixed universe X. 


Ci) A=A 

en), AUR = is ne } De Morgan’s Laws 

Ciiii) ANB = AUB 

Civ) ANA=@Q C(viii) ACB ifandonlyif BCA 
Cv) AUA=X C(ix) A = B ifandonlyif A = B 
C(vi) @=X C(x) A~B= ANB 

Civil) X=@ C(xi) AaAB = (ANB)u(ANB) 


From C(x) and C(xi) we see that difference and symmetric difference are dispensable in the 
presence of union, intersection and complement. 


Example 2.18. 
Let us check C(ii) using definitions and logical transformations. 
AUB = {7: 2xEX & c€AvUB} = {x: cEX & 1(zEAV EB} 


= {«: czEX & (x€A&scEB)} = {x: (REX &cEA) & (2EX&ZEB) 
= {e: zEX &exE€AN{e: eEX&xEBY = AnB 


” a o-2 a 
Compare rig. 24-7 and 2-5. 


An 8B is the cross-hatched area. 


Hn. ao 
Lig. 2-o 
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Example 2.19. 

ACB if and only if A NnB=@. In’ Fig. 2-9, the cross- 
hatched area is ANB. To say that this is @ is equivalent to 
saying that A is entirely within B. 

Logical proof: 

A = ANX = An(BUB) = (ANB)U(An8B) 
Hence if ANB=Q, then A=ANB; therefore, by Int (v), 


ACB. On the other hand, if A C B, then by Int(v) A=ANB 
and therefore 


~ — om 
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2.8 DERIVATIONS OF RELATIONS AMONG SETS 


We have seen two ways of verifying propositions about sets: by means of analogous 
logical laws, or by pictorial methods (usually Venn diagrams). The first method is the 
only rigorous one, but the use of diagrams is sometimes quicker and more intuitive. 


Example 2.20. 
Prove A~(RUC) = (A~R)N(A~C). 


Frove A A 


This is clear from Figs. 2-10 and 2-11. 


Cross-hatched: (A ~ B)N(A ~C) Unshaded: A ~ (BUC) 
Fig. 2-10 Fig. 2-11 


More rigorously, 
A~ (BUC) {x: 2€A & cx €(BUC)} 
fa: cEA & (LEBEXEC)} 
= {x: (tEA&rER) & (xEA& LEC) 
= {1: 2E€A & EB N {x: 2EA & ce EC} 


= (A~B)n(A~C) 


Example 2.21. 
Prove: (AUB)NB = A ifandonlyif AnB=@. 


In Fig. 2-12 below, the cross-hatched part represents (AUB) 8 and lies entirely within A. The rest 
of A is the lens-shaped intersection AMB. Hence to say that (AUB)NB is identical with A is equiva- 
lent to saying that ANB = @. 
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(AUB)NB = (ANB)U(BNB) (by Dist (ii)) 
= (ANB)U® (by C(iv)) 
= ANB (by U(iii)) 
Hence (AUB)NB=A if and only if AN B=A. But 


ANB=A if and only if ACB (Int (v)), which holds if and 
only if ANB=@ (by Example 2.19 and C(i)). 


Example 2.22. 
Simplify ANBuU(BNC). 


ANBu(BnC) = (AUB)U(BNC) (by Ciiii)) 
AB) c 


B (by Example 2.16) 


In simplifying expressions, we make frequent use of De Morgan’s Laws C(ii) and C(iii) 
for distributing complement bars over smaller expressions, C(i) for eliminating double 
complements, Examples 2.15 and 2.16, and the distributive laws Dist (i) and Dist (ii). 


Example 2.23. 


Simplify (AUBUC)n(AnNBNE| NE. 


(AUBUC)N(ANBNE NE = (AUBUC)N(AUBUC) NE (De Morgan) 
= [AUBUC)N (AUBUQI]NE (Associativity of N) 
= [(AnA)u (Bud n€ (Dist (if) 
= [BUC]NE = (BNG)U(CNC) = (BNE)VU@ —(CCiv), Uliii)) 
= BNne 


2.9 PROPOSITIONAL LOGIC AND THE ALGEBRA OF SETS 


Every truth-functional operation determines a corresponding operation on sets. For 
example, denial determines complementation: A = {x: 1(z€A)}; conjunction determines 
the intersection operation: ANB = {2: «€A & xEB}; and disjunction determines the 
union operation: AUB = {x: x€Av xEB}. In general, if # is a connective corre- 
sponding to a truth function f(z:,...,22), then we define a corresponding operation @ on 
sets by @(Ai,...,An) = {a: #(2 GAs, ...,2€An)}. Thus the set-theoretic operation of 
symmetric difference corresponds to the exclusive usage of “or 


Example 2.21. 


The operation of alternative denial determines the set-theoretic operation AM B, while joint denial 
determines the operation An B. 


In general, a uniform way of determining the set-theoretic operation corresponding to 
a given truth function is to express the latter in terms of 1, &, v, and then replace 1, &, v 
by ~, M, U-respectively. The statement letters need not be replaced since they can serve 


g ett variables in the new axynracsion 
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‘It x xy, then {z,y} was called the unordered pair of and y. We say “unordered” 
because {x,y} = {y,x}. Let us define an ordered pair (x,y), which is determined by x and 
y, in,that order. By this we mean that the following proposition holds: if (a, y) = (u,v), 
then tz=u% and y=v. 


Theorem 2.2. (x,y) = ({{x}, (z,y}} is an adequate definition of an ordered pair. 


Proof. Assume (x,y) = (u,v). We must prove that «=u and y=v. We have 
{{}, (x, y}} = ({u}, {u, v}} (2.1) 


Since {x} is a member of the left side of equation (2.1), it must also be a member of the 
right side. Hence 
{r} = {4} or {z} = {u,v} 


{x,y} = {u} or we } = {u,v} 


If {x,y} = {u,v}, then {#,y}={z,v} since x=u. Hence y=2 or y=. If y=2, 
then {y} = {y,v} and y=v. In all cases, y=v. If {z,y} * {u,v}, then {x,y} = {u} 
andso x=y=u. By (2.1), 


{u,v} = {v7} or {u,v} = {x,y} 


Since {u,v} ~ {z,y}, {u,v} = {x} and so u=v=2. Therefore y=v.> 


Let us recall the definition of a function. A function f from A into B is a way of 
associating an element of B to each element of A. The phrase “way of associating’ may 
be replaced by a more precise notion: 


(1) f is a set of ordered pairs such that, if (7,y)€f and (#,z)€f, then y=2; 


(2) for every x in A there exists some y in B such that (x,y) Ef. (Such an object y 
must be unique, by virtue of (1); it is denoted in the standard way by f(2).) 


We say that f is a function from A onto B if f is a function from A into B and every 
element of B is a value f(x) for some « in A. 


Example 2.25. 


The function f such that f(x) = x2 for every x in the set A of all integers is a function from A into 
(but not onto) A. On the other hand, f is a function from A onto the set B of all squares. 


A function f is said to be one-one if it assigns different values to different arguments, 
ie. f(x) = f(y) implies x= y. 


Example 2.26. 

The function f in Example 2.25 is not one-one, since f(—n) = n* = f(n) for all integers ». On the 
other hand, the function g such that g(x) = x? for all non-negative integers x is a one-one function, since 
ut = v2 implies u =v for all non-negative integers u and v. 


A one-one function from A onto B is called a one-one correspondence between A and B. 
For example, the function h such that A(z) = x +1 for all odd integers x is a one-one 
correspondence between the set of all odd integers and the set of all even integers. 


CHAP. 2] THE ALGEBRA OF SETS 39 


2.11 FINITE, INFINITE, DENUMERABLE, AN 


AND 

A finite set is a set which is either empty or can be enumerated by the positive integers 

from 1 up to some integer n. More precisely, A is finite if there is a positive integer n 

such that there is a one-one correspondence between A and the set of all positive integers 
less than n. (When »=1, A must be the empty set.) 


For example, to justify the assertion that the set of fingers on a hand is finite we set 
up the correspondence 


ff es 
AYA a 

a | Ke li —_—_————e 2 

‘ u —_——— 3 

Ve, = ———te 

: ——————p § 


o 


It is clear that a subset of a finite set is finite (and hence that the intersection of any set 
with a finite set is finite). Also obvious is the fact that the union of two finite sets is finite. 


SLTIILE SES iS fhllitS fase Varvay 


A set is said to be infinite if it is not finite. Examples are the set of positive integers, 
the set of rational numbers, and the set of real numbers. Clearly any set containing an 
infinite set must also be infinite, and therefore the union of an infinite set with any other 


set is infinite. However, the intersection of two infinite sets need not be infinite. For 
examnle, the set of even intecers and the set of odd integers have an empty intersection. 
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A set A is said to be denumerable (or countably infinite) if and only if A can be enumer- 
ated by the set P of all positive integers, i.e. if there is a one-one correspondence between 
P and A. 


Example 2.27. 


(1) The set of positive even integers is denumerable. Here the one-one correspondence is given by 
f(a) = Qn. (2) The set of all integers is denumerable. Here the enumeration is given by 0,1, —1, 2, —2, 3, 
{ n/2 if nis even 


—3,.... The one-one correspondence is (7) -~(n—1/2 if nis odd 


Clearly the union of a finite set and a denumerable set is also denumerable. (Just 
enumerate the finite set first and continue with the enumeration of the denumerable set, 
omitting repetitions.) The union of two denumerable sets is again denumerable. (For, if 
A = {a1,de,...} and B= {bi,be,...}, then AUB = {a, bi, da, do, ...}, where in the latter 
enumeration we omit any repeated objects.) If we remove a finite number of elements from 
a denumerable set, the remaining set is still denumerable. 


A set is said to be countable if and only if it is either finite or denumerable. Obviously, 
any subset B of a countable set A is also countable. (For, in an enumeration of A, we omit 
all objects which are not in B. The resulting enumeration of B does or does not terminate. 
If it does, B is finite. If it does not, B is denumerable.) The union of two countable sets is 
a countable set. This follows from what has been said above about finite and denumerable 
sets. 


2.12 FIELDS OF SETS 


By a field of sets on X we mean a non-empty collection ¥ of subsets of X such that, for 
any members A and B in F, the sets AUB, ANB, and A are also in #. Another way of 
expressing’ this is to say that F is closed under the operations of union, intersection and 
complementation. Since AUB=ANB and ANB=AUB, it suffices to verify closure 


andae rawmmlaemanénting avd gti 


under complementation and either union or intersection. 
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S11 MILD VA Gin . 
(1) the set P(X) of all subsets of X; 
(2) the set of all finite subsets of X and their complements; 
(8) {D, X}. 


Notice that any field ¥ of subsets of X must contain both @ and X. For, if B € F, then 
BEF and hence G=RNKEF. Therefore X=HEF. 
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213 NUMBER OF ELEMENTS IN A FINITE SET 
Let #(A) stand for the number of elements in a finite set A. Clearly 


#(A:1UA2) = #(A1) + #(Ae) — #(AiM Aa) 


For three sets, we have 


MLA LL ALLAN oe es AN 1 LAN 1 HI ALN 
W sa] saz a9) — TWiyéalj TT TrYZa2y “T Wysasy 
— #(Ai1NA2) — #(AiNAs) — #(A2NAs) 
+ #(AiNA2N As) 
and, for four sets, 
Mt Att Ae At A nh AN os AN eS AN SAN 
RLA1LVA2U AZ £44) — WA) ine T\4a2) TT W413) Tt ?\ 214) 


— #(AiM As) — #(A1N As) — #(A1N Aa) — #(A2MAs) — #(A2N Ad — #(ASN AD) 
+ #(A:NA2NAs) + #(AIN As As) + #(AIN As As) + #(A2N ASAD) 
— #(A\NAsN AsN As) 


The general formula for sets should be clear from the examples for n = 2,3, 4, 


Example 2.28. 


In a two-party election district consisting of 135 voters, 67 people voted for at least one Democrat and 
84 people voted for at least one Republican. How many people voted for candidates of both parties? 


#(RND) = #(R) + #(D) — #(RUD) = 844+ 67-135 = 16 


Here R is-the set of people who voted for at least one Republican and D the set of people who voted for 
at least one Democratic candidate. Hence RU D is the set of all voters and ND is the set of all people 
who split their ballots. 


Beamnla 990 


Example 2.29. 

A government committee reported that, among the students using marijuana, LSD or heroin at a 
certain university, 90% used marijuana, 6% used LSD and 7% heroin, while 4% took marijuana and LSD, 
5% marijuana and heroin, 2% heroin and LSD, and 1% took all three. Are the committee’s figures 
consistent? 


Note that, if there are » students taking at least one of the drugs, and if H is a set of students, 
then the percentage in H is #(H)/n. Hence if we let A, B, C be the sets of students taking marijuana, LSD 
and heroin respectively, and we divide the equation for #(AUBUC) by » to obtain the percentages, 


%AUBUC) = %(A) + %(B) + %(C) — %(ANB) — %(ANC) — H(BNC) + S(ANBNC) 
100 = 90+64+7-—4-5-2+1 = 93 
which is impossible. Hence the figures are not consistent. 
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2.1. 


Solved Problems 
Show that the cancellation law 
if AUB = AUC then 
is false by giving a counterexample. 


Qy 
H) 
Cy 


Show that parentheses are necessary for writing expressions involving more than 
one of the operations M and U. 


Solution: 


Consider ANBUC. This is either AN(BUC) or (ANB)UC. But these two sets are not 
necessarily equal. Take A= and R=Cx@. Then AN(BUC) = @, but (ANBIUC = 
@uc=C. 


Prove the distributive law Dist (ii), page 338: AU(BNC) = (AUB)N(AUC). 
Solution: 


Logwai Proo;. 
AU(BNC) = {#: «EA v 2E(BNC)} 
= {f: r6€Av (@EB &xEC)} = {x: (kEAvV cEB) & (XEAv zEO}} 
= {f: xE€Av eEB)n{xe: rEGAv rEC} = (AUB)N(AUC) 
Pictorial Proof. In Fig. 2-13, the vertical] lines indicate BN C and the shaded area is A. In Fig. 
Z-id, the vertical lines indicate AUB, the horizontal lines AUC, and the cross-hatched area 
(AUB) (AUC) is identical with the marked area of Fig. 2-13. 


Fig. 2-13 Fig. 2-14 


Prove the generalized distributive law Dist (ii’), page 34: 
AU(BiN--:MBs) = (AUB)N ++» M(AUBs) 


Solution: 


For 2=1, the assertion is obvious and the case n=2 is the distributive law Dist (ii). 
Now using mathematical induction, we assume the result true for x=k. Thenfor »n=k+1, 


2::/M@a,.. AP an 1 ~~ £2 fR A... AB\AB ‘ 
ay (oytie NDI e yp = 2M We Ao A ope 
= [AU(B\N++*NB,)} N [AU By] (by Dist(ii)) 
= [(AUB))N +--+ N(AUB,)} nN (AUB, 41) (by the inductive hypothesis) 
=— (AUBIN + AIAUB YA (AUB... 
\ at Cla SRNR RE te ONS eee aE 
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DIFFERENCE AND SYMMETRIC DIFFERENCE 
2.5. Using a Venn diagram, determine whether the following conditions are compatible. 
(i) ANB = @ (iii) (CNA)~B=@ 
(ii) (CNB)~A = @ (iv) (CNA) U(CNB)U(ANB) * @ 
Solution: 
In Fig. 2-15, (iv) says that EUF UGUA is non-empty. (i) says that E UF is empty. Hence 


P54 TT 46 manors eke fete. en | oy a 2 er eens Soe tc) nena 5 eae ak 1 ae Seman renrey So vr... rs 
GU ls Ton-empty. (1) says thas U is Empty aid (11) says that 42 is empty. Melice G U iis empty. 


Therefore conditions (i)-(iv) are inconsistent. 


\ At J 
sea 
NA C 


Fig. 2-15 Fig. 2-16 


2.6. Show that AA (BAC) = (AAB)AC. 


Solution: 
In Fig. 2-16, AAB=EUHuUGuUJ and C=HuluJuK, and so (AAB)AC =Eu 
GuUIUK. BAC=FUGUHUK and A= EvUFUHuz, and so AA (BAC) = GUKUVIUVE, 


mii fA A Da OM me A RID ALS 
20Us WASH 40 §|— ASWwWaAay), 


Observe that E G K I 
a ee Ee 
(AAB) AC = (ANBNC)U(ANBNC) YU (ANBNC)U(ANBNC) 


A logical derivation of this result is rather tedious and is left to the reader. It is easiest to prove 
by showing (AAB)AC ¢ AA(BAC) and AA(BAC) ¢ (AAB)AC. 


27. Show that AAB = @ ifandonlyif A=B. 
Solution: 
AAB = @ ifand onlyif (A ~B)U(B~A) = Q, 
if and only if A~B = @ and B~A = Q, 
i if ACR and 
if and onlyif A = B. 
Note: By C(xi), page 35, this result can be restated as 
A = 8B ifandonlyif (A4NB)uU(AnB) = @ 


2.8. Prove the cancellation law: If AAB=AAC, then B=C. 


Solution: 

Assume AAB=AAC. Then ASAAB=AAAAC (parentheses can be omitted by virtue 
of Problem 2.6). Since AAA=Q, we obtain; @AB=QMAC. But @AD=D for any D. 
Hence B=C. 
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AN(BAC) = AN (B~C)uU(C~B)) 
= (An(B~C))uU (An(C~B)) = ((ANB) ~ C)U (ANC) ~ B) 
= ((ANB) ~ (ANC) U (ANC) ~ (ANB) = (ANB)A (ANC) 
The problem can also be handled by means of 2 Venn diagram, as in Problem 2.6. 


2.10. Prove C(iii):) ANB = AUB, logically and pictorialiy. 
Solution: 
Logieal Proof. 
ANB = {#2: 2£€X & «€@(ANB)} 
= {x: eEX & (x€Av cE€B)} 
= {2@: (tEX & eE€A)v (tEX & EB)} 
= {e: 2EX & e€ASu{e: eEX & eEB} = Aus 


Pictorial Proof. See Fig. 2-17 and 2-13, 


A: vertical, B: horizontal 
Unshaded region: AN B Marked region: AUB 
Fig. 2-17 Fig. 2-18 


211. Prove C(viii): ACB if and only if BCA. 


Solution: 
Recall that A and B are subsets of some fixed universe X. Then 


ACB if and only if, for any x in X,if GA, then EB, 
if and only if, for any x in X, if x €B, then «¢A,t 
if and only if, for any x in X, if xB, then x € A, 
if and only if Bc A. 


2.12. Using mathematical induction prove the generalized De Morgan Law C(iii’): 
Ain+:+NAe = A,UA2U--+UAe 


Solution: 
It is obvious for »=1. The case n=2 is simply C(iii). Assume the result true for m= k. 
Then for n=k+1, 


AiN=**N ARN Ags, = (Ain NA) OAR, 

= AiN-:-NA,VUAys, — (by Cliii)) 
= (A,U-++UA,)UA,41 (by inductive hypothesis) 
U-++-UA,U AR, 


2.14. 


2.15. 


2.16. 


THE ALGEBRA OF SETS Ces— 


Solution: 
By De Morgan’s law C(ii), AUB =An8. Hence AUB = ANB, But ALB=A-_2. 


Likewise, by De Morgan’s law C(iii), ANB = AUB. Hence ANB=ANB=AUB 
Prove: (1) (AUB)NA = BNA (3) (ANB)UB = B 
(2) (ANB)UA = BUA (4) (AUB)NB = B 
Solution: 
(1) (AUB)NA = (ANA) U(BNA) = BuU{BNA) = BNA. 
(2) (ANB)UA = (AUA)N (BUA) = Xn(BuUA) = BUA, 


(3) (ANB)UBCBUB = B. Also, BC(ANB)UB. Hence (ANB)UB = B. 
(4) (AUB)NB = (ANB)U(BNB) = (ANB)UB = B (by (3)). 


(a) Show that the four ellipses in the diagram below form an approprizz= 


diarram for four gets. 


Wadtepetessn 2 mw 


(0) Using the diagram of part (a), what conclusion can you draw from the 2:io<=== 
assumptions? 


(i) CEC (BND) U(DNB). 

(ii) Everything in both A and C is either in both B and D or in neither B =-r — 
(iii) Everything in both B and C is either A or D. 

(iv) Everything in both C and D is either in A or B. 


Solution: 
(a) Show that the fifteen regions of the diagram cover all possible cases: 


ANBnCnd, AnBnNEND, ANBNCND, ANBNCND, A7~B-C-L 
ANRBRnNEnNS, AnBncnd, AnBncndB, AnBnEnD, A-BrErS. 
ANBNCOD, ANBnEND, ANBNEND, AnBnCND, A~BrErD 
(b+) C=Q. 
Algebra of Sets and Algebra of Logic. Given a statement form € in 1, oe = TS 
be the expression obtained from © by substituting —, M, U for 1, &, Te 
Example: 


S(A vB) & 10) = (AUB)NE 
(a) Prove: A is logically equivalent to B if and only if S(A) = S(B) holds for a— = 
a= 


(where the statement letters of a statement form € are interpreted in $.© 
variables ranging over all subsets of a fixed universe). 


3 
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2.17. 


Solution: 

(a) If we replace each statement letter £ in A by z€t, then the resulting sentence is equivalent to 
xES(A) (since z EC W,NW, if and only if rEW, & ceW,, xE€W1UW. if and only if 
xEW, v zEW,; and céW if and only if 1(z€ W)). Hence if A is logically equivalent to B, 
then «€ S(A) if and only if z€S(B), which implies that S(A) = S(B). Conversely, assume that 
A is not logically equivalent to B. In general if we are given a truth assignment to the state- 
ment letters in an arbitrary statement form C, and if we replace statement letters which are 
T by {@} and statement letters which are F by @, then, under this substitution of sets for 
statement letters, S(C) = {®} if C is T under the given assignment, and S(C)=@ if 


is FP onder the given assignment. This holds because. under the corresuondence aasceiatine (a) 
2S 2 UNGCT Vie SIVSM SSSiGMMESNL, ~2MiS NGS CfCBUSS, UNGEF tus COFrrespomacnice Gssociaung wy; 


with T and @ with F, the truth-functional operations correspond to the set-theoretic operations 
(where sets are restricted to subsets of the universe {@)}). 


1T=F {g} = @ 
IF = T D = {9} 
T&T=T {A} {D} = {BD} 
T&F = F&ET =F {(}1GB = OnNWM} =O 
F&F=F QrB=O 
TyvT=TvVF=FVT=T {9} UM} = {M} UD = DU {B} = {PD} 
FvF =F @vUG =O 


Since A is not logically equivalent to B, there is a truth assignment making one of them T 
and the othor F; sey Ais T and Bis FP, Then under the substitution of {2} for the true state 


ment letters anid of @ for the false statement letters, S(A) = {@} and S(’) = @. Hence 
S(A) = S(B) does not always hold. 


Remark: Lurking behind this rather. _ long-winded discussion is what in mathematics is 
ealied an “isomorphism” between the structures 


T, PF}, 1,8) and = ({{0}, 9}, “ A, Y) 


Note that we also have shown that an equation S(A) = S(B) holds for all sets if and only if 
it holds in the domain {{@}, } of all subsets of {@}. 


(b) A logically implies B if and only if A&B is logically equivalent to A. By part (a), the latter 
holds if and only if S(A&B)=S(A) always holds. But S(A&B) = S(A)NS(B), and 
S(A)NS(B) = S(A) if and only if S(A) ¢ S(B). 


Define ordered z-tuples (for » = 8) by induction: 

(21, V2, 22+, Hn) = M1, Le, ..., Ln—-1), Ln) 
Thus (21, %2, 23) = (41,22), a) and (21,42, %3,%4) = (((@1, U2), Xs), 24). Prove that if 
(01, @2,-..,%n) = (ti, Ue,...,%n), then 21 = %, %o= Ue, ..., La = Un. 


Solution: 
We already have proved this result for » = 2. Now assume it is true for n= k = 2, and we 
shall prove it must then hold for (+1. We have, by assumption, 


{B1y Woy oe 0p Sep Sey) = (Uys Ug -- oy Uk» Ue er) 


Hence by definition, 
(Xy, Soy - oy Lido Zeer) = (ey, Uae. os eds Mey) 


By the result for n= 2, we conclude 211 = Upey ANd (%4,%q,.~ 1, Xe) = (Uy, Ue, ~~. Uy). But the 
latter equation, by virtue of the inductive hypothesis. implies 2, = v1, ro = Us, .... Ze = Uy. 


2. 


19. 


2.20. 
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rrange W in the following infinite array: 


(0, 0) (0, 1) {0, 2) (0, 3) (0, 4) 
| “ 
(1, 0) o 
Pa 


a, 1) (1, 2) (1, 3) 


(2, 0) (2, 1) (2, 2) (2, 3) 


(3, 0) (8, 1) (8, 2) (3, 3) 
¥ 4 A 


(4, 0) (4, 1) 


Enumerate the ordered pairs as indicated by the arrows, going up each diagonal from left te right. 
Notice that the pair (i,j) appears in the [((i+ j)(i+ 9+ 1)/2) + (f+ 1)]th place in the enumeration. 
This can be seen as follows: al! pairs in the same diagonal have the same sum. Adding up all 
pairs in diagonals preceding the one containing (i, j), we obtain 


1424-40459 = G+NG+54192 


There are j pairs in the same diagonal as (i,j) and preceding (i, 3}. 


Prove that the set of all non-negative rational numbers is denumerable. 


Solution: 


Every non-negative rational number corresponds to a fraction m/n, where (i) m and n are 
non-negative integers, (ii) #0, and (iii) m and m have no common integral factors other than +1. 
We can associate the ordered pair (m,”) with m/n, and use the enumeration given in Problem 2.18, 
merely omitting those pairs (m,n) which do not satisfy conditions (i)-(iii). 


The set A of all real roots of al 


roots are called rea 


3 


onzero polynomials Babies integral coefficients (such 


ta slawmes aman bh 
OO UCAUAMOLGAY. le. 


Solution: 


Any nonzero polynomial has only a finite number of roots. First list the finite set of all real 
roots of all polynomials of degree at most one whose coefficients are in magnitude =1 (i.e. whose 
coefficients are either 0,1, or —1). Then list the finite set of all real roots of all polynomials of 
degree =2 whose coefficients are in magnitude =2, etc. In general, at the nth step we list the 


finite set of all real vaoots of all solenomials cof dewree = 1 whose coofficiente are in marnitude = 2 
Rive SSl Cl Ras YES. POO Gi Gis PGYNCMIAS Cl Seeree WROSE COCMMCICNIS APC I MASmivuae Te 


Of course, we omit repetitions. In this way, we obtain an enumeration of all real algebraic numbers. 
That the set A is not finite follows from the fact that all integers belong to A. 


an ai 44a. 224 PL eter » eae s tag i Aes i T 
Show that the set of ali real numbers is not countable. 
Solution: 


Let R, be the set of all real numbers x such that 0=*x< 1. It suffices to show that R, is 
not countable, since any subset of a countable set is countable. Every x in R, is representable as 
a unique infinite decimal 

% = .@,GoQq... 
where the infinite decimal does not end with an infinite string of 9’s. (Thus although a decimal 
such as .1362000 .. is also representable as .1361999..., we shall use only the first representation.) 


Asewesc mow that R eon he enumerated: 


S2G0UIIS ssUwe was cove SELIM R Le. 


CHAP. 2] THE ALGEBRA OF SETS 47 


%2 = -82)Fp2%0q 
Te = Aner Ahotns 
Construct a decimal y = .b,b3b3... as follows: 
b 0 if ay F 0 
[1 if ay =0 


Thus, for all i, a, 5; But then, y is in R, and is different from all of the numbers 21, x, .-.. 
(since the decimal representation of y differs from that of x, in the ith place). This contradicts 
the assumption that the sequence 2,, x, ... exhausts Ry. 


2.22. Given two sets A and B. We say that A has the same cardinality as B if there is a 


one-one correspondence between A and RB. We say that A has smaller cardinality 


than B if there i is a one-one correspondence between A and a subset of B but A does 


mnt ha ave tha aama envdinali¢ev an D 
© mave tne Same Carainaiivy AD BF. 


Prove that, for any set A, A has smaller cardinality than the set P(A) of all sub- 
sets of A (Cantor’s Theorem). 


Salatine» 
nverg Gh USC 


(1) There is a one-one correspondence between A and a subset of 7/4). Namely, to each element 
we of A associate the set {ee} in P(A), Clearly if 2 and y are distinct elements of A, {ar} wm {y}. 


Bre aistime’ Sieomemts OL #2 


(2) We must show that there is no one-one correspondence f between A and P(A). Assume, on 
the contrary, that there is such a one-one correspondence f. Let C = {2: x€A & 2€ f(z)}. 
Thus C consists of all elements x of A such that x is not a member of the corresponding 
subset f(x) of A. But CCA. Hence CEP(A). So there must be an element y in A such 
that f(y) =C. Then by definition of C, yEC if and only if y€f{y). Since f(y) =C, it 
follows that yE@C if and only if y€C. But either yEC or y€C. Hence yEC & yEC, 
which is a contradiction. 


FIELD OF SETS 


2.23. Prove that the collection ¥ of all subsets B of X such that either B or B is countable 
is a field of sets. 
Solution: 
Assume BEF. Then either B or B is countable. Hence BEF. Assume now that A is also 
in fF. 
Case 1: Bis countable. Then ANB is countable. Hence ANBE F. 
Case 2: A is countable. Then AB is countable. Hence ANB E Ff. 


Case 8: B is countable and A is countable. Hence AUB is countable. But ANB =AvB. 
Therefore ANB € F. 


2.24. Let X be the set of all integers, and let k be a fixed integer. Let G be the collection 
of all subsets B of X such that, for any u in B, both u+k and u—k are also in B. 
(This means that a shift of & units does not alter B.) Show that Gg is a field of sets. 
Solution: 
Let BEG. Assume uGB. Hence uEB. So u-k EB. (For, if u-—k EB, then 
+k ut 


hE. (For, if utkEB, then u = (u+b—k EB) Thus 


qa Cr, mm BTA SS, TSN 
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ere in G. Let ne eonsider AN 2 Ammen os © ANP Than 
ere in > <s8f Vs comsicer “A oe. ganpumic «@ SS daiiase BahelE 


— gy. A and B 
EA &uEB. Hence ut+kEA & u+khEB. Therefore utk € ANB. Thus, ANBE G. 


Additional question: How many elements does G have? 


NUMBER OF ELEMENTS IN A FINITE SET 


2.25. 


Derive the equality 
#(AUBUC) = #(A) + #(B) + #(C) 
— #(ANB) — #(ANC) — #(BNC) (1) 
+ #(ANBNC) 


for arbitrary finite sets A, Band C. 


Saluation: 


moVan esvane 


Take any element « in AUBUC. If 2 is in precisely one of she sets A, B,C, then « is 


earnest eames oe etan of fT oe eOZPnrAanr BM eR ee 
counted once on the right Siaé a1 (7). (for exXampic, if xé€Bri and, With & 15 Counted Only 


in #(B).) If x belongs to precisely two of the sets A, B,C, then x will be counted twice in the 
positive sense on the right side and once in the negative sense. (For example, if «€ ANBNC, 
then z is counted twice in the positive sense in #(A) and #(C), and x is subtracted once in #(ANC).) 
Lastly, if x belongs to AN BNC, then x is counted in every term on the right side, four times 
in the positive sense and three times in the negative sense. Thus the net effect of the right side of 
(1) is to count the number of elements in AUBUC. 


If a boating club of 75 members admitted only owners of sailboats sae powerboats, 


and if AQ mambhers aynad sailhaats and 22 mambera sumed nawarhs 


GUY ££ BU ALWIL VV LLU SHE ChAdU UU LSSULLANULN WV FTE VU TIOS U UB, asurw dueiy 


members owned both sailboats and powerboats? 


Solution: 
Let A = the set of all members owning sailboats, and B = the set of all members owning 
powerboats. 
#(AUB) = #(A) + #(B) — #(ANB) 
75 = 48+ 33 — #(ANB) 
Hence #(ANB) = 


Among 50 students taking examinations in mathematics, physics and chemistry, 37 
passed mathematics, 24 physics and 43 chemistry; at most 19 passed mathematics and 
physics, at most 29 mathematics and chemistry, and at most 20 physics and chemistry. 
What is the largest possible number that could have passed all three? 


Solution: 
Let M, P,C stand for the collections of students passing mathematics, physics and chemistry, 
respectively. 
#(MUPUC) #(M) + #(P) + #(C) — #(MNP) — #(MNC) — #(PNC) + #(MNPNC) 


50 = 87 +24 + 43 — #(MNP) — #(MNC) — #(PAC) + #(MNPNO) 


Hence 
#(MNPNC) = #(MOP) + #(MNC) + #(PNC) — 54 
= 194+29+ 20-654 = 14 


<7 
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2.28. List all subsets of {@, {@}}. 

2.29. {x: eisareal number & 22<0} = ? 

2.30. Prove: BUC =@ if and only if B=@O & C=@. 

231. Prove: If AUB=A for all sets A, then B= 9. 

2.32, Show with an example that AU BMC requires parentheses to be unambiguous. 

2.33. Prove: If BCA & CCA, then BUCCA; andif ACB & ACC, then ACBNC. 


2.34, Prove: If CCA, then BNCCA and CCAUB. 


2.37. {x: « is an integral multiple of 2} N {x: xis an integral multiple of 3} = 


2.38. Disprove the cancellation law: If ANB=ANC, then B=C. 


om cometion t— mot anlerace 


al-- wanatht. nn sora oF ata 
also, if possible, Venn diagrams. If an equation is not always truc, specify 


oblems 2.39-2.54, determin ne whether the given equation is always true, using rigprens logical 
ma - 
te} a 


2.39. (AUB)N(BUC)N(CUA) = (ANB)U(BNC)U (CNA). 
2.40, ~(B~C) = (A~B)U(ANBNO. 


241. AN(B~C) (ANB) ~ (ANC). 

2.42, AU(B~C) = (AUB) ~ (AUC). 
2.48. A~(BNC) = (A~B)U(A~C). 
244. A~(ANB) = A~B. 

245. ANB = A~(A~B). 

2464. AUB = AU(B~A). 

247, (A~C)U(B~C) = (AUB) - 

2.48, AU(BAC) = (AUB)A (AUC). 

2.49, ~ (BAC) = (A~B)aA(A~C). 


N 
on 
Ww 
> 
> 
by 
It 
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B)uU (ANB). 


254. AASB = AAB = AAB. 


2.55. Let & = the set of integers = {...,—2,—1,0,1,2,...}; N = the set of non-negative integers = 

,2,...}; Np = the set of non-positive integers = {0,—1,—2,...}; EB = the set of even integers; 

the set of prime numbers. Find: NN(Np), 1~N, I~ (Np), N~ (Np), NU(Np), NA(Np), 
NP. 
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2.57. 


2.61. 


2.62. 


2.68. 


2.64. 


2.65. 


2.66. 


2.67. 


2.68. 


THE ALGEBRA OF SETS 


Prove that A = B is equivalent to each of the following conditions, 


(i) A~B = B~A, 
(ii) AUB ANB. 
(iii) AUC BUC& ANC = BNC. 


tt 


Prove that A CB is equivalent to each of the following conditions. 
(i) AAB= B~A, (ii) AUB = X. 


Prove: AAB = AUB if and only if ANB =9@. 


—- 3 ses . 1 sao os _ : a ivy . ae a | 
Prove: ACA if and only if A = @, and ACA if and oniyif A = 


Using Venn diagrams, determine the compatibility of the following conditions. 


(i) (ANB)UC = A~B and CNA = BNA, 


(ii) A~(B~C) ¢ CUB and ANBNC = @ and C~BEA. 


(iii) (B~A)NC * @ and C~A CC~B. 


Prove the following identities. 


(i) A,UA,U++:UA, = (Ay~ Ag) U (Ag ~ Ag) Uo U(Agiy ~ AQ) 
U (A, ~ Ay) U (AN Aan: NA,) 
A,U (Ag~ A) U (As ~~ (A, UAg)) U (Ay boa (A,UA,UA5)) Users 


LifA_ m= (A WALlie es LA ma) 
UA, {4,4 4,U UAge-i}} 


(ii) AyNAgN->++NA, = Ay ~ [(Ay~A,g) U (Ay ~ As) U +++ U (A, ~A,)]. 
(iii) (Ay ~ By) Nn (Ag ~ Ba) N+: N(Ag~ By) = (AyNAgh:::NA,) ~ (Bi) UBgU-++UB,). 


Simplify the following expressions. 


(i) (ANB)UCNB, (ii) (AUB)N A) U BAA. 


Find the set-theoretic operations corresponding to the truth functions for > and ©. 


Determine whether each of the following sets of ordered pairs is a function. 


(i) {(x, y) : x and y are human beings and =z is the father of y}. 
(ii) {(z,y): 2 and y are human beings and y is the father of <x}, 
(ili) {((x,y) : 2 and y are real numbers and x? + y? = 1}. 


fier) Ste ia s (em mat OD fem 1 & a =H NV 
MEVz Ue 7 8 We Oe ey OOF - & 7 vise 


[CHAP. 2 


For each of the following functions f from the set of integers 7 into 7, determine whether f is a 


function from I onto I and also whether f is one-one. 


etl if zis even 


OY dG) s2er4 (ii) f(z) = fee 1 if 2 is odd 
(ii) f(z) = —x (iv) f(a) = 2? —324+5 
Prove: The set of all rational numbers is denumerable. 


Prove: The set of ali irrational reai numbers is not countabie. 


By a left-open interval of the set R of real numbers, we mean either an interval 


(a,b) = (2: a<2=d} 
or an infinite interval of the form 
(a,©) = {#: a< a} or (-°, 6) = 


Let ¥ be the collection of sets of real numbers consisting of @, R, and all unions of a finite number 


of left-open intervals. Show that F is a field of seta, 
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2.70. 


2.71, 


2.72. 


2.73. 


2.74. 


B,C, D, derive the formula 


#(AUBUCUD) = #(A) + #(B) + #(C) + #(D) 
— #(ANB) — #(ANC) — #(AND) — #(BNC) — #(BND) — #(CND) 
+ #(ANBNC) + H(ANBND) + #(ANCND) + #(BNCND) 
— #(ANBNCnD) 


(2) Generalize the result of (1) to any finite sets A;, ..., Ay. 


In an advertising survey of a hundred coffee and tea drinkers, 70 people were found to drink coffee 


at timee and 20 people drank both tee and eoffee, How many neople sometimes drank tea? 


Vertele, BG oY Ppeop.s Sram, SOLE TSS Sill COs Many PoCpsS SO SesSses VSS. 


Among Americans taking vacations last year, 90% took vacations in the summer, 65% in the winter, 
10% in the spring, 7% in the autumn, 55% in the winter and summer, 8% in the spring and summer, 
6% in the autumn and summer, 4% in the winter and spring, 4% in the winter and autumn, 
3% in the spring and autumn, 3% in the summer, winter and spring, 3% in the summer, winter and 
autumn, 2% in the summer, autumn and spring, and 2% in the winter, spring and autumn. 
What percentage took vacations during every season? 


If A and B both contain n elements, prove that A — B and B—A have an equal number of elements. 
Show that this is no longer the case when A and B are infinite. 


(a) Show that the maximum number of sets obtainable from A and B by applying the union and 
difference operations is eight, (0) Show that the maximum number of sets obtainable from A, B, C 
by applying the union and difference operations is 128 = 2’. (Hint: How many regions appear in 
the Venn diagram for A, B,C?) (c) Generalize (b) to the case of n sets A,, ..., Ay. 


(a) Proves (ANBNC)U(ANBND) vv (ANECND)U(BNCND) 
= (AUB) N (AUC) N (AUD) nN (BUC) N (BUD) N(CUD). 


(6) Prove: (ANB)U(ANC)U(AND)U (BNC) U (BND) u(CnD) 
= (AUBUC) N(AUBUD)N (AUCUD)N(BUCUD). 


(ec)? Prove the following generalization of (a), (b) and Problem 2.41: Given n sets Aj, ...,Ap- 
Let kn. Show that the union U of all intersections of & of the sets A,, ..., A, is equal 
to the interzection 7 of all unions of n—k+1 of the seta A;, .... _ A, (Note: In Problem 
2.41, n=3, k=2; in (a), n= 4, k= 8; in (6), n= 4, k=2.) Hint: Prove UCiandIcu. 


Chapter 3 


Boolean Algebras 


3.1 OPERATIONS 


An n-ary operation on a set Y is defined to be any function f which, 2 
{Y1,.+.,Yn) Of elements ¥:,...,¥, in Y, assigns an element f(yi,...,Ye) in Y. A more 
traditional way of asserting that f is an m-ary operation on Y is to say that Y is closed 


under the function f. 


Example 3.1. 


Addition, multiplication and subtraction are binary operations on the set of integers. (We use “binary” 
instead of “2-ary”.) The function f such that f(x)= 2-1 for every integer x is a singulary operation 
on the set of all integers. (We use “singulary” instead of “l-ary”.) 


Example 3.2. 


The subtraction function z—y is not a binary operation on the set of non-negative integers, because 
the value x — y is not always a non-negative integer. The division function «/y is not a binary operation 
on the set of positive integers. (Why?) 


$8.2 AXIOMS 
By a Boolean algebra we mean a set B together with two binary operations ~ and v on 
B, a singulary operation ’ on B, and two specific elements 0 and 1 of B such that the follow- 
ing axioms hold. 
For any xandyinB, 2 = x 
(1) 7 d es x” Commutative Laws 
(2) ForanyzandyinB, «ay = yar 
3) Forany2z,y,zinB, « z) = (2 CAL atten 
P) NOn ROY eae AW) ANY ERE Distributive Laws 
(4) Foranyz,y,zin B, wv (yaz) = (avy) a(av2) 
(5) ForanyzinB, wv0 = a. 
@\ Dp ne 1 ee 
(&) Por any z in 2, enh —™ Ww 
(7) ForanyzinB, xva’ = 1. 
(8) rs ana’ = 0 
9) 0 « 


A Boolean algebra will be designated by a sextuple (R, ~,v,’,0,1). Sometimes one refers 


fe Toe ons we UES. win Ly a Se Ag Mag py Spe HOMILIIE LILIES - =! 


to the set tBa as a Boolean algebra, but this is just a loose misuse of language. 


Ss 


Example 3.3. 
(a) The two-element Boolean algebra ere aes 
Bo = AW (Wrt,,U, »Wr tr 
where B = {@,{9}}; A = the ordinary set-theoretic intersection operation N; v = the ordinary 
set-theoretic union operation U; ' = the ordinary set-theoretic operation of complementation; 
0=@; and 1 = {@}. In Chapter 2, we have verified properties (1)-(9). Of course, we first must note 


iP ae ee 


that N, U and are operations on (@, {WO}. 
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(hb) The Boolean algehra of all subsets of a non-empty set A, under the usual operations of inter- 
section, union, and complementation, and with @ and A as the distinguished elements 0 and 1: 
(P(A), N, U,~,@, A). When there is no danger of confusion, we shall refer to this Boolean algebra 
simply as P(A). Part (a) is a special case of (6) when A = {@}. (Notice that we have omitted the case 


where A = Q; in this case, 0 = @ = A =1, violating Axiom (9).) 


Example 3.4. (This example should be omitted by those not familiar with elementary number theory.) 
Let B be the set of all positive integers which are integral divisors of 70. Thus, 


= {1, 2,5, 7,10, 14, 35, 70} 


For any 2 and y in B, let ~~ y be the greatest common divisor of « and y, let vy be the least common 
multiple of « and y, and let x’ = 70/z. (For example, 5414=1, 5v14=70, 10A,35=65, 10v 85 = 70, 
5’=14, 10’=7.) Then (B,~,v,',1,70) is a Boolean algebra. Verification of Axioms (i)-(9) uses ele- 
méntary properties of greatest common divisor and least common multiple. 


Example 3.5. 

It seems evident that a set of sentences closed under the operations of conjunction, disjunction and 
negation should form a Boolean algebra. However, this is not quite so. For example, A&B and B&A 
are not equal, but only logically equivalent. Thus we should have to replace the equality sign = in Axioms 
(1)-(9) by the relation of logical equivalence. In addition, 0 could be any sentence of the form A& 1A, 
and 1 could be any sentence of the form Av 1A. If we wish to retain the equality sign = with its usual 


maanine Gia sSdantite!) bhan wee wine emeneed an fallew-— ble ababams need hee SI, [A AntowminalA hy a 
TARCUAR AEE [dees AUC), WIC WE May PrUCcsca GS 1GU5WS, By US GLAVCTICHRY GURGLI LAR] GOVT oF & 


statement form A, we mean the set of all statement forms which are logically equivalent to A. Then, it 
is clear that: (i) [A] = [8] if and only if A is logically equivalent to B; (ii) if [A] *{B], then 
[A]N{B] = @. If K, and Kz are statement bundles, it is obvious that if A, and B, are statement forms in 
EK, and A, and B, are statement forms in K,, then A, & A, is logically equivalent to B, & By, A, v Ag is 
logically equivalent to B, v Bj, and 1A, is logically equivalent to 1B, Therefore if we take an arbitrary 
statement form C, from K, and an arbitrary statement form C, from Ko, then we may define K, & K, to 
be [S, & Sol, K, v Ko to be (©, v Cg], and Kj to be [16,}. Uf B is taken to be the set of all statement 
bundles, 0 is taken te be [A & 1A], and 1 is taken to be [A v 1A], then (B,&,v,’,0,1) is a Boolean 
algebra. Verification of Axioms (1)-(9) reduces to well-known properties of the algebra of logic. (For 
example, to check Axiom (1), we consider any statement bundles K, and Kz, and we take any statement 
forms C, and C, in K, and K, respectively. Then K,v K, =[C,v C,} and K,v K,=[C,vC,]. But 
[C,v Col = [Cov C,], since C, v C, is logically equivalent to €, v C;.) 


Terminology: 2 y is called the meet of x and y. 
xv y is ealled the join of x and y. 
x’ is called the complement of x. 
0 is called the zero element. 


[2 +L 


eollal aamat 
19 CMeLITU ULL .7 


1 2 
a c Ob 


If it is necessary to distinguish the meet, join, complement, zero element and unit 
element of a Boolean algebra @ from those of another Boolean algebra, we shall add the 
subscript B: vg, vg, ’2, 0g, lg. 


Unless something is said to the contrary, we shall assume in what follows that 
B = (B,a,v,0,1) is an arbitrary Boolean algebra. 
Theorem 3.1. Uniqueness of the complement: If xvy=1 and xay=0, then y=2’. 
Proof. First, y = yv0 b m. ( 
yv (taw’) by Axiom (8) 
(yv x) a (yv a’) by Axiom (4) 


— “ferc na « fares wt! Le Aen 
= Wvy)AWve) oY axiom (4) 


= La(yv2’) by hypothesis 
= (yve@')al by Axiom (2) 
= Y¥v a! by Axiom (8) 
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na a’ = wy 0 by Axiom (5) 


= wv (tay) by hypothesis 
= (2’vx)a(2’vy) by Axiom (4) 


= (eva a(e'vy) by Axiom (1) 


= la (avy) by Axiom (7) 
= (v’vyjyal by Axiom (2) 
=anvy by Axiom (6) 
= yv 2’ by Axiom (1) 
=y¥ by the first part above > 


Corollary 3.2. For any z in B, (z’)’=z. (Notation: We shall denote (2’)’ by 2”, ((2’)’)’ by 


zvz’ by Axiom (1) 
1 by Axiom (7) 
Second, 2°, z = zaz’ by Axiom (2) 
= 0 by Axiom (8) 
Hence by Theorem 3.1, taking-m to be z’ and y to be z, we obtain z=2”.> 


Proof. First, 2’ vz 


Theorem 3.3. Idempotence: For any x in B, 


(i) tae = 2, (iil) zvr=2 
Proof. 
(i) 2 =2@al by Axiom (6) (ii) 2 = 2v0 by Axiom (5) 
= ga(tve2’) by Axiom (7) = 2v (%az’) by Axiom (8) 
= (@ax)v (eax’) by Axiom (3) = (eva) a(evax’) by Axiom (4) 
= (taz)v0 by Axiom (8) = (4vexe)al by Axiom (7) 
= @ax by Axiom (5) =2ve by Axiom (6) > 


Definition: By the dual of a proposition concerning a Boolean algebra B, we mean the 
proposition obtained by substituting v for «, ~ for v, 0 for 1, and 1 for 0, i.e. by exchanging 
a and v, and exchanging 0 and 1. 


Example 8.6. 
The dual of 2a (yvz) = (xay)v (xaz) is xv (ynz) = (2evy) A(xvz), and vice versa. The 
dual of zev2'=1 is eax’ =0, and vice versa. 


It is obvious that if B is the dual of A, then A is the dual of B. 


Theorem 3.4. Duality Principle (Proof-theoretic version): If a proposition A is derivable 
from Axioms (1)-(9), then the dual of A is also derivable from Axioms (1)-(9). 


Proof. The dual of each of Axioms (1)-(9) is again an axiom: (1) and (2) are duals of 
each other, and so are the pairs (3)-(4), (5)-(6), and (7)-(8). (9) is its own dual. Thus if in 
@ proof of A we replace every proposition by its dual, the result is again a proof (since 
axioms are replaced by axioms), but this new proof is now a proof of the dual of A. > 
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The of of Theorem 3.23 is twice as long as it need be. Since rvr=~-7 is the dual of 


NPN z 
SAY WRU A VR RAB VR UEES UO A UT EU BO Aes GOR BY seu whe Ae Wasa ow 


ZAXx=2, it would have sufficed to prove z,z=2 and then cite the Duality Principle to 
obtain av2=-2. As a matter of fact, the proof of the Duality Principle is illustrated in 
the proof of Theorem 3.8: the proof of (ii) is obtained by taking the duals of the proposi- 
tions in the proof of (i). 
Theorem 3.5. For all 2, y, z in B, 

(i) zad = 0 

(ii) zvl=l1 

(iii) za(avy) = | 

x 


Absorption Laws 
(iv) au(@ay) = 


(v). [yaw =zau &ynw! = Zzax'|ry =2 
i x z) = (@ Zz 

ni ee ( es A eapentive Laws 

(Vil) TALY AL) = (AY) AZ J 


PRU) oe Se se 
i Ve Morgan S Laws 


(viii) (xv y)’ 
(ix) (tay) = avy’ 
(x) evy = (z’ay’)' 
(xi) eau = (z’vy'y 
(xii) way =0 © tay=er 
(xiii}) O07 = 1 
(xiv) lf = 0 
(xv) ta(z’vy) = Bay 
(xvi) @v (aay) = avy 

Proof. From now on, we usually will not cite the particular axioms or theorems being 

used in a proof. 


(i) a0 = (fad)v0 = (tad) v (@aw’) = (tag’)v (200) = aan(az’v0) = ean’ 
(ii) is the dual of (i). 


Il 
o 


(ili) eA (@vy) = (@vO)a (evy) = av (Ony) = ev0 = 
(iv) is the dual of (iii). 
(v) Assume yax = zane & yar’ = Zax’. Then 


y= yal = ya (eve) = (yar)v Yaz’) 
= (2an)v (Zaz) = za(ave’) = zal= 


(vi) We shall use (v), replacing y by xv (yvz) and z by (xvy)vz. Thus to apply (v) we 
must show 
(a) (wv (yve2))nz = ((ezvy)vz)nxe and (b) (av (yvz))ax’ = ((evy)vzyaz’ 
To prove (a): (xv (yvz))az = aa(av(yvz)) = 2 by (fii). Also, 


nan = wallavus 2) 
ya Ba (av ¥) v 2) 


[aa (ev y)] v [waz] 
wv (xz) by (iii) 


-— r hbyvy fiv) 
— ww i 
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we 
aaun 


To prove (0): (aviyve)axe’ = r+ =v (yv2)) 
= x -2r v(x’ alyve2)) 
—_ on ey Pra ee  e P 
—: - - A \G Vv #}) —-— NAG V &] 
Also, (avy)ve\aw = a> 2-4 ve] = (2a (evy)) v (2 az) 
= "x - x ay)] v (%’ 2) 
Sin Te [z’ Az] 
(x’> 4 xz) = 2’ + (yv2) 
Thus (aviyvz)jaw’ = + 4 v2) = ((evy)vazjaz’ 


(vii) is the dual of (vi). 
fetii! Ta mrova fmol — aw 2a’ wa nce <=; h 
(vi To prove (avy) a ay’, we use tne moo rmeness o ompl 
We must show 
(c) (evyja(way’) = €& ext (d (rvyv(@ay) = 1 


= oS Piag)y [lz’ay') ay) 
ze many’) v [2a (y’ay)] 
2etiay)y far? an (yay’yl 


Dg -[x’7a0] = OVO = 0 
To prove (d): (avy)v (aay) = = ela llavyvy’ 
= ir. rey)alzyyvy)] 
= 3.x vyja lev 
x vyjal = (ave)vy 
= : = yvl =. 


(ix) is the dual of (viii). 

(x) By (viii), (cevy) = 2’ ay’. Hence =-3" = (2-7). But (evy)” = evy, by 
Corollary 3.2. 

(xi) is the dual of (x). 

(xii) z=zal=e2alyvy’) = (tay)v (z-y°- Therefore tay’ =0 implies t= ray. 
Conversely, assume s=azay. Then 

say =Ov(xay) = 2-2’) v(z-y) 
ga(@’vyy, = =- (tay) = Fax = 0 
(xiii) Since 0V1=1 and 0,1=0, we ob== *’ =1 by Theorem 3.1. 


(xiv) is the dual of (xiii). 
(xv) @a(z’vy) = (tar) v(eay) = Ovlr-y = ray. 


fereyt\ je tha dual af (we\ & 
(ava; a5 UC Que if ° 


33 SUBALGEBRAS 

It is clear that a Boolean algebra (B, «, v,’. G,1 has a czique zero element 0 and a unique 
unit element 1. For, assume that z is also a possible zerc element; in particular, += zv* 
for allzin B. Hence if we let x=0, O=Ovz=. But Ovz=zv0=z. Thus 0=2. Like 
wise, if x were a possible unit element, then 1 =lau=«,1=u. ' 
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The subset {0,1} is closedt under the operations a,v,’. For, 
paste i 0 =1n0 ea 
a oe 
vi 1 lal 1 een 
[Ov0 = 0 {0,0 =0 : 


Thus if we let ~ {0.1} V4o,1} > 4.13 denote the restrictions of the operations 4, v, ’ to the set 
{0, 1}, then &* = ({0 1 99.1), 0,1) is itself a Boolean algebra. Notice that 


ae ere Se, 
tate | alt Ae Ai}? V {Ip y Weiss wo ene 
all we had to observe was that {0,1} is closed under the operations a, v, ’; it is easy to check 


sd fm 


that Axioms (1)-(9) are then automatically satisfied. 


More generally, if A is any non-empty subset of B closed under the operations a, v, ’, 
then (A, Aa Var ‘a, 0, 1) is a Boolean algebra, where »,,v,,’4 are the restrictions of the opera- 


tions ~, v,’to the set A. Observe that 0 and 1 must belong to A. For, if x € A, then 2’ € A, 
and thus we obtain 0 = 2a2’€A and 1=2%vx’EA. The Boolean algebra (A, a,, v,, ‘a, 9, 1) 
is called a subalgebra of B. In particular, the Boolean algebra @* determined by {0,1} is 
a subalgebra of 8. In fact, @* is the “smallest” subalgebra of 8, since B* is a subalgebra 


of any other subalgebra of &. 


To show that a subset A of B is closed under «, v, ’, it suffices to show that A is closed 
either under ~ and ’, or under v and ’. For, if A is closed under ~ and ’, then, for any 
Ars 


asim A me at ae la! atl!) om A T Slen Wise se on dowsedaw .. and / than fan any 
zy abitdg wv FA [WH NY J she LIAS WIST, it A wD & a unacr v ania » VALTSdy AVR Ly 


“yin A, tay = (a’vy’y EA. 


Example 3.7, 


Let 3B be the Boolean algebra ?(K) of all subsets of an infinite set K under the usual set-theoretic 


operations of intersection, union and complementation, and with @ and K as the zero element and unit 
alement, respectively, Let A be the set of all subsets of K which are either finite or eofinite (ie, the com- 


plement of a finite set). Then A is closed under intersection, union and complement, and therefore A 
determines a subalgebra of B. In general, the subalgebras are the fields of subsets of K. 


3.4 PARTIAL ORDERS 
In a Boolean algebra B, we define a binary relation = on B by stipulating that 


=y ifandonlyif way = att 


Theorem 3.6. «<=y if and only if svy=y. 


Proof. Assume 2=y. Then 
tvy = (tay)vy = 
(using Theorem 3.5(iv)). Conversely, if xvy=y, then 
tay =aealevy) = 


Example 3.8. 
In a Boolean algebra P(A), the relation x = y is equivalent to x Cy, for any subsets x and y of A. 


tRecall that A is said to be closed under the operations A,v,’ if, for any x and y in A, the objects 
eAy, ev y,'and x’ are also in A. 
ttThe symbol = should not be confused with the symbol for the usual ordering of integers or of real 
f =. 


numbers, If Necessary, use =qg instead o 
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Eyample 3.9. 


In the Boolean algebra @ associated with the propositional calculus (Example 3.5), if A and B are 
statement forms, then [A] =[B) if and only if [A] A[B] = {A}. But [A}A[B] = [A&B], Thus 
{A] = [B] if and only if [A&B] = [A], ie. if and only if A&B and A are logically equivalent. Clearly 
A&B is logically equivalent to A if and only if A logically implies B. Thus [A] = {B] if and only if A 
logically implies B (or, equivalently, if and only if A> 8B is a tautology). 


Theorem 3.7. (PO1) «= 2 (Reflexivity) 
(PO2) (@=y & y=z)>a2 =z (Transitivity) 
(PO3) («=y & y=x)>xz = y (Anti-symmetry) 


Proof. 
(PO1) wax=z, 


(PO 2) Assume tay =2@ and yaz =y. Then 
BAZ = (LAYAZ = BAYA?) = HAY = & 


(PO3) Assume tay = @ and yax = y. Then 
GS=>KAYHSYarT=y > 
In general, a binary relation RF on a set A is any subset of A X A, i.e. any set of ordered 
pairs (u,v) such thatuGA & vGA. For example, the relation of fatherhood on the set of 


human beings is the set of all ordered pairs (7, y) such that 2 and y are people and x is the 
father of y. In accordance with tradition, one often writes vRy instead of (2, y) € FR. 


A binary relation # on a set A satisfying the analogues of (PO 2) — (PO 3), 
(2) (xity & yz) > xzhiz, 
(3) (cRy & yRz) > z=y, 
is called a partial order on A. 


A partial order on a set A is said to be reflexive if and only if «R= holds for all x in A, 
while F is said to be irreflexive on A if and only if xFx is false for allzin A. For example, 
the ordinary relation = on the set of integers is reflexive while the relation < on the set of 
integers is irreflexive. In Theorem 3.7 we have seen that the binary relation = on a 
Boolean algebra B is a reflexive partial order. 


If = is a reflexive partial order on a set A, we can define x< y to mean that r=y & xx%y. 
Then we have 


Theorem 3.8. (i) “W(ax<2) 
(ii) (@e<y & yH2z) > BK<z 
(iii) (@=y & y<z) > wK<z 
(iv) (c<y & ¥<2z) > wK<z 
(v) VW(r<y & y<2) 
(vi) < is an irrefiexive partial order on A. 


Of course, given an irreflexive partial order < on A, we can define a reflexive partial 
order = on A as follows: z=y @ (u<y or x=y). 
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Let = be a partial order on a set A. An element z of A is said to be an upper bound of 
a subset YC A if y=z for all yin Y. An element z of A is said to be a least upper bound 


(lub) of a subset YoA if and only if 

(1) z is an upper bound of Y, 

(2) z=w for every upper bound w of Y. 
Clearly, by (PO 3), a subset Y of A has at most one lub. 


~) 
) 
> 
i 
) 
i 


as ~ ST | L 
Simil ar ly, an ex sie « or A is said to VE a wwe U 


z is a lower bound of Y, 
(4) w =z for every lower bound w of Y. 


Again, by (PO 3), Y has at most one glb. 


Example 3.10. 
The usual order relation = on the set J of integers is a partial order on J. Any non-empty subset of J 
having an upper bound (respectively, lower bound) must have a lub (respectively, glib), which is, in fact, 


mre someeminte ashasten 


a ame = elewc= fan = Pay Eames TT eee 
the greatest element (respectively, smallest element) of the set, sSh0 WEVET. ’ there GQLe MVAL“CILpYy DUNO 


which have no lub, eg. the set J itself or the set of even integers. 


Example 38.11. 

The usual order relation = on the set R of real numbers is a partial order on #, Any non-empty 
subset of R having an upper bound (respectively, lower bound) must have a lub (respectively, glb). 
Example 3.12. 


The usual order relation = on the set Q of rational numbers is a partial order on Q. However, in 
this case, there exist non-empty subsets of Q which are bounded above but do not have a lub. An example 
is the set of all positive rational numbers z such that z2< 2. (This is just another way of saying that 


V2 is not rational.) 


Examples 3.10-8.12 possess the additional property of connectedness: 
(Conn): For any x and y in A, sy or y=z. 


A partial order satisfying (Conn) is called a total order (synonyms: simple order, linear 
order). Not all partial orders are total orders. 


Example 3.13. 
The partial order ¢ determined by the Boolean algebra of all subsets of {0,1} is not connected, for 
we have neither {0} c {1} nor {1} ¢ {0}. 


A partial order on a finite set A can be indicated by a diagram in which the elements 
of A are pictured as points, and a point z has the relation to some point y if and only if y 
can be reached from x by following a sequence of zero or more upward arrows. The order 
relation ¢ in the Boolean algebra of ali subsets of {0,1} is pictured in Fig. 3-1, and the 
order relation in the Boolean algebra of all subsets of {0, 1,2} is shown in Fig. 3-2. 


{0, 1,2} 

‘ons oat ety 
ea {0,1} {0, 2} (1, 2} 
cor 5 i 2 
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ial 
possessed By all partial orders. 


Theorem 3.9. (L) For any x and y, {x,y} has both a lub (namely, xv y) and a glb (namely, 


BAY). 


Proof. cHavy (since ra(evy) = 2), and similarly, y=avy. Thus zvy is an 
upper bound of {x,y}. Now assume w is any upper bound of {z, YY. This means that 7 = w 


anv saan ~An = mand a Aw = uy Than {wr 11\ Aw (x a a «, fat na ass\ me me. as 
ana y W, 16 2AW = ana ya Y sae (ov y7 POE Na) =Avy, 


ie. evy=w. Thus zvy is the lub of {x,y}. The proof for x,y is left to the reader. > 


3.5 BOOLEAN EXPRESSIONS AND FUNCTIONS. NORMAL FORMS 


By a Boolean expression we mean any expression built up from the variables 2, y, z, %1, 
Yi, 21, Lo, Ys, Ze, ... by applying the operations »,v,’ a finite number of times. In other 
words, all variables are Boolean expressions, and if 7 and o are Boolean expressions, so are 
(70), (rv oc) and (7’)t. 


Example 3.14. 
The following are Boolean expressions: 


(xv (y’)) A (za), (yazdv (x) ay), (ya lev 2), (YY AZ) Ay, (YY) A (a9) 


We shall use the same conventions for omitting parentheses as were used for statement 
forms in Chapter 1 (cf. page 5). For this purpose, the symbols «, v,’ are to correspond to &, v, 7 


Example 3.15. 


Using the conventions for omitting parentheses, we can write the Boolean expressions of Example 3.14 
as follows: 
(ev y') Az, (YAz)Y (x'ay), Aleve), Uv AZAY, YA (BAY) 


Given a Boolean algebra B= (B,n,v,’,0,1) and a Boolean expression r(2:, ..., Ux) 
having its variables among m4, ...,%, We can determine a corresponding Boolean function 
T?(t1,...,%): for each k-tuple (b;,..., 0%) of elements of B, 79(bi,..., by) is the element of 
B obtained by assigning the values 0:,...,0, to uw, ...,%, respectively, and interpreting the 
symbols «, v,’ to mean the corresponding operations in B. (In order to make the corre- 
sponding function unique, we always shall list the variables 2%, ...,u in the order in which 
they occur in the list 2, ¥, 2, 21, Y1, 21, £2, Yz, Z2,.... For example, yv 2’ determines the 
function f(z,y)=yva2’; thus f(1,0)=0 and f(0,1)=1.) 


Example 3.16. 
The Boolean expression xv y’ determines the following function f(z, y) with respect to the two-element 


Boolean algebra Bp. 
f(0,0) = 1, 0,1) =0, f0,0)=1, f0,1)=1 


Notice that, if 0,...,5. are in {0,1} and r(tu,...,%) is a Boolean expression, then 
7%(bi,..., 0x) is also in {0,1}, since {0,1} is closed under «, v and ’. 


Observe also that different Boolean expressions may determine the same Boolean func- 
tion. For example, x (yvz) and (xay)v (one) always determine the same Boolean 
functions. 


tMore precisely, o is a Boolean expression if and only if there is a finite sequence 1,,...,7, such that r, is 
o, and, if 1=i<n, then either +; is a variable or there exist j,k <i such that 7, is (r;A7,) or 7; is 
(ss v 72) or 7; is “(e). 


CHAP, 3] BOOLEAN ALGEBRAS 61 


—fas\ which may annt. in atl 


q . 
a f.¥ 
yen «2 Raslean expression which ma contai 


aswwe wv. =e. J Lal v wee o OO hd aed VA Ys UY 


Wi, ...,%, as well as u. Then the equation 
1() = [7(0) au] x4 [z(1) aul 


is derivabie from the axioms for Boolean aigebras. 


° 
n 
is 
+ 
= 
ty 
~~ 
7] 


Proof. See Problem 3.7, page 66. > 


Now we shall present a normal form theorem for Boolean algebras which is a gen- 
eralization of the disjunctive normal theorem for propositional logic (Theorem 1.6). The 
following notation will be convenient: 


? if i= 
For any expression 7, 1 = | ; 


The symbol >>, with appropriate indices, will be used to indicate repeated use of v. In 
1 
particular, 5 o(a) stands for o(0) v a(1), while > > o(a,,a,) stands for o(0,0) v o(0,1)v 


a=0 @=0 ae=0 


a(1, 0) v o(1, 1). 


Theorem 3.11. (Disjunctive Normal Form) For any Boolean expression 7(1:, ...,%), the 


eanation 
equation 
1 1 1 
1(U,,...,%,) = > > wre > T(a,s ys oy @,) AUT A UEDA oo ° AEE 
‘i = a, =0 as=0 a, =0 


is derivable from the axioms for Boolean algebra (and therefore the corre- 
sponding equation, with 7 replaced by 7, holds in any Boolean algebra 9). 


Proof. See Problem 3.8, page 67. > 
Example 3.17. 


When &=1, Theorem 3.11 reads 


1 
ru) = 2, tla) Aut = (r(0) Aw’) v (7(1) Au) 


r(u,,u) = 2, 1(aj,@2) A uy? A ug? 


@,=0 ag= 
=  (r(0,0) A uy Aug) v (7(0,1) Au, Aug) v (r(1, 0) A my A ug) V (7(1, 1) A Wy A AQ) 


Reamaln 210 


en STi aS wade 


When + is zv y, Theorem 3.11 states 


zvy (Ov O)Az ay] v [Iv O)azay] v [Ov Dazaylv (Iv lazay] 


fn. 


= [Ore ny] v [Lnany'] v [Lae ay] v fiacany] 


[zay'] v [z’ay] v [xa yj 


Exsmple 3.19. 
The representation of (xv y) A (x’vy’) in disjunctive normal form is 


(avy)a(ze'vy’) = Oagz’ay')v (lag ayy (laway) Vv (OAray) 


= (z’an)v (za) 
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Corollary 3.12. Let r(u.,...,ux) and e(u:,...,%x) be Boolean expressions, and let @ he 
some Boolean ‘algebra. If the Boolean functions r?(w,...,%.) and 


o3(ui, ...,%x) are equal, then: 

(a) the equation r(w,...,%) = o(%,..., ux) is provable from the axioms 
for Boolean algebras; 

(b) +¢ =oC for all Boolean algebras (. 


Proof. (a) Since {0,1}CB, + (bi, ..., bs) = oF (0:,..., bx) whenever bi,..., by, € {0,1}. 
But 72(bi,..., dn) = o%(bi,...,d%) holds if and only if the corresponding equation 


r(b1, ..., 0%) =o(b:,...,be) can be proved from the axioms for Boolean algebras. For, 
the equations 0a0=0, 0Aa1=1A0=0, 1,1=1, etc., are all derivable from these axioms, 
and the values r?(b,, .. ., bx) and o8(b;, ...,b.) are computable from these equations. Hence 


by Theorem 3.11, +r(wi,...,%x) = o(t1,...,U) is derivable from the axioms. 
(0) is an immediate consequence of (a). > 


Tha ramarvizohia thine ahant Carollawy 219 ja that if an ann ation holds fax nen Panlaan 
BLD LCAMGLAGKMIL LAIR GVYUUL VWY¥L Ouary Uehat 1 Ula, ii Gis VYUORUYA LLULUD ror Vile LIUVUICGLL 
algebra (in particular, if it holds for the two-element Boolean algebra Bs), then it holds for 


an ce = it etn ae Loi aoa oe eee oe 


all Boolean algebras. To mathematician TS it probably would Ve rave been Surpr ising if we 
had only asserted that, if an equation holds for all Boolean algebras, then it is provable 
from the axioms. This latter assertion follows, in fact, from the completeness theorem for 


first-order logic (see Corollary 2.15(a), page 68 of [135)}). 


26 ISOMORPHISMS 


A function ¢ is called an isomorphism from a Boolean algebra B = (B, ag, va, '2, 0g, 1g) 
into a Boolean algebra C = (C,A¢) Ves ‘C, 0, 1-) if and only if 


(a) & is a one-one function from B into C, 


b) for any xz, y in B, 
(5) Org Y) = (2) re Hy) 


P(ZVqg Y) = H(z) ve Sy) 
@(z'8) = (&(x))’c 
Such a function @ is called an isomorphism from 8 onto C( if, in addition, ¢ is a function 
from B onto C. 


Theorem 3.13. Let @ be an isomorphism from a Boolean algebra @ into (respectively, onto) 
a Boolean algebra ( (with the notation given above). Then 


(a) (0g) =0¢ and 4(1g)=1¢. 
(0) It is not necessary to assume that 
(ve y) = (2) ve Oy) forallz,yinB 
Alternatively, we could omit the assumption that 
P(TAgy) = O(%) r¢ Oy) 


(c) If © is an isomorphism from ¢ into (respectively, onto) a Boolean 
algebra D = (D,rq,v5,'2, 0,1), then the composite mappingt 
oe is an isomorphism from 8 into (respectively, onto) D 


tThe cemposite mapping (or composition) 6° is the function defined on the domain B of © such that 
(@°4)(x) = o(@(z)) for each x in B. The inverse @~1 is the function whose domain is the range ¢[B] of 
(here, $[B] = {#(x):*€B)) and such that, for any y in @[B], (@~')(y) is the unique z in B such that 
&(x) = y, 
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(d) The inverse mapping @"! is an isomorphism from the subalgebra of 
C determined by 4[B] onto 3, and, in particular, if @ is onto (, then 


#~' is an isomorphism from ¢ onto @. 


Proof. 
(a) 6(0,) = O(t@rg2’B) = (x) rp &(2’8) 
= (x) rg (2(z))¢ = O¢ 
(1g) = 5(0,7) = (®(0e))’c = OF = 1, 
(b) O(Tv_ Y) = O((2'R rg y’B)'B) = (8(7'8 rng y’8)YC 


(B(2B) rp O(y’B))C = ((O(z)VC rp (Bly) Je = F(X) vy Hy) 


(c) First, ©°% is one-one. (If zy, then (xz) ~({y) and therefore ©(4(x)) * 0(#(y)).) 


Second, (00o8%)(%’8) = o(a(2’s)) = O(((x))c) = (E(8(x)))’> = ((@o%)(zx))> 


Lastly, (B08)(trgy) = O(O(t rg ¥)) = O((z) rp Oy) 


@(B(X)) Ap O(®(y)) = (O°4%)(x) ry (O° S)(y) 


(ad) Assume z, w€[B]. Then z=4(z) and w= 4(y) for some x and y in B. Hence 
“2=0"1\(z) and y=@"(w). First, if zw, then z= y (for,if s=y, then z= (x)= 
&(y)=w). Thus #-? is one-one. Second, (rv y) = (2) ve Sy) = Zv~e w. Hence 
@-'(Zve W) = Bve Y = O72) vq Sw). Third, o(z’e) = (&(x))’c = zc. Hence 
®-'(2’c) = wa = (©-(2))'e.p 


We say that B is isomorphic with C if and only if there is an isomorphism from @ onto 
C. From Theorem 3.13(d, ¢) it follows that, if B is isomorphic with (, then ( is isomorphic 
with 8, and if, in addition, C is isomorphic with D, then B is isomorphic with D. Isomorphic 
Boolean algebras have, in a certain sense, the same Boolean structure. More precisely, this 
means that any property (formulated in the language of Boolean algebras) holding for one 
Boolean algebra also holds for any isomorphic Boolean algebra.t 


Example 3.26. 
Consider the two-element subalgebra C = {0g,1q} of any Boolean algebra B. Let D be the Boolean 
algebra whose elements are the integers 0 and 1 and whose operations are: 


(Aq): ordinary multiplication, ie. OAg 0 =O0Aq1=1AqQ0=0, 1A_1I=1, 
(vp): addition modulo 2,ie. Ov_0=0, OvQp 1 =1lv,0=1, lvgl1l=0. 
(>): the function l—z,ie. 0’ =1 and 1’p =0, 


Then the function ¢ on {0g,1q} such that (0g) =0 and (1g) =1 is an isomorphism of ( onto D. 


3.7 BOOLEAN ALGEBRAS AND PROPOSITIONAL LOGIC 

A statement form A and a Boolean expression + are said to correspond if + arises from 
A by replacing 1,&,v by ’,a,v (respectively) and by replacing the statement letters 
A,B,C, Ai,B,,Ci,... by 2, y, 2, £1, Yy Z1, ... (respectively). 


tFor a rigorous formulation of this assertion, see page 90 of [135]. 
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Examole 3.21. 
Av (B&1C) corresponds to zv (yaz’). 1(14&(8,v A)) corresponds to (x’ A (yy v z))'. 


The statement form corresponding to a Boolean expression - will be denoted SF(z). 


Theorem 3.14. The equation +=o holds for all Boolean algebras if and only if SF(r) is 
logically equivalent to SF(¢). Hence we have a decision procedure to deter- 
mine whether =o holds for all Boolean algebras. 

Proof. By Corollary 3.1Z, += 0 holds for ali Boolean algebras if and only if r=0 
holds for the two-element Boolean algebra (¢ = ({F,T}, &e.n, va.n, ‘tF-7, F,T), where 
the operations & 7), vgrr), ‘F-T have the obvious meanings given by the usual truth tables. 
These are given in detail in Problem 2.16, page 44. It is clear that +r=co holds for ¢ if 
and only if SF(r) and SF(c) always take the same truth values. (For, an assignment of 


truth values, T or F. to the statement letters in SF/-\ and SF/-) corresnonds to substitution 
g 2 OF By, UO UNS SUAteIMent acu lis eT; ON wa ao; COPSCOPOMaS we SUuUCsuTuUOm 


of the same truth values for the corresponding variables in + and o.) > 


Example 3.22. 


Consider the equation 2A (yvz) = (2ay)v(zaz). The corresponding statement forms are 


equal farr Slater f0fiIn=e 220 


A&(BvC) and (A&B)v (A&C). To check that these statement forms are logically equivalent, we 
substitute T and F for A, B,C in all possible ways and verify that the outcomes are the same. For 
example, if A is F, B is T, and C is F, then A & (BV C) and (A&B) v (A&C) both are F. The com- 
putation we make to determine this is essentially the same as the one we make to see that «A (yvz) = 
F = (xayjv (Az) when x is F, y is T, and zis F. (Namely, FA(TvF) = FAT = F and 
(FAT) v (FAF) = Fv F = F.) 


Solved Problems 


3.1. Ina Boolean algebra, let x ~ y be defined as x vy’. Prove: 
(@) evy = eovly~a) 
(b) a~(a~y) = Bay 


(c) A non-empty subset A determines a subalgebra if and only if A is closed under 
~and ’. 


(qd) ” =1~2z 

(e) zx=y oo ewn~y=0 (ie tHy oe ray =0) 
(f) #0 o e=0 

(9) tay=0 o e~y=ez 

(h) ca(y~2) = (tay) ~ (x Az) 

(i) Does xv (y~2) = (avy) ~ (av z) hold? 


Soiuiion: 
(@) wv (y~s) = ev ae) = (evy)aA (eve) = (evy)Al = aevy 
(b) e~ (e@~y) = eaAle~y)! = BaAleay’! = wa e'vy’) 

= ranle’vy) = (eaz’)v (xnav) = Oviay) = ray 
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e~y=eay'GA. C 
, then x~yCA, and ti 
under A and ’ ah is a subalgebra. 


(a) If A fe a stihaleab 


closed ander =: an 
z~(x~y)EGA. Since "ais iscise 


(dq) l~x =1nz' = x’ 


(e) This is Theorem 3.5(xii). 
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(f) e~2 = x2az' = 0. Now use part (e) with y=0. 
(9) e<~y =a & way = 
& aay’ =0 (Theorem 8.5(xii)) 
& zay=0 
(A) ea (y~2) = eanl(yaz) = xAyaz. On the other hand, 
(ZAY)~ (ZAZz) = (BPAY A(ZAZY’ = (EAY)A (2 V2’) 
= yA (ean(z’v2z)) = yA (aanz’) = aayaz’ 


(i) No 1iv(i~1)=1v0=1. However, (1Vv1)~(1v1l) =1~1=0. 


3.2. In our axiom system for Boolean algebras, prove that Axiom (9), 01, is equivalent 
(in the presence of the other axioms) to the assertion that the Boolean algebra contains 
more than one element. 


Solution: 

Clearly, if 01, then there is more than one element. Conversely, assume 9 =1. Then 
for any z, 2 =2A1=2A0=0. (Notice that in proving results about Boolean algebras we have 
not used Axiom (9).) Thus every element is equal to 0, and the Boolean algebra contains just one 
element. 


3.3. Let ~ be an integer greater than 1. Let B be the set of positivé-integers which are 
divisors of ». If x and y are in B, define x’=n/z, tay = the greatest common 
divisor (gcd) of x and y, xvy = least common multiple (lem) of z and y. (This is a 
generalization of Example 3.5.) 


Show that (B, a, v,’,1,) is a Boolean algebra if and only if ~ is square-free (i.e. 
n is not divisible by any square greater than 1). 


Solution: 

Remember that the zero 0g and unit 1g of the algebra are the integers 1 and n respectively. 
Axioms (1)-(6) and (9) represent simple properties of integers and of greatest common divisors and 
least common multiples (cf., for example, [129]). However, Axioms (7) and (8) hold if and only if, 
for all zin B, z and n/x have no factors in common (other than 1), and this condition is equivalent 
to » being square-free. (Example: if n= 60, which is not square-free, 6’=10 and 6v6’= 
lem (6,10) = 30 ~ 60 =1g, 6A 6’ = gcd (6,10) = 2 #1 = 0g.) 


SUBALGEBRAS 
3.4. In the Boolean algebra of all divisors of 70 (see Example 3.4), find all subalgebras. 
Solution: 


We must find all subsets A of {1,2,5, 7,10, 14, 35,70} closed under A and ’. Remember that 
eAy = ged(z,y) and x’ = 70/x. 


A, = {1,70} = {0g, le} 
A, = {1, 2,35, 70} 
As = {1, 5, 14, 70} 
A, = {1, 7, 10, 70} 


A. = 51.9 &F FH 1n 
“a5 Lap my Oy fy aU, 
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35. (a) Given a subset D of a Boolean algebra B, show that the intersectiont of all sub- 


algebras of @ containing D as a subset is ‘itself a subalgebra pe ae the sub- 
algebra generated by D). 


(b) What is the subalgebra generated by the empty set 2? 
(c) If D = {bd}, what is the subalgebra generated by D? 


Solution: 

(a) Let C be the intersection of all subalgebras containing D. Clearly, if x and y are in C, then 
2 Ay and <’ are in aii subaigebras containing D and hence aiso are in C. 

(b) {(Oq lg} ia a subalgebra containing @ as a subset and is contained in all other subalgebras. 
Hence {0,,1,} is the subalgebra generated by @. 


(c) {Oq, 1g, 5, 6} is a subalgebra containing {6} and is contained in every subalgebra contain- 
ing {b}. Therefore (0g, 1g, 5, b’} is the subalgebra generated by {bd}. 


ROOLEAN EXPRESSIONS AND FUNCTIONS. NORMAL FORMS 
3.6, If D is a subset of a Boolean algebra B, show that the subalgebra ( generated by D 


consists of the 2 C of all values obtained by substituting elements of D for the 
variables in all Boolean functions. 


Solution: 


Rvery such value. heine obtained from elements ef D by A,“,’, must bel 
very suet value, Seing obtained from siements i y Must belo 
fo 


algebra containing D. On the other hand, the set C of all suck vahies clearly 
containing D, Hence C is the intersection of all subalgebras containing D. 


orms a subalgebr: 


8.7. Prove Theorem 8.10: Given a Boolean expression z(u), which may contain other 
variables t%, ...,% a8 well as uw. Then the equation 


r(u) = [7(0) A wu’) v {r(1) au} 
is derivable from the axioms for Boolean algebras. 


Solution: 

We shall use induction on the number m of occurrences of A,v,’ in r. If m= 0, then r is 
either u or «; (for some t). If + is wu, then r(0}) = 0 and r(1) =1. Thus 

r(u) = u = [Onn] v [Lau] = [r(0)au] v [r(l) vx] 

fsrisu, then -(0}— +) — 4, Henee 
(u) = a = uA (eva) = (Aw) Vv (UAw) = [7(0) AU] v [r(1) Au] 
Now let m> 0 and assume that the result is true for all expressions with fewer than m occur- 
rences of A,v,’. 

Case 1. +(u) = [o(u)]’. Now, by inductive hypothesis, 

o(u) = [o(0) Au’ v [e(1) A x] 


(o(u))’ = ([o(0) Aw’] v [o(1) aul)’ 
[e(0) A u’]’ A [o(1) Au)’ = [o(0)’ vu] A [e(1)’ vv] 

[r(0) vu) A [r(1) v uw’ 

[r(O) A r(1)] v [r(0) A 2’] v [r(1) Au] v [eau 

[x(0) A r(1)] v [r(0) A u’] v [r(d) Aue] 

= [(r(0) Ar(1)) A (uv «’)] v [rl0) Aw’) v fr(l) Au] 

[r(0) A (1) Aa} v [r(0) Ar(1) Aw’) v [rf0) Au’) v [r(1) a ue] 
[(r(0) A (1) A w) v (71) Au] v [(r(0) A r{1) Aw’) v (7(0) Ax'd] 
[r(1) A we] v fr(0) Au’ 


Hence r(u) 


tThe intersection of a collection of sets is the set of all objects belonging to every set in the collection. 
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3.8. 


3.9, 


r(u) = o(u) v p(u) 
= [(o(0) A w’) v (o(1) Aw)] v [(o(0) Aw’) v (e(1) A 4)] 
= [fol0) aw’) v (ofO) Au’) wv [lI A 2) v (o(1) A 2)] 
= [(e(0) v p(0)) A w’] v [(e(1) v p(1)) A 4} 
= [r(0) Aw’) v [r(1) A x] 


Prove Theorem 3.11: For 4 Boolean expression 7(21, ..., tx), the equation 


r(t,, eae -»%,) = = 2 >. oS iT [r(ay, oar +») aun A us? Att A up| 
a,=0 0 a,=0 a.=0 
is derivable from the axioms for Boolean algebras (and therefore the corresponding 
cS m for 7* holds for any Boolean algebra 8). 
Solution: 


We shall use induction on &. The case &=1 is an immediate consequence of Theorem 3.10. 
Now assume that the result holds for & and we shall prove it for an expression r(w,, Uo, ...,Ux41)- 
By Theorem 3.10, 


afae ae + = fifn ae Vea all [aft 2 Yaad 
Tite ys ony Miers FF LTVY, Uigy oo ny eee) A yy VW [TUE tgs. oy eA HY 
But, by inductive hypothesis, 
1 1 
7(0,Ug,--5%i) = Bee 3S [r(0, ag... ., 41) A WEA a. ely 
a,=0 = 
: : a, a, 
and T1to,...ue) = 3S S _ [rlleas,..spaear) AuZIA To A ETH) 
a,=0 a, 4.70 o Bos 
Hence 
1 1 - 
a, 
T(U yy Ua, yp Mey) = a. 3 [7(O, ag, .- +541) A Uy? A tee Aw RH) ) A Uy 
a,=0 a, .,=0 k+1 
{ 1 a 
208 o oes +1 
Vv {(3, mao [r(1, ag, .--s@K 41) A ust A A a A uj 
ae 3 
= o28 TO, a, 222,04 )) AULA MEA Te AU ETE 
Namo en i ( ‘2? »>T%h+1 1 2 fa) 
1 1 a 
eee @, ore +t 
v (2, aoe [r(L, ag, .--,@ee1) A My A USEA A wet] 
1 1 1 4 
= 3&3 S--: > [rlay.Go,..-saner) AWA USEA +> AU EA 
«,=0 a,=0 %, 4.,=0 , e sat 


Show that in any Boolean algebra @ there are 2%" different Boolean functions of 
variables. 


Solution: 
By the Disjunctive Norma] Form Theorem (Theorem 8.11), the equation 
1 1 
T(t, eee Ma) = DS ee DS [rl .. sag) Au ace A wea] 
a,=0 a,=0 1 


y on the 2* values Tle -++s@,), Where 


1. a2” 3: ns alean fameetin--- 
a Glscsreniu Boolean functions. 


is derivable. Hence the function determined by + depend 


a | eek walie Po | TY_- .— 
Eo be Each Suc Vaiue is iy ur ke £15010 


fa 
ae 
= 


i 
a 
bal 
eo 
° 


3.1. 


3.12. 
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Solution: 

Let D have n elements. By Frobiem 3.6, the elements of ¢ are the values obtained by substi- 
tuting elements of D for the variables in all Boolean functions r®. Clearly, we may confine our 
attention to functions r? of at most » variables, since variables for which the same element of D is 
substituted may be identified. By Problem 3.9, there are 22° such functions. Hence since each of 
the n variables may be replaced by any of the elements of D, we obtain at most 22°-n* possible 
elements in (. 


If z and o are Boolean expressions such that 


Selution: 


Let p(uy,...,%n) =7A0". If uz, ...,%, are given values 0 or 1, then: 
(i) if r takes the value 0, so does »; 


(ii) if + takes the value 1, then, by assumption, so does co, and therefore o’ assumes the value 0, 
and so does p. Hence p(u,,...,%,) = 6 for ali vaiues of u), ...,u, in the subaigebra {0,1}. 
Hence by Corollary 3.12, the equation (%,,...,%,) =0 is derivable from the axioms for 
Boolean algebras, (Although 0 itself is not officially a Boolean expression, one can use the 
expression 2%,“ %} instead of 0 so as to fit into the formulation of Corollary 3.12.) Thus 
+tAc’=0 is derivable. Hence +<o is derivable (by Theorem 3.5(xii)), 


(Conjunctive Normal Form.) We shall use Il to indicate repeated application of a. 
1 
Thus |] o(a) denotes o(0) » o(1). Given a Boolean expression 7(u:, ..., %) having its 
a=0 


variables among 1, ...,%n, show that the equation 


1 


ety.) = TD 


I. TI, (ley «--10y) v whi v s+ v uf) (1) 


is derivable from the axioms for Boolean algebras and therefore holds in every 
Boolean algebra. Also, write equation (1) for the cases »=—1 and = 2. 
Selution: 

(r(%,...,%,))’ is a Boolean expression, and, by the Disjunctive Normal Form Theorem, the 


equation . 


1 
z(Uyy -. 2p, = 2 a 2. [T(ay, .. +5 cp)’ A ulin mA ust] (2) 


is derivable. Taking the complements of both sides of (2) and applying De Morgan’s Laws, we 
obtain (1). In the case »= 1, we obtain 


r(u) = (r(0) vu) A (r{1) Vv w’) 
For n= 2, we obtain 
r(Uy, Ua) = (r(0,0) vw, v Ue) A (r(0,1) v Uy Vv 4) 
A (r(1, 0) v wy Vv tte) A (r(1, 1) v uf v ud) 
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3.14. 


3.15. 


Write the Boolean ex 


normal forms. 


Solution: 
Disjunctive: 
(Zag az) vy (AYAZ)V (RAY AR) V (RAY AZ VY (EAYAZ) Vv (ZAYAZ) 
Conjunctive: (avyvzya(evy'v 2’) 


Sometimes, instead of using the theorems on disjunctive and conjunctive normal forms, it is 
easier to find the appropriate expression by using known laws for Boolean algebras. Thus 


(ta(tyiv2a))v2e = (avzha (yi vav2) = ave 


Then, avz’ = (gvz’))v (yay) = (avyvz)a(evy vz’). 


Given a Boolean algebra B. (i) Show that the set of all Boolean functions ;? is a 
Boolean algebra 7. (ii) Prove that ¥ is isomorphic to the Boolean algebra of state- 
ment bundles (cf. Example 3.6). (iii) Show that the set of all Boolean functions w?, 
where wu is a variable, is a set of generators D of F (i.e. the subalgebra generated by 
D is the whole algebra F). 


Solution: 

(ij) The operations of ~,v,’ on Boolean functions are defined in the obvious way. The zero ele- 
ment is (x A 2’)® and the unit element is (xv x’). The straightforward verification of Axioms 
(1)-(9) is left to the reader. 


(ii) For each Boolean function +®, let %(r#) be the statement bundle containing the corresponding 
statement form SF(r) defined in Section 3.7. This is a well-defined function, for ifr? = o%, then, by 
Corollary 3.12, +=e holds for all Boolean algebras, and therefore by Theorem 3.14, SF(r) 
and SF(e) belong to the same statement bundle. That the mapping ¥ is one-one follows from 
the “if” part of Theorem 3.14. The fact that ¥ preserves the Boolean operation can be 
checked easily by the reader. 


(iii) Every Boolean function r? belongs to every subalgebra containing the Boolean functions u®, 
since r® is obtained from the functions u® in the same way that 7 is built up from the corre- 
sponding variables. 


(Boolean Algebra and the Algebra of Sets.) For any Boolean expression z, form the 
corresponding set-theoretic expression Set (7) by replacing ~,v,’ by M, U,—. Show 
that +=o holds for all Boolean algebras if and only if Set(r) = Set(c) holds in all 
fialde af anta 


Solution: 
Use Problem 2.16(a) and Theorem 3.14. 
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Supplementary Problems 


3.16. Prove the generalized Distributive and De Morgan’s Laws: 
(a) eAtyyVie VU_) = (RAY) V oo° v (ZAY,) 
(6) ev (WATT Ave) = (eva acer avy) 
(c) (avers Vay)! = BA ABE 
' 
1 


AM foe aa pet ep og a 
(Ay (Hyp N TTT Nw) — & 


3.17. For any Boolean algebra, prove: 
(2) ©=0 © y=(eay’)v (z’ay) (Poretzky’s Law) 
(b+) evy=avz & we’ vyase’vie > y=zZz 
(c) e«v¥=0 @ z=0& v=0 
(d) tnay=1 2 x«=1&y=1 


JeoQmrr=y 


SUBALGEBRAS 


3.18. Show by an example that a subset of a Boolean algebra containing 0 and 1 and closed under 
A and v need not be a subalgebra. 


3.19. If A determines a subalgebra of a Boolean algebra B (i.e. A is closed under 4,v,") and if 
6b € B~A, show that the subalgebra generated by AU {5} consists of all elements of the form 
(a, A 5) v (a2. 6’), where a, EA and a, € A. 


3.20. Prove that, in any Boolean algebra, 


fa\ nw a! ee waa 
(a, 27 ¥ cAy =o 


(o) a=y @& 2v’vy=l 


BOOLEAN EXPRESSIONS AND FUNCTIONS. NORMAL FORMS 
3.21. Simplify the following Boolean expressions. 

(a) (evy) A (eva) a (a ay)’ 

(b) fav (ya (zv x’)))’ 

(ce) (za) v (way’) 


3.22, Prove that two Boolean expressions either determine the same Boclean function in all Boolean 
algebras or they never determine the same Boolean function. 


3.23. Prove that, for any two disjunctive (conjunctive) normal forms in n variables r and «, 7=«e holds 
in all Boolean algebras if and only if r and o are precisely the same (i.e. the identity 
1 1 1 l 
s- S [ley --sraq) A MSTA ee A usr] = 235 oo %, [olen woos Oy) Aur Att A us] 


@,=0 a,=0 a,=0 


. Co * a ee on 3 ua 1. $e ¢ a. f a f. £ | foe: 
NnoloS 1M Sil DoOvIeaN SIZEDras IL and ONY HW Tay, . ~~, Ags — OlGt, ..+,5Ay) LOT All Gy, -.., a, CNOSeN 


from {0, 1}). 

3.24. Let r(u) be a Boolean expression. Prove: 
(a) r(r(0)) = 7(0) A r(1) = r(u) = (0) v r(1) = +(r(1)) 
(b) r(wy Vv Mg) V 7(%) AUg) = r(uy) Vv (Ug) 


Show that the dual of x =y is «= y. 


hed 


Chapter 4 


Switching Circuits 
and Logic Circuits 


A switch is a device which is attached to a point in an electric circuit and which may 
assume either of two states, closed or open. In the closed state the switch allows current to 
flow through the point, whereas in the open state no current can flow through the point. We 
shall indicate a switch by means of the symbol AN——, where A denotes a sentence 


such that the switch is closed when A is true and open when A is false. We say that two 
points are connected by a switching circuit if and only if they are connected by wires (lines) 


Af aire ara Innated 
on which a finite number of switches are located. 


Example 4.1. 

In Fig. 4-1 points z and y are connected by a switching circuit. The four switches are said to be 
in parallel. Clearly. current flows between x and y if and only if AV RV CvD is true. This example 
may be generalized to the case of any finite number of switches connected in parallel. Current flows 
through the circuit of Fig. 4-2 if and only if the sentence A, Vv A.v :*- VA, is true. 


} 
| 


Fig. 4-1 


Example 4.2. 

In the switching circuit of Fig. 4-3 current can 
flow between the points x and y if and only if A&B is 
true. The two switches are said to be in series. This 


case may be generalized to the case of any finite number 7 o—— er > y 


of switches connected in series. The condition for cur- 


ie flow through the circuit of Pig. 4-4 is A,&AGE 
Azs&...&A,. Fig. 4-3 
rere en Ea mereye — aes 
A A} A; Ay 
Fig. 4-4 
[xam plo 4.3. 


In the switching circuit of Fig. 4-5 below, current can flow if and only if (A &C) v (1A v B) is true. 
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+ 


Fig. 4-5 


Example 4.3 shows that we may combine switches in parallel and in series in the same 
circuit. Sucha circuit is called a series-parailel switching circuit. More preciseiy, if A is 
any sentence, then o——A\—» is a series-parallel switching circuit, and if S, Si,..-»Sn 
are series-parallel switching circuits, we may form a new series-parallel switching circuit 
by replacing any switch in S by either 

i 
to -:: 


Clearly, a condition for flow of current through a series-parallel switching circuit can be 
written down by means of conjunctions and disjunctions, starting from the expressions 
representing the closure of the individual switches. In Example 4.8, this condition was 
(A&C) v (1AVB). 


4.2 SIMPLIFICATION OF CIRCUITS 


The condition for flow of current through the cir- 
cuit of Example 4.3 is (A&C)v(1AvB). The latter 
statement form is logically equivalent to the statement 
form ((A&C)v 1A)vB, which in turn is logically 


equivalent to Cv 14 v8. Hence the circuit of Fig. aA 
4-5 may be replaced by the circuit of Fig. 4-6. 
B 
The circuit of Fig. 4-6 is clearly a simplification 
of that of Fig. 4-5, since it involves fewer switches. Fig. 4-6 


Example 4.4. 

A condition for current fiow through the circuit of Fig. 4-7 is (A&B& 1C)v (1C& 1A). However, 
this is logically equivalent to 1C & [(A &B)v 1A], which in turn is logically equivalent to 1C & (B v 1A). 
Hence an equivalent, but simpler, circuit is that of Fig. 4-8. (The two circuits are equivalent in the sense 


that one allows passage of current if end only if the other does.) 
that ome aucwse passage of rren on. me otner cces.) 
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Example £5. 


A committee of three decides questions by majority vote. Each member can press a2 button to signify 
a “Yes” vote. Let us construct a switching circuit which will pass current when and only when a majority 
votes “Yes”. 


(Seen GREY pene 1 eae een we cig aot 
Let A stand for “member 1 approves”, B for “member 2 approves”, and C f 


Then a necessary and sufficient condition for a majority vote is 
(A&B) v (A&C) v (BEC) 


A corresponding circuit is shown in Fig. 4-9. However, the given statement form is logically equivalent to 
(A &(Bv C)) v (B&C), having the simpler circuit of Fig. 4-10. 


“. 


Stents. fa 


Fig. 4-9 Fig. 4-10 


Example 4.6. 

A light in a room is to be controlled independently by three wall switches (not to be confused with 
switches of a circuit), located at the three entrances of the room. This means that flicking any one of 
the wall switches changes the state of the light (on to off, and of to on). Let us design a circuit which 
allows current to flow to the light under the required conditions. 


Let A stand for “wall switch 1 is up”, B for “wall switch 2 is up”, and C for “wall switch 3 is up”. 
In the truth table of Fig. 4-11, we wish to construct a statement form f(A, B,C) for the required switch- 
ing circuit. 


A; Bic | 4,80 A js f(A, B,C) 
T T T (1) T T T 
F T T (2) F T F 
T F T (4) T F F 
F F T (3) F F T 
T T F (6) T T F 
F T F (7) F T T 
T | F F (5) T | F F | T 
F F F (8) F F F F 
Fig. 4-11 Fig. 4-12 
The requirement on f(A, #,C) is that its truth value should change whenever the truth value of one 


of A, B,C changes. We arbitrarily assign th orn T to f(A, B,C) when A, B,C are all T (the first row); 
thus the light will be on when all wall aa ae are up. Then we proceed down the truth table, changing 
the truth value of /(A, B,C) whenever the truth value of precisely one of A, B, C changes. We have indi- 
cated such a procedure in Fig. 4-12 by writing to the left of each row a number showing at what step the 
truth value for that row has been determined. Another way of describing the assignment of truth vaiues 
is to note that T is assigned when an odd number of statement letters have the value T. We find the 
resulting statement form by the method developed in the proof of Theorem 1.8; this amounts to forming 
the disjunction of the truth assignments in the rows to which a T is attached: 


a2 nf - 
J 


A& 1BEC) v ( 


oa Po = 
4 Aa | 


(A&BEeECQhV (I 
This is logically equivalent to 
[A& (BEC) v (1B&1C))] v [TA&((IBEC) v (BE 1C))) 
a 
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So ee Se ac 


43 BRIDGE CIRCUITS 

Sometimes a series-parallel circuit can be replaced by an equivalent circuit which is not 
a series-parallel circuit. 
Example 4.7. 

A series-parallel circuit corresponding to the condition [A & (Bv E)| v [(C&(1Bv Ev D)] is given in 
Fig. 4-14, This is equivalent to the circuit shown in Fig. 4-15. Clearly, the only paths through this 


aieeth ae AL PD ALIS MD ADMD aD APMC D Wen ML an bs Pa? |). an. a. Sen 5 
circuit eau, ANUP OY, MAMew 1, Uw, Ye, Ue I, 6 6CUCE, & CUNGILION 10F MOW WiroUugn 


this circuit is (A&B) v (AG&EED)v (A&E&1B)v (C&E&B)v (C&D) v (C& 1B), which is logically 
equivalent to [A &(Bv E)} v (C&(1BVv E v D). 


3 man ee 
SL AER LA KT 


The circuit of Fig. 4-15 is an example of a circuit which is not a series-parallel circuit. 
Such circuits are called bridge circuits. In Example 4.7, the bridge circuit had fewer 
switches (6) than the corresponding series-parallel circuit (7). 

Another example of a bridge circuit is given in Fig. 4-16. A corresponding statement 
form is (A & [Dv (C&E)}) v [B & (Ev (C &D))], whose series-parallel circuit is shown in 


Fig. 4-17. 
a D 
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ines a truth function. A statement form for this 


Ve cheese OD UE WE UER 2 Rew Verne We were VsseSeey awescs AVE 


finding all possible paths through the circuit. For example, 
Fig. 4-18 corresponds to the statement form 


Noatica that any bri dra 
atuwte wane {any bridge 


truth function is obtained by 
the bridge circuit displayed in 


Notice that the path 1B > C >"1C is impossible, since it contains a formula and its negation. 


a ee ea 
\ | 
: a a a 
1B a 
Fig. 4-18 


44 LOGIC CIRCUITS 
The processing of information is one of the most important roles of the modern digital 
computer. For this purpose, special devices are available. 


An and-gate operates on two or more inputs Ai,...,A, and produces their conjunction 
A,.&A2&...&An. An and-gate is denoted (&). 


A 

A ~N 

ae O. —~ A, &A,&... GA 
YY 


A, 


Fig. 4-19 


More precisely, each input A; has the form of a physical quantity (say, voltage level), of 
which we choose to distinguish two states, denoted 0 and 1. The state 1 occurs if A; is true, 
and the state 0 if Ai is false. The output of the and-gate is likewise in two possible states, 


MO ana 1. < nas ler o A a res maoit4 te 1 Tf and ankle if 
Vv @lu 4. it is 1 if and UILLy if Al &AL& wee W dkny ID LIU, ana it is v lz ana Unay iL 


A,& A: &...& A, is false. Often the state of an input or output is taken to be 1 if it is 
transmitting current and Oif not. Arithmetically, the output of an and-gate is the product 


of the inputs. 


Another common element cae 2 logic circuit is an or-gate (). If the inputs are 


A A {m™mON\ slay output is A . A 
441, 2.5, An (n= 2), then the OUTPUT 15 Atv Agv:--+v An 


A, 


Mee 


Vv) — A, Vv Agv «*+ V Ay 


gy 


A, 
Fig. 4-20 


Thus the output is 1 if and only if the output of at least one A, is 1. Arithmetically, the 
output is the maximum of the inputs. 
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An inverter (1) is a device which has one inpu =i A and oon 
ae, oe A—~ (1) —- 74 
produces as its output 1A. Thus the output is 1 if the Bost 
ig. 4-2 


input is 0 and the output is 0 if the input is 1. 


2 


A logie circuit is defined as a circuit constructed from various inputs by means 


and-gates, or-gates, inverters, and possibly also other devices for perfo rming aid 
functional operations. 


The actual electronic (or mechanical) devices used to construct and-gates, or-gates, and 
inverters vary with the state of technology. For this reason, it is most convenient to 
ignore (as far as possible) questions of hardware (diodes, transistors, vacuum tubes, ete.). 


This also holds for our treatment of switching circuits. Readers interested in the physical 
realization of switching and logic circuits can consult [53] and [13]. 


Examnle 48. 


To construct a logic circuit producing the output A, < Ag, notice that A, — Ap is logically equivalent to 
(A, & Ag) v (1A, & 1A.) (Fig. 4-22) as well as to (A,&A_) v 1(A,V Ay) (Fig. 4-23). Clearly the second 
logie circuit is simpler. 

I A, &A; 
& 


A, Sl i 


A, 


A, 


Fig. 4-23 
Example 49. 
Construct a logic circuit producing 
(A, & 1A.) v IA, Vv (A, &Asz) (2) 
& 
Vv 
Ay & NL 
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nstruet a series-narallel switching cirenit through 


Example 4.9 indicates that the same effect can be obtained by logic circuits as by series- 
parallel switching circuits. Indeed, connection in series corresponds to an and-gate, while 
connection in parallel corresponds to an or-gate. 


We are accustomed to using the decimal number system. Thus 34,062 stands for the 
number 2+ 6°10+ 0-10? + 4°10°+ 3°10‘. In generai, any positive integer can he rep- 
resented in one and only one way in the form 

Go + a1°10 + ae°10? + --- — ax 10% 
where 0“a,=9 for 0=i=k and a, >O0. This number is denoted a.@,-1:+-@20i@0 in 
standard decimal notation. 


However, for any integer r > 1, every positive integer n can be represented uniquely in 
the form 


2 
Qo + Qit7T + Geer + va —- dner™ 

—=hasnn a 73 o Btn ed = Bie ae Pa ee imeliantinn ne om 

where 6=a;=r—1 for 0=i<=m and am>0. This can be proved by induction on % 


In particular, every positive integer can be represented in binary notation: 
Go + A1°2 + a212? + +++ + Ome 2™ 
where 0=a,=1 for 0=i=™m™ and an= 1. 


Example 4.10. 
The number 23 
1 


na 
vu 


presentation 10111, ie. 24+ 22+2+1. The 


je, 264 954 9241, 


S 
a. 
a 
g, 
| 
2, 
te 
So 
ct 
pp 
ian 
aa 
i=} 
i~j 

a —— 
i= 
wo 
wa 
ae 
i” 
i) 
z 
f=] 
i) 
be | 
we 


dea, 


finan! ee | 
GSCimas MUMOCr + 


A procedure for finding the binary representation of a number 7 is to find the highest 
power 2” which is =n, subtract 2” from n, then find the highest power 2/ which is 
=n—2™, ete. 


Further examples: 


3 11 35 100011 
4 100 52 110100 
5 101 117 1110101 
6 110 

7 111 

8 1000 | 
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Occurrence of the same logic circuit as part of other logic circuits suggests the use of 
logic circuits with more than one output. 


Example 4.11. 


Cv (A&B) 


Example 4.12. 
Two numbers in binary notation are added in the same way as numbers in decimal] notation. 


Binary notation: 100101 Decimal notation: 37 
10111 23 
111100 60 


If we just consider the addition of one digit numbers, 0 and 1, we have the following 
values for the sum digit s and the carry digit c. 


A B F c 


o fy OS 


0 
1 
1 
0 


oo cf - 


1 
1 
0 
0 


Thus s corresponds to the exclusive-or (which we shall denote A + B), while c corresponds 
to the conjunction. 
If we wished to construct a separate logic circuit for s we would obtain 


A 


s=At+B 
Fig. 4-27 


Similarly we can construct a .ogic circuit for ec: 
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se 
ia 14.98 
Rife 2-4 


The circuit in Fig. 4-29 is called a half-adder. 


If we wish to add two single-digit numbers A and Bt, while taking into account a 
carry-over C from a previous addition, we obtain the table 


be 
y 
t) 
. 


PR 


a w 


ooo ro es em 


oo FM RPO Oo KF = 

oo oc Oo FF HE 
pont eee 

orrRarHosoep,- 


oF Ge fF 8& KH & 


Thus s corresponds to the statement form 

(C & 1(A+B)) v (A+B) & TC) 
which is logically equivalent to (A+B) +C. The carry-over c corresponds to the statement 
form (A&B) v (C & (A+B) 


We can use the circuit constructed for 4+B in Fig. 4-27 to obtain the following diagram 
corresponding to the above statement. 


A 


O-@-=-Os=0 


. c=(A&B)v (C&(A+B)) 
yo 
——— 
I—-@-—O-—@ 
en (eae aS 
s=(A+B)+C 
Fig. 4-30 


The circuit of Fig. 4-80 is called a full adder. 


tActually, A is the proposition that the first number is 1, and B is the proposition that the second num- 


ber is 1. 
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Sew ——» ——<» 8 
B.BiBy) Let ——|FA represent a full-adder, and let HA 
—<r ¢ a c 


represent a half-adder. Then the sum is represented in Fig. 4-31 by cs28,50. 


4g > | 8p 
HA 
¢, 
ao ——————_* tes] | : 
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4.7 MINIMIZATION 


The cost of constructing and running a switching circuit or logic circuit depends upon 
the state of technology and therefore varies with time. However, at a given time, some 
circuits will be less expensive than other equivalent circuits. 


Example 4.13. 


The. circuit d Pig:-4°09) coptespondinge ‘te WAV (BRAY ex more expensive than the equivalent: cirenit 


(Fig. 4-33) corresponding to 1A v B, since the latter contains fewer occurrences of statement letters and 
fewer connectives. In general, decreasing the number of connectives (i.e. gates and inverters in a logic 
circuit) lowers the cost, other things being equal, and decreasing the number of occurrences of statement 
letters also lowers the cost, other things being equal. These two criteria usually are not the only measures 
of cost; the special hardware used for constructing circuits imposes other criteria. 


The minimization problem consists of determining methods for finding a simplest {i.e. 
cheapest) circuit equivalent to a given circuit (or finding all simplest circuits equivalent 
to a given circuit). Since all that matters about the given circuit is the truth function that 
it determines, the minimization problem amounts to- finding one or all simplest circuits 
defining a given truth function. In Example 4.18, the circuit of Fig. 4-33 is clearly the 
simplest circuit corresponding to the truth function represented by 14.8. Of course, 
for any given truth function, one can find a circuit representing the truth function and 
then check the cost of the finite number of all simpler or equally simple equivalent circuits. 
This method will yield all simplest equivalent circuits, but, for three or more variables, the 
application of this method often will be so involved and long that it becomes practically 
unfeasible. Therefore what we are madi is a fast, convenient and practical way of 
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minimization problem. 
(I) Find the “simplest” disjunctive normal form (dnf) representing the given truth 
function. 
(II) Find the “simplest” series-parallel switching circuit (or logic circuit) representing 
the given truth function. 
(III) Find the “simplest” switching circuit (either series-parallel or bridge) representing 
the given truth function. 


af sha 
4 LS 


Examole 4.14. 
Consider the truth function given by the following table. 


A | Bi C {| 9A,B,C) 


T T T T 
F | T | T | F 
F | F T | F 
T T F T 
F T F F 
T F F F 
FirFl|F F 


A dnf for this function is (A&R&C)V (AX IR&C)vV (A&R&1C), which is logically equivalent to 
(A&B)v (A&C). It is easy to check that this is the simplest dnf for g, thus solving Problem (I). The 
corresponding series-parallel circuit is given in Fig, 4-34. However, a logically equivalent statement form 
is A&(BvC), which has the simpler series-parallel circuit shown in Fig. 4-35. It is obvious that this 
circuit cannot be replaced by a simpler one. Thus, a minimal dnf solving Problem (I) need not be a solution 


of Probiem (II), that is, a solution of Problem (II) need not be a dnf. 


SB e 


——— C 


Fig. 4-34 Fig. 4-35 


The example shown in Fig. 4-16 demonstrates that there are bridge circuits which are 
simpler than any equivalent series-parallel circuit. Hence a solution of Problem (III) need 
not be a solution of Problem (II). 


Remarks: (1) Solving minimization problem (I) requires consideration only of dnf’s. 


The solution will provide what is called a two-stage and-or logic circuit. For example, the 


SUSIE ls pee ee Ss Se Veese 


dnf (A&B&1C) v (1A&B) v (1B&1C) corresponds to the circuit in Fig. 4-36. 
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Notice that we have not pictured inverters. This common convention stems from the 
fact that the presence or absence of a negation sign often results from an arbitrary decision 
as to which of two contradictory assertions is to be labeled by a letter, say A, rather than 
by 1A. Since the number of negation signs often depends upon arbitrary decisions, it is 
advisable to consider negations of letters as initial inputs, on a par with letters, and not to 
count the number of inverters in computing the cost of the circuit. 

(2) In solving minimization problem (II) for the case of logic circuits, we must consider 
arbitrary statement forms (not just dnf’s). In this case, inverters are counted in computing 
the cost, since negations may be applied not only to letters but also to arbitrary statement 


forms. However, if we are only interested in switching circuits, consideration is restricted 
1, pal eee SiS, CUS Se a ue Nk ae 


pas) asf aie Us sceSD LSet S26 Svs lls sla 


to statement forms in which negation is applied only to statement letters. 


Notational Convention. In writing statement forms, it is often convenient to omit the 
conjunction sign &, and to write A instead of TA. 


Example 4.15. 
ABC v ABC insteadof (A& 1BEC)v(1A&BENC) 


By ABCD v AC insteadof (1A& 1B) v (1IA&BE ICED) v (1A EC) 


(Av BYAvBvC) instendof (1A B) &(Av By 1C) 


In Example 4.15 and in the sequel, we adopt the convention of omitting the parentheses 
around the disjuncts of a disjunctive normal form. Thus, we have written ABC v ABC 
instead of (ABC) v (ABC), and ABv ABCD v AC instead of (AB) v (ABCD) v (AC). This 
alternative notation saves time and space, and is customary in work on circuits. 


48 DON’T CARE CONDITIONS 


In many problems involving design of circuits there are certain conditions which are 
impossible or for which no requirement is made concerning the operation of the circuit. 
Such conditions are called don’t care conditions. 


Example 4.16. 

The switching circuit of Fig. 4-37 has a corresponding statement form A(BvC)v ABC. In the spe- 
cial case where A is “x is an even integer”, B is “x is a perfect square”, and C is “x is an integer divisible 
by 4”, the three conditions ABC, ABC, ABC are impossible. Hence there is no danger if we build a 
circuit which happens to allow current to flow if some of these impossible conditions occur. In particular, 


a circuit corresponding to the statement form 
A(Bv C) v ABE v ABC v ABC 


will accomplish the Same task as the original circuit. But this Statement form turns out wo be logicaliy 
equivalent to A v B, which has the much simpler circuit of Fig. 4-38. (To derive the logical equivalence, 


notice that ABC v ABC is logically equivalent to AB, while A(B8v C) v ABC is logieally equivalent to 
A(Bv Cv BC) and therefore to A. hs are left with A v AB, which is logically equivalent to A v 8.) 


[ie a ee ee = 


Fig. 4-37 Fig. 4-38 
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Example 4.16 shows that addition of don’t c metimes allows simplifica- 
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tion of circuits. Later (Section 4.17), we shall learn a technigu e enabling us to choose 
those don’t care conditions which lead to maximal simplification of the circuit. 


Example 4.17. 
The decimal! digits 0 to 9 can be represented in binary notation as follows: 


Consider the sentences: 
A The first (right-most) binary digit is 1 
The second binary digit is 1 


C The third binary digit isi 
The fourth binary digit is 1 
Then ABCD corresponds to 0 
ABCD corresponds to 1 
ABCD corresponds to 2 


Ci 


In terms of inputs A, B, C, D, let us construct a switching circuit which passes current 
if and only if the number represented is 6, 7, or 8, i.e. under the condition ABCD v ABCD v 
ABCD. If the inputs A, B,C, D are such that they always represent a number between 0 
and 9, then we can ignore the six possibilities 1010, 1011, , 1111 (i.e. the binary rep- 
resentations of 10 through 15). Hence the don’t care conditions are ABCD, ABCD, ABCD, 
ABCD, ABCD, ABCD. In particular, we can use 


ABCD. ABCD. ABCD vy ABCD y ABCD v ABCD v ABCD 


:Thus we are using four of the six don’t care conditions.) This statement form is logically 
equivalent to BC v AD. (This is left as an exercise. It can be done laboriously by a truth 
table, or much more easily using well-known logical equivalences from Chapter 1.) The 
circuit for BC v AD is given in Fig. 4-39. 


=e ae 


Fig. 4-39 Fig. 4-40 


_ If we had not made use of the don’t care conditions, _ our original statement form 
ABCD v ABCD v ABCD could have been reduced to BCD v ABCD, with the costlier circuit 


shown in Fig. 4-40, 
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Given any dnf ABC D. Let le = the total number - 
literals (i.e. letters or negations of letters) in # eer d» = the total number of disjuncts of ¢ 
In the example above, le = 14 and ds = 4. 


For dnf’s @ and ¥, we say that ® is simpler than ¥ if and only if kb=ly and de = = 
and at least one of these inequalities is strict (<). 


This definition of simpler is most suitable in the case of logic circuits. If one is inter- 
ested only in switching circuits, then the size of I, hue would be a better measure <: 
simplicity. 


mee se presale & 


That we do not take into account the number of negation signs stems from the fac: 
already mentioned, that the number of such signs often depends only on arbitrary decisior: 
as to which one of a proposition and its negation is to be represented by a statement letter 


A dnf ¢ is said to be a minimal dnf for a statement form A if and only if © is logica‘’:: 
equivalent to A and no other dnf simpler than ® is logically equivalent to A. We shall nox 
embark upon the task of describing various methods of finding the minimal dnf’s for < 
given statement form. 


We must emphasize again that we shall not distinguish between a fundamental con- 
junction and any other permutation of the literals in that conjunction. Thus we shall no: 
distinguish between ABC, BAC, BCA, ACB, CAB and CBA. Likewise we shall not dis- 
tinguish between a given dnf and any other dnf obtained by permuting the disjuncts. 
Hence for our purposes, AB. ABC . ABC and ACB v BA v ACB are essentially the same. 


Let A be a statement form. A fundamental conjunction y is said to be a prime implican? 
of A if and only if & logically implies A but A is not logically implied by any other funda- 
mental conjunction included in ¥. This is the same as saying that y logically implies A 
while any fundamental conjunction obtained by eliminating literals from y does not logically 
imply A. Clearly, a prime implicant of A is also a prime implicant of any statement form 
logically equivalent to A. 


Example 4.18. 


Let A be ABv ABC v ABC. Then AC is a prime implicant of A. For, AC logically implies A, while 
A alone does not logically imply A and C alone does not logically imply A. Other prime implicants of A are 
AB and BC. (Verification of these facts is left to the reader. We have no way of knowing at this point 
whether we have found all the prime implicants of A.) 


Example 4.19. 


Let A be (B&(AVC))vV(iBEe (Av €)). This is logically equivalent to AByv BCv ABv BC. The 
prime implicants turn out to be AB, BC, AB, BC, AC and AC. 


The main significance of the notion of prime implicant is revealed by the following 
theorem. 


Theorem 4.1. Any minimal dnf ¢ for A is a disjunction of one or more prime implicants 


of A. 


such that ¢ Tow eally implies A. If #* is stormed from 
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& by ranlacine t by gic eally equivalent to . (For, on the one hand, y 


® by replacing y by «, (For, on the one hand, y 


logically implies o, and therefore ® logi cally implies @*. On ie: other hand, o@ logically 
implies A, which is logically equivalent to 4, and therefore &* logically implies ¢.) But 
* is simpler than ®, contradicting the assumption that © is a minimal dnf. > 


We shall see shortly that a minimal dnf for A need not be a disjunction of all the prime 
implicants of A. 


Remark: Every fundamental conjunction which logically implies a statement form A 
must include a prime implicant of A. For, if the fundamental conjunction 4 is not itself 
‘a prime implicant of A, then y must include a fundamental conjunction ¥, which logically 
implies A. If y, is not a prime implicant of A, then y, must include a fundamental conjunc- 
tion ¥, which logically implies A, etc. This procedure must eventually stop, yielding a 
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If « is a literal, y is a fundamental conjunction, and © is a dnf, then we say that a is 
superfluous in ay v 6 when and only when y v @ is logically equivalent to ay v %. 

Remarks: (1) y is superfluous in ¥yv@ if and or ny 1 
superfluous in ay v # if and only if y logically implies a ~ %. 


ae er a Dee ede fe Te ne 
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We shall say that a dnf is irredundant if and only if it contains no superfluous disjuncts 
or literals. 


Of course, we may obtain an irredundant equivalent of a given statement form by 


SRA WME eeds VY + = BA Sesey. 


™M 
eliminating sipertiuods conjunctions and literals one by one. Clearly, an irredundant dnf 
is a disjunction of prime implicants, for, if one of its disjuncts were not a prime implicant, 
some literal of that disjunct would be superfluous (cf. Problem 4.10). In addition, any 
minimal dnf must be irredundant (for, elimination of superfluous disjuncts or literals 
would yield a simpler dnf). 


Example 4.20. 
Start with the dnf AB v ABC v ABC v BC. 


(1) The first oceurrence of B is superfluous. (For, AC implies By ABv ABC v BC.) Thus we obtain 
ABv AC v ABCy BC, 


(2) AB is superfluous. (For, AB implies AC v ABC v BC.) We now have AC v ABC v BC. 


(3) A is superfluous. (For, BC implies AC v Av BC.) This leaves us with AC v BC v BC, which turns 
out to be irredundant. (The reader can verify this without difficulty.) 


Notice that AB is a prime implicant of the original dnf but that AR does not oecur in the irredundaat 


dnf that we have constructed. Thus an irredundant dnf logically equivalent to a given statement form A 
need not contain all of the prime implicants of A. 


It is easy to verify that AB v AB v BC v BC is irredundant. However, it is not a minimal dnf, 
since AB v AC v BC is a simpler logically equivalent dnf. Thus an irredundant dnf need not be a 
minimal dnf. Hence the very mee procedure of reducing to an irredundant dnf does not solve the 


problem of findine minima! dnf’s 
pressem Cr Anaing Rima: Gr 
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411 THE QUINE-M:CLUSKEY METHOD FOR FINDING 
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ALL PRIME IMPLICANTS 
If A is a statement form and ¢, and ¢, are fundamental conjunctions, then we say that 
¢, is a completion of ¢, relative to A if and only if $, includes 4, and the statement letters 
in ¢, are precisely the letters occurring in A. 


Example 4.22. 


Lemma 42. L et ab af in i i 
L Let full dnt (i.e. a dy zich fne letters contained in any on 
net a 


are , precisely the letters in any other ees see > page 14). Let 
be a fundamental conjunction all of whose letters are in ¢. Then ¢ 
logically implies # if and only if all completions of ¢ relative to @ are 
disjuncts of &. 


= 
9 


Proof. (i) Assume ¢ logically implies 4, but some completion y of ¢ relative to @ is not 
a disjunct of &. Take the truth assignment corresponding to y (i.e. letters unnegated in y 


are T, while letters negated in y are F). Since pisa completion of 4, the assignment makes 


¢ T, and, therefore, it also makes #T. But all disjuncts of 4, being different from y in at 
least one letter, must be F. Hence # would also be F, not T. 


(ii) Assume all completions of ¢ relative to @ are,disjuncts of . Take any truth assign- 
ment making ¢ T. We must prove that ¢ also is T. The truth assignment corresponds to 
some completion . of ¢ relative to # ‘a letter appears unnegated in y if it is T and negated 
ifitis F). Then v is a disjunct of ®. But, since ¥ is T, so is op 


Lemma 4.3. If A is not a tautology, no prime implicant ¢ of A contains any letters not 
in A. 

Proof. Assume some letter, say B, is in ¢ but not in A. Let x be the fundamental 
conjunction obtained from ¢ by removing the literal containing B. (Notice that ¢ is neither 
B nor B. For, take a truth assignment making A false and choose the value of B so that 
¢is T. Then ¢ does not logically imply A.) x also logically implies . (For, given any truth 
assignment making x T, extend it by making B true or false according as B or B occurs as 


a conjunct of ¢. Then ¢ is T and therefore A is also T.) But this contradicts the assumption 
that ¢ is a nrime imnlicant of A. b 
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Theorem 4.4. Let © be a non-tautologous full dnf, and let ¢ be some fundamental con- 
junction. Then ¢ is a prime implicant of @ if and only if 
(i) all letters of ¢ are also in $; 


(ii) all completions of ¢ relative to @ are disjuncts of , but no other 
fundamental conjunction included in ¢ has this property. 


Proof. Direct consequence of Lemmas 4.2-4.3. > 


The Quine-McCluskey Method for Finding All Prime Implicants of a Non-Tautologous 
Full Dnf ©: Let @ be ¥,v --: v y,. 


(1) List ¥,,.- + %,- 

(2) If two fundamental conjunctions ¢ and in the list are the same except that ¢ con- 
tains a certain letter unnegated while x contains the same letter negated, add to the list 
the fundamental conjunction obtained by eliminating from ¢ the letter in which ¢ differs 
from y. Place check marks next to ¢ and y. 
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conjunctions which already ‘have been checked can aba ee again in “ applications a (2). 


The unchecked fundamental conjunctions in the resulting list are the prime implicants 
of &. (This assertion will be justified after consideration of a few examples.) 


3 
Q 
ca 
5 
. 
= 
Q 
ty] 
a 
> 
¥ 
5 
a: 
tS 
Y 
| 
, 
= 
pat 
Q 
~o 
3 
3 
> 


Example 4.23. 
Let 6 be ABC v ABC v ABC v ABC v ABC. Start with 
ARC 
ABC 
ABC 
ABC 
ABC 
Application of (2) yields ABC . 
ABC y ae 
ABC as 
ae AR 
ABC y 
ABE y 


Notice that ABC and ABC yield BC; ABC and ABC yield AC: ABC and ABC yield AB. Now (2) is no 
longer applicable. Hence the prime implicants are ABC, BC, AC, AB. 


Exampie 4.24. 


Let @ be ts 
ABCD v ABCD v ABCD ABCD v ABCD ~ ABCD v ABCD v ABCD 


(1) List < ABCD 


Notice that the disjuncts are listed in groups: first, those with no negations, then those with one 
negation, etc. Since process (2) is applicable only to a pair of fundamental conjunctions which differ 
by one in the number of negations, in seeking to apply (2) we need only compare fundamental con- 


junctions with those in the next group. 


(2) Application of process (2) yields ABCD y eee 
(ARCD ACD 
| aBep ¥ ACD 
foe y BEC 

ABCB y AnD 
| aBcb ¥ BCD 
eae Y BCD 
| ABB y | ABD 
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Further applicatio 


ABCD y oe y AD 
[apep ACD. 
| aBcD y¥ ACD 
ABGD ABC 
ABCD ¥ ABD y 
| ABCD "A [ 8p 
ABCD ie 
ene if ABD 


Process (2) is no longer applicable. Hence the prime implicants are ABC, BCD, BCD, ABD, AD. 


Justification of the Quine-McCluskey Method: All fundamental conjunctions in the list 
logically imply @. (It is only necessary to observe that application of process (2) to funda- 
mental conjunctions which logically imply ® yields a fundamental conjunction which also 
logically implies #.) Every prime implicant y of © will appear unchecked. (For, by Theorem 
4.4, all completions of y will be disjuncts in . Hence y will eventually appear in the list 
after suitable applications of process (2) to these completions eliminate all the letters not 
in y. v itself will never be checked, since if it were it would not be a prime implicant of #.) 
On the other hand, no fundamental disjunction ¢ which is not a prime implicant will remain 
unchecked. (For, » must include a fundamental conjunction 4 which is a prime implicant 
of &. By Theorem 4.4, all completions of ¢ originally appear in the list. By suitable 
applications of process (2) to these completions, we obtain a fundamental disjunction x 
differing from ¢ in precisely one letter. Then application of process (2) to y and x imposes 


a cghael an |) 
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Limitation of the Quine-McCluskey Method: One must start with a full dnf. If we 
are given a dnf which is not full, we must expand it into a full dnf. This tedious and long 
process can be avoided by another procedure which we shall study later. 


412 PRIME IMPLICANT TABLES 


Once we have obtained all prime implicants of a given statement form #, we must find 
out which disjunctions of prime implicants are minima] dnf’s. 


Theorem 4.5. Let @ be a non-tautologous full dnf, and let ¥ be a dnf. If + is a minimal 
dnf for 4, then each disjunct of ¢ includes a disjunct of ¥. 


Proof. Assume not. Let ¢ be a disjunct of @ which does not include any disjunct of ¥. 
Hence each disjunct of ¥ differs in at least one literal from ¢. But then the assignment 
of truth values making ¢ T makes wv F, and therefore makes  F. But ¢ is a disjunct of ¢; 
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Our overal] strategy can now be made clear. We choose a disjunction ¥ of prime impli- 
cants so that every disjunct of the full dnf ¢ includes a disjunct of ¥. (Clearly, ¥ is logically 
equivalent to #. Since ¥ is a disjunction of prime implicants of ¢, ¥ logically implies 4. 
On the other hand, since each disjunct of ¢ includes a disjunct of ¥, logically implies ¥.) 
Among all such ¥’s we find the minimal ones. We shall indicate techniques for narrowing 
this choice to a relatively small number of ¥’s. 
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Construct a matrix, one row ror eacn prime impli icant of 4 and one column for each 


disjunct of . Place a cross (x) at the intersection of a row corresponding to a prime 
implicant ¢ and a column corresponding to a disjunct ¥ of ® such that y includes g. This 
matrix is called the prime implicant table for ®. 


Example 4.25. 
Let @ be ABC v ABC v ABC v ABC. Using the Quine-McCluskey method, we obtain 
ABC ¥ 
if ABC y oo 
L ABC y 2 
ABC y ss 


Thus the prime implicants are AC, AB, BC, and the prime implicant table is shown in Fig. 4-41. 
ABC ABC ABC ABC 
AC | x 4 


Fig. 4-41 


We shall now describe various operations performed on prime implicant tables in order 


fen ed as es 
Oo obtain minimal dnf’s. 


Core Operation. Assume there is a disjunct v of @ such that the column under y con- 
tains a single cross. Let ¢ be the prime implicant corresponding to this cross. ¢ belongs 
to what we shail cali the core of ©. By Theorem 4.5, ¢ must be a disjunct of every minimal 
dnf for ¢. We eliminate the row corresponding to ¢ as well as all columns containing a 
cross in the row corresponding to ¢. (Since ¢ must be a disjunct of every minimal dnf, the 
condition of Theorem 4.5 is met for the disjuncts heading any such column.) 


Example 4.25 (continued). 

In Fig, 4-41, the columns under ABC and ABE have a single cross each. Hence AC and BC belong to 
the core. But al! the columns contain a cross in the rows corresponding to AC and BC. Hence AC v BC 
is the unique minimal dnf for ®., 


Example 4.26. 


Let * be 
ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABED 


Find the prime implicants: 


ABCD / ABD ¥ BD 
| ABCD y¥ ACD 
ABCD v BCD 7 
| Aco y ABE 
| ABCD BCD ¥ 
ABCD ABC 
| azcp v | agp y 
ABCD y ACD 
Hence the prime implicants are BD, ACD, ABC, ABC, ACD 
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The prime implicant table is 
ABCD ABCD ABCD ABCD ABCD ABCD é ABCD 
BD D4 x x x 
Arn TM (vn 


ABC &) 
ABC (&) 


We draw circles around crosses which are the only ones in a given column. In this case there are such 
crosses in the columns under ABCD, ABCD, ABCD, ABCD. Hence ABC, ACD, ABC and ACD are in the 
core. We draw a square around each cross in any row in which there is an encircled cross. In Example 
4.26 we then have a square or circle in every column. Thus every disjunct of + includes a prime implicant 
in the core. Hence ABC v ACD v ABC v ACD is the unique minimal dnf for ¢. 


eee 


The results of Examples 4.25 and 4.26 are exceptional. Sometimes a single application 
of the core operation is not sufficient. Wider coverage is afforded by adding the following 
two operations. 

Dominant Coiumn Operation. If a column f has a cross in every row in which a column 
a has a cross, then we can eliminate column £. (To satisfy the condition of Theorem 4.5, 
we have to use a prime implicant included in the fundamental conjunction heading column 
«. Then by assumption the same prime implicant is included in the fundamental conjunc- 
tion heading column £.) 


Dominated Row Operation. If the row corresponding to a prime implicant 4, has a 
cross in every column in which the row corresponding to a prime implicant y, has a cross, 
and if the number of literals of y, is smaller than that of y,, then we eliminate the row 
corresponding to ¢,. (For, if a minimal dnf had y, as a disjunct, replacing y, by y, would 


lower the cost, contradicting the assumption that y, is minimal.) 


Example 4.27. 
Let # be 
ABCD v ABCD v ABCD v ABCD v ABCD vy ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 


First we obtain the prime implicants: 


ABCD y ( ACD y if AC 
ABCD y lee ¥ (BC 
ABCD y BCD ¥ be 
ABCD y¥ ABC y AB 
ABCD y A / 
ABCD Vv BCD ¥ 
| +200 Vv ACD y 
ABCD y ABC ¥ 
(ABCD ABD v 
| aaeB Y ABD 
ABCD y ABD y 

ABE v 

ABE y 
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AB [x] ix] kh @ 
= C4 er) 
AB @) 
The columns under ABCD and ABCD have unique crosses, which we circle. Thus AB and AB belong to 
the core. Put a square around each cross in the rows belonging to AB and AB. Hence all the columns 


containing a circle or square can be eliminated. The new table is 
| ABCD ARCD ARCH 


CD x 
ACB | x 
AC x x 
BC x x 


The columns under ABCD and ABCD have crosses in the same row. Hence by a dominant column opera- 
tion we may eliminate either column, say, the one under ABCD. This leaves us with the new table: 


(1) BCD x 
(2) ACD x 
(3) <AC x 
4) Be |} x 

Fig. 4-42 


None of our operations are applicable to this table. However, notice that in order that each column 
include some disjunct of the required minimal dnf, we must have ((1) or (2)) and ((8) or (4))f, ive. 
((1) v (2)) & ((3) v (4)). This is logically equivalent to 


((1) & (8)) v (1) & (4)) v (2) & (8) v ((2) & (4)) 

Thus there are four different ways of choosing the rest of the prime implicants, and we obtain the 
four dnf’s: 

ABv ABv BCD VAC 

ABv ABv BCD v BC 

ABv ABv ACD v AC 

AByv ABv ACB v BC 
These are the only possibilities for minimal dnf’s. Since they all have the same cost, all four are mini- 
mal] dnf’s, , 


We shall call the method we have used for handling the table of Fig. 4-42 the Boclean method. 


Example 4.28. 


Let # be 7 F a ug 
ABCD v ABCD v ABCD v ABCD v ABCD 


v ABCD v ABCD v ABCD v ABCD v ABCB 


tBy (1), we mean that row (1) appears as a disjunct in the required minimal dnf, by (2) we mean that 
row (2) appears as a disjunct, etc. 
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We obtain the prime implicants: 
ABCD y pes ¥ BD 
ABCD BCD y Ac 
|ABCD f ABC ¥ 
ABCD ¥ AOD 
ABCD / BUD y 
ABCD y ABC 
l ABCD y | App 
jae y [ ACD 
ABCD y ABC y 
ABCD y Acb 
ae 
ABD 


Thus the prime implicants are ABC, ACD, BCD, ABD, BD, AC. The prime implicant table is 
ABCD ABCD ABCD ABCD ABCD ABCD ABCD ABCD ABCD ABCD 


©. © 


Circle the crosses which are unique in their columns. Hence BD and AC are in the core. Place squares 
around all crosses in the rows of BD and AC. We then eliminate the rows of BD and AC, and all columns 
containing squares or circles, The new table is 


ABCD ABCD ABCD 
(1) ABC x 
(2) AcD x x 
(3) BCD x 
(4) ABD x 
Fig. 4-48 


Now we can apply the Boolean method used in Example 4.27. We obtain [(1) v (2)] & [(2) v (4)] & [(3) v (4)], 


whisk is aani 
wnita iS Sgus 


[(1) & (2) & (8)} v [(1) & (2) & (4)] v [(1) & (4)] v [(1) & (3) & (4)] v [(2) & (3)] v [(2) & (4)} v [(2) & (8) & (4)] 


But, taking into account the fact that, when (2) is used, (1) is not required, and that, when (4) is used, 
(3) is not required, we obtain 


4 
tt 
i, 
oO 
3 
er 
$ 


((2) & (8) v ((2) & (4)) v ((1) & (4)) 


Thus there are three possibilities for minimal dnf’s: 
BDv ACv ACD v BCD 
BD v AC v ACD v ABD 
BD v AC v ABC v ABD 


Sinee the costa are the same, all three are (the only) minimal dnf’s for ©. 
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heal fn— Law SI8 hn 4nbln «ft 


Instaad of the Daoslen eee Pees pre cihn 
G Vrancning Mmévtog 10T handling VAIS Laie UL 


amovueaa GZ tas woGcal method, we may use the so-called 
Fig, 4-48. We take a column with a minimal number of crosses. In our example, there are two crosses in 
each column; so wa may choose any column, say the one under ABCD. To ensure that ABCD includes 
a prime implicant of the sought-for dnf’s, we may use either ABC or ACD, Hence we obtain two tables 
(in general, if there are n crosses in the column, we would obtain x tables) as follows: in the left-hand table 
(Fig. 4-44) we assume that ABC is taken as a disjunct and we eliminate the row containing ABC as well 
as every column containing a cross in that row. For the right-hand table (Fig. 4-45), we do the same 


with ACD. 
| ABCD ABCD |_ ABCD 
Acb | Ane | 
BCD | BCD 
ABD Be x ABD | x 
Pig. 4-44 Fig. 4-45 


In the left-hand table, we can again apply the Boolean method or branching, but in this simple case i 


it 
obvious that only the choice of ABD will yield minimal cost. In the right-hand table, we can choose either 


BCD or ABD. Thus we have the following possibilities: 
From the left-hand table, BD v AC v ABC v ABD. 
From the right-hand table. BD v AC v ACD v BCD and BDv AC v ACD ~ ABD. 


This is identical with the result of the Boolean method. 


4.13 MINIMIZING WITH DON’T CARE CONDITIONS 
Let us assume that we must find a minimal dnf for a statement form ¢, assuming that 


the additional fundamental conjunctions 4, .. ++, are don’t care conditions. Then we can 
adapt the method used in the preceding section in the following manner. Find all prime 
implicants of @v y,v --: vy, However, in constructing the prime implicant table, use 
columns only for the disjuncts of 4, not for y,,...,¥, (since we are concerned only that 


each disjunct of © include some prime implicant of the required minimal dnf’s). 


Example 4.29. 
Let © be ; 
ABCD v ABCD v ABCD v ABCD v ABCD 


Let the don’t care conditions be: ABCD, ABCD, ABCD, ABCD, ABCD. By the standard ‘procedure (left 
as an exercise for the reader), we find that the prime implicants of @v ABCD v ABCDv ABCD v ABCD v 
ABCD are: BD, AC, ABC, ACD, BCD, ABD. 


The prime implicant table is 


ABCD ABCD ABCD ABCD 


D x 


rosses wherever BCD has, and AC has fewer literals than BCD. Hence by a dominant row 
liminate the row of BOD obtaining 


wae Pow Cf OVi'", Citas 


Zz 
9° 
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Now the eolumn of ABCD ha 
Now the cclumn of ABCD ha: 


2 r t we 7 & 
(AC must be a disjunct of every faialinal dnf. ) Then by the core operation we drop the row of AC, 
together with the columns under ABCD and ABCD: 


ABCD ABCD ABCD 


ARC 

AcD x x 

7 

ABD | x 
Now we can apply either the Beolean method or the branching methed. However, it is clear that the first 
and third rows yield the only minima! dnf. Hence the unique minimal dnf is AC v BD v ACD 


4.14 THE CONSENSUS METHOD FOR FINDING PRIME IMPLICANTS 
Given two fundamental conjunctions ¢, and ¢,. If there is precisely one letter p which 


feeurs narrated in one of to and |. and unnesated in the other than the fundamanital 
Occurs negated IN one OF ve, and i. and unnegated in tne omer, then tae Tundgamentai con- 


junction obtained from v,¢, by deleting p and 5 and omitting repetitions of any other literals 
is called the consensus of cv, and y,. 


Exsmple 4.30. 

(i) The consensus of ABC and ABD is ACD. 
(ii) The consensus of AB and ABCD is BCD. 
(iii) There is no consensus of ABC and ABD. 
(iv) The consensus of A and AB is B. 

(v) The consensus of A and AB is B. 


Theorem 4.6. The consensus ¢ of y, and #, logically implies y, v ¥,. 

Proof. Consider any truth assignment making ¢ true. Let p be the letter occurring 
negated in y, and unnegated in y,. Ifpis T, then y, is T. If pis F, then y, is T. In either 
case, y, vy, is T.> 


Corollary 4.7. If 4 is the consensus of 4, and u,, then u,v ¥, is logically equivalent to 


¥, V fe. v ¢- 
Consider the following two operations transforming a dnf into a logically equivalent dnf. 
(i) Eliminate any disjunct which includes another. 
(ii) Add as a disjunct the consensus of two disjuncts, if that consensus neither is identical 
with nor includes some disjunct of the given dnf. 


Given a dnf ¢. (If we are given an arbitrary statement form, first transform it into a 
logically equivalent dnf.) The consensus method consists of applying operations (i) and (ii) 
until these operations are no longer applicable. The result turns out to be the disjunction 
of all prime implicants of 4. 


CHAP. 4] SWITCHING CIRCUITS AND LOGIC CIRCUITS 95 


Example 4.31. 
Let # be ABC v ABCD v AB v ABC v ABCD. 
By (i), ABC v AB v ABC v ABCD (ABCD includes AB). 
By (ii), ABC v AB v ABC v ABED v AE (Consensus of ABC and AB). 
By (i), ABv ABC v ABCD v AC (ABC includes AC). 
By (ii), AB v ABC v ABCD v AG v BED (Consensus of AB and ABCD). 
By (i), ABv ABC v AC v BCD (ABCD includes BCD). 
By (ii), ABv ABC v AC v BCD v BE (Consensus of ABC and AC). 
By (i), ABv AC v BED v BE (ABC includes BO). 
By (ii), AB v AC v BCD v BC v CD (Consensus of BCD and BC). 
By (i), ABv AC v BG v CD (BCD includes CD). 


Thus, the prime implicants are AB, AC, BC, CD. 


Example 4.32. 
Let @ be AB v ABCD v ABC v BD. 
By (ii), ABV ABCD vy ABC y BD. ACH (Consensus of AB and ABCD), 
By (i), ABv ABCv BDv ACD (ABCD ineludes ACD). 
By (ii), AB v ABC v BD v ACD v BC (Consensus of AB and ABC). 
By (i), ABv BDv ACD v BC (ABC includes BC). 
By (ii), ABv BD v ACD v BC v AD (Consensus of AB and BD) 
By GD), ABv Boy ach. BO. AD ABC (Consensus of BD and ACB) 
By (ii), ABv BD v ACD v BC v AD v ABC v AC (Consensus of AB and ABC). 
By (i), ABv BDv BC v ADv AC (ABC includes AC; ACD includes AC). 
By (ii), ABv BDv BC v ADv ACv ED (Consensus of BD and BC). 


Hence the prime implicants are AB, BD, BC, AD, AC, CD. 


Example 4.33. 
Let # be ABCD v ABCD v ABCD v ABC v ACD. 
By (i), ABCD v ABCD v ABC v ACD (ABCD includes ACD). 
By (ii), ABCD v ABCD v ABC v ACD v ACD (Consensus of ABCD ard ABQ). 
By (i), ABCD v ABC v ACD v AED (ABCD includes ACD). 
By (ii), ABCD v ABC v ACD v ACD v BED (Consensus of ABC and ACD). 


Hence the prime implicants are ABCD, ABC, ACD, ACD, BCD. 


Justification of the Consensus Method. 


(1) The process must come toan end. Since there are only a finite number of dnf’s using 
the letters of the given statement form 4, we must show that there can be no cycles in the 
application of (i) and (ii). Once we drop a fundamental conjunction ¢ by (i), then ¢ can 
never reappear by virtue of (ii). For, in all future steps, there will always be a fundamental 


conjunction which j is included in ¢. Hence if there were a cycle, it would consist solely of 
applications of (ii). But (ii) increases the number of disjuncts. 


(2) Every prime implicant ¢ of ® occurs as a disjunct in the dnf ¥ remaining at the end 
of the process. Assume the contrary. Hence there must be a fundamental conjunction @ 
which has the maximum number of literals among all fundamental disjunctions r such 
that: (a) r includes ¢; (b) + includes no disjunct of ¥; (c) the letters of + occur in 4. 
- Notice that ¢ is such a fundamental conjunction +. Clearly, by (a), @ logically implies ©. 
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Also, @ cannot contain all the letters of 6. (Otherwise, by (b), @ would logically imply the 
negation of each disjunct of ¥, and therefore would logically imply 1%. But only con- 
tradictions logically imply both and 14, and no fundamental conjunction is a contradic- 
tion.) Let A bea letter of not in ¢. By the maximality of 6, A@ and Aé must lack one of 
the properties (a)-(c). The only one they can jack is (6). Hence there are disjuncts y, and 
y¥, of ¥ such that Aé includes y, and Aé includes u,. By property (b) of 9, A must be a litera] 
of y, and A must be a literal of y,. Since A@ includes y, and Aé includes y,, y, and y, do not 
have any other literals which are negations of each other. Then the consensus » of y, and 
y, is included in 6, and therefore, by (b), includes no disjunct of ¥. Hence an application of 


(ii) can be made to y, and y¥,, contradicting the assumption that the process has ended. 


(3) Every disjunct ¢ of the dnf ¥ remaining at the end of the process must be a prime 
implicant of 6. Otherwise 4 would include some prime implicant y. By (2), y would be a 
disjunct of the final dnf, and operation (i) would still be applicable. 


If we have obtained all the prime implicants of a statement form # by the consensus 
method, the problem remains to find the minimal dnf’s. Of course, we could construct the 
full dnf for @ and then apply the methods already described. However, constructing the 
full dnf for sometimes would involve a long and tedious process, and it would be conven- 
ient to have ways of producing minimal] dnf’s without going through that process. One 
such method is to eliminate superfluous literals and disjuncts from the disjunction of the 
prime implicants, obtaining irredundant dnf’s. Then one can compare the irredundant 
dnf’s and pick out the minimal ones.t 


Example 4.34. 
We have already found (Example 4.33) that the dnf ABCD v ABCD v ABCD v ABC v ACD has as 


its prime implicants ABCD, ABC, ACD, ACD, BCD. Now we shall eliminate superfiuous disjuncts from 
ABCD v ABC vy ACD v ACD v BCD 


To determine whether a given disjunct ¢ is superfluous in a dnf gv ¥ we check whether ¥ is logically 
equivalent to ¢v ¥. This holds if and only if ¢ logically implies ¥. But the latter holds if and only if 
the result is a tautology whenever, for each literal p in 4, we replace p in ~ by T and the negation of Ps 


by F. Hence we construct the following table. 


F 
F 
F 
F 


In the row corresponding to a fundamental conjunction g we calculate what each of the other disjuncts 
must be when ¢ is T. Then we check to see whether the disjunction of the results in that row is a 
tautology. In the table above, this holds only in the last row. Hence BCD is the only superfluous disjunct. 
All the other disjuncts must occur in every minimal dnf, Thus we are reduced to 


A A A 


ABCD v ABC v ACD v ACD 


tThe methed we shall outline is due to M, J. Ghazala [26]. 
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is superfiuous in ppv © if and only if y legi- 


iterals is superfluous. Hence we have a unique 


iterals, remember that a poets uA 
quick check shows that none of t 
hich must be the only minimal dnf. 


a) 
< 
hs 
: 


cally: tah im 
ceedariant dnf, 


cd 


Examole 4.35. 
Consider the statement form ¢: 
BC v BG v BDv CDv AD 


Since the consensus methed yields no additional disjuncts, this is already the disjunction of all the prime 
implicants of +. Fer finding superfiuous disjuncts, we construct a table as in the preceding example, 


¢, BC F F D AD 
oe BO} F D Fo AD 

¢3 BD | F é Cc A superfluous 
¢ CD | B F B A superfluous 
¢; AD| BC BC B C 


Since the disjunctions of the terms in the first, second and fifth rows .respectively} are not tautologies, 
BC, BG and AD are not superfiuous and occur in all minimal dnf’s for ¢. Let «; mean that 9; occurs as 
a disjunct in a given dnf for ¢. Hence from the third row, if 7; then oo0,, for, if ¢3 does not occur in the 
given dnf for #, then both ¢. and ¢, must occur. (Otherwise, when o; is T, then # would not necessarily 
be T, contradicting the fact that 9, logically implies ~.) Thus c3 v (0904) is true. Similarly, from the 
fourth row, o, v (e;04) is true. Hence we must have 


0,9905(93 V a204)(o4 V 9493) 
which is equivalent to OAT Ts VY O1TQT405 


Hence the two irredundant dnf’s are BC v BC vw CDv AD and BCv BE v BD AD. Since these are 
of equal cost, they are both minimal dnf’s, Notice that in this example we could have guessed this 
immediately from the third and fourth rows. 


Example 4.36. 

Let the prime implicants of a statement form be DE, CDE, ACD, ACE, ABD, ABE, BCD, BCE. 
(Observe that the consensus method is no longer applicable to the disjunction + of these fundamental con- 
junctions, and therefore the latter are all the prime implicants of ¢.) 


F BC 
CDE F F AB F B F 
ACD F E E F F B BE superfluous 
ACE B F D F F BD B superfiuous 
ABD F CE F F E Cc CE 
ABE D F F F D cD Cc superfluous 
BcD F EB A AE A AE E superfiuous 
BCE D F AD A AD A D superfluous 


Rows 3, 4, 6, 4, 8 show that ACD, ACE, ABE, BCD, BCE are superfluous. Thus o), ¢, 05 are true. From 
the third row, 03 V oe, is true. From the fourth row, «4 v 0403 is true. From the sixth row, o¢ v os 
is true. From the seventh row, 
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ie true. This has heen obtained hy finding those subsets of the entries in the seventh row, the disiunction 


of which is a tautology and such that no proper subset of this subset has the same property. This process 
can be carried out by constructing a table for the entries in the seventh row similar to the one constructed 


above. From the eighth row, 
Og V ayc7 V 0140305 Vi a)030g V 0)0405 V O406 


is true. Hence we have 
01 9905(03 V 0904)(04 V 0103) (og V 0105) 


(o7 V o205 V 020404 V O27 306 V 997405 V Og05)(og V 0197 V 0905 V 040306 V OyO4TS V 7405) 
This is equivalent to 01090305 Vi 01000405 


(When muitipiying out, we see that these are two of the disjuncis in the expansion, and, since ali the other 
disjuncts include one of these, all other disjuncts may be dropped.) 


Thus the irredundant dnf’s are 


DEv CDEv ACDv ABD and DE v CDE. ACE v ABD 


> 
o 
ce J 
© 


Notice that none of the literals is superfiuous. Since the costs of these dnf’s are equal, hoth 
minimal] dnf’s. 


4.16 KARNAUGH MAPS 
There isa pictorial method for tee minimal dnf’s which is convenient for problems 


Let us start with the case of two statement letters. — 
In this case the Karnaugh map is based upon Fig. 4-46. B 
Each square represents the fundamental conjunction 
whose conjuncts are the literals standing at the head of 
the row and column determining the square, To rep- 
resent a full dnf @ we place a check in each square cor- L_| | 
responding to a disjunct of &. Fig. 4-46 
Example 4.37. 


AB v AB is represented in the Karnaugh map of Fig. 4-47 and A& v ABv AB in the Karnaugh 
map of Fig. 4-48. 


les) 


Fig. 4-47 


By adjacent squares we mean squares which have a 

side in common. Clearly, a single square represents a [ 
fundamental conjunction consisting of two literals, while " 
two adjacent squares differ in one statement letter and 
therefore represent a single literal. Thus in Fig. 4-47 B 


wo have AB. AR. which ia lngvically equivalent tn PR In = —t 


VO MAE SaaF V Sas) Veeastal ID LUM ICGy ULVG&AUZY UY Ae aaa 


Fig. 4-49 we notice two pairs of checked adjacent Fig. 4-49 


+See Karnaugh [42]. Another pictorial method, somewhat less graphic than Karnaugh’s, has been given 
he Vatteseh [021 


oF VeNen [yo). 
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squares. We place loops around the checks in each pair. Then the corresponding dnf is 
logically equivalent to B v A. (B corresponds to the horizontal loop, and A to the vertical 
loop.) Clearly, B v A is minimal 


Naw lat na toe tn tha enan nf thran atatamant lattava (Iie ARN Banh annara “an 
atv AGU Vn UME SE UY ULES LGD VA VAIL UO NUGUULLITALGL IUULU LY 4 45+ “EUV fo AsGUds NYyuMalt a vn 
resents the conjunction of the fundamental conjunctions heading the column and row 


intersecting in that square. 
AB AB AB AB 


i 


| 


Fig. 4-50 


Example 4.38. 


Fig. 4-51 


Example 4.39. 
ABC v ABC v ABC v ABC v ABE is represented in Fig. 4-32. 


Fig. 4-52 


In Fig. 4-50, by adjacent squares we mean squares which differ in precisely one literal. 
Thus two squares which have a side in common are adjacent. (Observe that we have used 
the labeling AB, AB, AB, AB so that as we move from one square to an adjoining one, 
only one literal changes.) In addition, in the first row the left-most square ABC is adjacent 
to the right-most square ABC; and in the second row, ABC 
is adjacent to ABC. This amounts to an identification of 
the left-most vertical line with the right-most vertical line. 
Pictorially we can imagine the left-most vertical line glued 


to the moht-most yartical lima an ag ta farm oa avlindar 
a Sess, Verucas aime SO @S tO TOrm &@ Cyiinader 


(Fig. 4-53). 


On the cylinder, adjacent squares are adjacent in the 
usval geometric sense. Fig. 4-53 
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In Fig. 4-50, a single square represents a fundamental conjunction of three literals, 
while two adjacent squares differ in one literal and therefore represent a fundamental 
conjunction of two literals. 


=a 


Exampie 4.40. 
Fig. 4-54 shows ABC v ABC whieh is logically equivalent to AB. 


Cc 


Example 4.41. 
ABC v ABC is represented in Fig. 4-55 and is logically equivalent to BC. 
AB AB AB’ AB 


Fig. 4-55 


Furthermore, four squares forming a square array or arranged in one row represent 
a single literal. 


Example 4.42. 


20 


| | ¥ | ¥ | | 
ac 
Fig. 4-56 


Fig. 4-56 exhibits ABC v ABC v ABC v ABC, which is logically equivalent to B. 


Example 4.43. 


AB AB AB AB 
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Example 4.44. 


In Fig. 4-58 we have ABC v ABC v ABC v ABC, which is logically equivalent to C. 


Example 4.45. 


c ¥ y 
else fe 
ees Ee Sey tare 
Fig. 4-59 


Fig. 4-59 represents ABC v ABC v ABC v ABC, which is logically equivalent to B. 


Notice that if we picture Fig. 4-59 on a cylinder, the four checks form a square array. 


7" : 
fea or pairs of een che ce or groups of fou rchecks (forming a square array or 
arranged along a row), in such a way that every check selon: to at least one loop. We try 


to make maximal use of groups of four checks or two checks so as to minimize the number 
of disjuncts and literais*— 


Example 4.46. 


Cu 


Fig. 4-60 


The Karnaugh map of Fig. 4-60 represents ABC v ABC v ABC v ABC. The unique minimal dnf is 
ABv ACv ABC. AB corresponds to the vertical loop, and AC to the horizontal loop. 


Example 4.47. 
AB AB AB AB 


c idy\| v / 


Fig. 4-61 


Fig. 4-61 represents ABC v ABC v ABC v ABC v ae _There is a unique minimal dnf: B v AC. 
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Example 4.48. 


The unique minimal dnf is A v C. 


Example 4.49. 
AB AB AB AB 


Cc y¥ : ¥ \ 
: | | a7 | ae ~ | 
C ‘vt [Cv] oo 
[| [Xi fset 
Fig. 4-63 
In this case, ABC can be combined with either ABC or ABC. Hence we have two minimal dnf's: 


aA = ER BR 
ACv ACv AB, ACV ACv BC 


Let us consider now Karnaugh maps for four statement letters (Fig. 4-64). 
AB AB AB AB 


cD 


Fig. 4-64 


Again, adjacent squares are those which differ in exactly one literal. In particular, ABCD 
and ABCD are adjacent, as are ABCD and ABCD. This amounts to identifying the left- 
most and right-most vertical lines, and identifying the lowest and highest horizontal lines. 
Pictorially we can imagine that we have glued together the left-most and right-most vertical 
lines, and the lowest and highest horizontal lines, to form a doughnut-shaped surface 
(called a torus). On this doughnut, adjacent squares are adjacent in the usual geometric 
sense. 


A single square represents a fundamental] conjunction of four literals. A pair of 
adjacent squares represents a fundamental conjunction of three literals. Four squares, in 
a Square array or along a single row or along a single column, represent a fundamental 
conjunction of two literals. Finally, eight squares arranged in two adjacent columns or in 


two adjacent rows represent a gingle literal. 


PRE O MY awe So eeew Se Dasspse seed wee. 
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Examnle 4.50. 


Fig. 4-66 represents AD. 


Fig. 4-67 
Fig. 4-67 is the Karnaugh map for BD. 


Example 453. 
AB AB AB AB 
@) eel | 
CD ¥ | ¥ 
om ee | 
cD y¥|y¥ 
Fig. 4-68 
Bre A eo wen ac D 
21g. 4-00 TEpPresents wv. 
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AB AB AB AB 


mre 


° PP 


Fig. 4-69 


Fig. 4-69 represents D. 


Minimization techniques for four statement letters are similar to those for three. 


Example 4.55. 
AB AB AB AB 


cD 

cD | y¥ ¥ 

oly | hel 
ot | lay 


Fig. 4-70 


The unique minimal dnf is AD v BD. Observe that the four squares in the column under AB are 
not joined by a loop, since the corresponding fundamental conjunction AB would be superfluous. 


Example 4.56. 
AB AB AB AB 


cp | | | y | 


Fig. 4-71 


The check in ABCD cannot be combined with any other. Hence ABCD must_be in any minimal dnf. 
The check in ABCD can be combined only with the check in ABCD. Hence BCD must be a disjunct of 
any 1 minimal dnf. Similarly, the check in ABCD can be combined only with the check in ABCD. Hence 
ACD is a disjunct of any minimal dnf, Now the checks in ABCD and ABCD already have been covered. 
Thus the unique minimal dnf is 


ABCD v BCD v ACB 


Examples 4.55-4.56 illustrate the method to be used. For each checked square, deter- 


mine whether there is a unique largest combination of ones equares containing it. If 
80, nut a loon around that eombination Thy aenid as upe erfin nota first handle aaoh 


Pura EVE HAUL USER Wes Es see Ue dds BU BV UAN wu ye disju SEWN, AERITY SAMOAELAEY VEO Wes 
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checked square whose unique largest combination consists only of itself; then, among the 


remaining uncovered checks, handle those whose unique largest combination consists of two 
checks; among the still uncovered checks, handle those whose unique largest combination 
consists of four checks, etc. For any remaining checked square, determine all the possible 


largest combinations containing them, and, among the corresponding dnf’s,? fi find the minimal 
ones. 


Example 4.57. 


Fig. 4-72 


Considering ABCD, we see that ABC must be a disjunct (covering ABCD and ABCD). Looking at 
ABCD, we note that ABC must be a disjunct (covering ABCD and ABCD). None of the other three checks 
belongs to a unique largest combination. The only uncovered check is ABCD, which can be combined 
either with ABCD or with ABCD. Hence we obtain two minimal dnf’s: 


ABCv ABCv ACD and ABCv ABCv BCD 


In the case of five statement letters, we can use a three-dimensional Karnaugh map 
(Fig. 4-73). 


Fig. 4-73 


tSome choices among the remaining combinations may render superfluous some of the disjuncts already 
obtained (cf. Probiem 4.22). 
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e usual definition of adjacent squares implies that corresponding squares in the two 
planes (e.g. ABCDE and ABCDE) are adjacent. Combinations of sixteen squares are pos- 
sible and yield a fundamental conjunction consisting of a single literal. Combinations of 


eight squares yield fundamental conjunctions of two literals, ete. 


For six statement letters one could use four planes, but in that case, and even more so 
for larger numbers of statement letters, the geometric picture often is too complex to permit 
easy construction of minimal dnf’s. 


4.17 KARNAUGH MAPS WITH DON’T CARE CONDITIONS 


If we are given a full dnf #, together with various don’t care conditions, we construct a 
Karnaugh map by placing checks in the squares corresponding to the disjuncts of © and 
crosses in the squares corresponding to the don’t care conditions. In constructing minimal 
dnf’s, we are free to use any of the crosses which allow us to form larger combinations of 


squares. 


Example 4.58. 


Let © be . ee ee = 
ABCD v ABCD v ABCD v ABCD v ABCD 


, ABCD, ABCD, ABCD, ABCD are don't care conditions. The-arnaugh map is 


Q 
qy 


and assume thai A 
shown in Fig. 4-74. 


Fig. 4-74 


First we handle the checked squares which belong to unique largest combinations (possibly including 
crosses). Thus ABCD belongs to a unique largest combination: {ABCD, ABCD}, Hence ABC must be a 
disjunct of all minimal dnf’s. Likewise, ABCD belongs to a unique largest combination (the second column), 
and therefore AZ must be a disjunct of all minimal dnf’s. The other checks do not belong to unique largest 
combinations. The only check still not included in a loop is ABCD. For the latter, there are two possible 


combinations of four squares. Hence we may use either AD or BD. Thus there are two minimal dnf’s: 
ABCv ABv AD and ABC v AB vy BD. 


Example 4.59. 
Let # be ne aoe een note 
ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABEDE 
v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 


Let the don’t care conditions be 


The Karnangh ma 


angn ™ 
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Fig. 4-75 


We seek the checks belonging to unique largest combinations. First, ABCDE belongs to such a com- 
bination (the four corners of both planes), Hence BD is_a disjunct of all minimal dnf’s. We get the 
same result from the checks for ABCDE, ABCDE, ABCDE, ABCDE. The checks in the middle squares 
of _both planes _belong to a unique 8-square combination: {ABCDE, ABCDE, ABCDE, ABCDE, ABCDE, 
ABCDE, ABCDE, ABCDE}, yielding the disjunct BD. The only check ‘still unaccounted for is ABCDE. 
This belongs to two 2-square combinations. Hence we must have either ABCE cor ACDE. Thus there are 
two minimal dnf’s: 


4.18 MINIMAL DNF’s OR CNF’s 

Given a statement form 4, we can obtain the minimal dnf’s for & and we also can obtain 
the minimal dnf’s for 14. But the minimal dnf’s for 14 yield minimal cnf’s (conjunctive 
normal forms) for ®. 


Example 4.60. 
Recall that a enf is a conjunction of one or more disjunctions of one or more literals. The cnf 
(Av BvC) & (Av B) & (BV C) 
has as its negation 


ABC v ABv BC 


Thus by comparing the costs of the minimal dnf’s and minimal cnf’s for , we can obtain those state- 
ment forms which are minimal among all dnf’s or cnf’s for ¢. 


Example 4.61. 
Let # be 


ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 
Fie. 


If we examine the Karnaugh map for ® (Fig. 4-76, below), we find that there are three minimal dnf’s: 
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Fig. 4-76 


On the other hand, 1¢ has the Karnaugh map (Fig. 4-77) obtained by putting checks in the empty squares 
and erasing the checks already present in Fig. 4-76. 
AB AB AB AB 


Thus the minimal enf’s for # are 
(Av D) & (Av BVOC) & (AVBvV D) & (AVBVGQ) 
(Av D) & (Bv Cv D) & (AvBvD) & (AVBVC) 


(Av D) & (Bv Ev D) & (AVCVD) & (AV BVOC) 
(Av D) & (Bv Cv D) & (Av Cv D) & (Bv Cv D) 


Since these are cheaper than the minimal dnf's for #, these are minimal among all dnf’s or cnf's for %. 


The procedure in the above example for finding the minimal statement forms among all 
dnf’s or enf’s for does not provide a general method for Bnding minimal statement forms 


fax 3 ft mimimnal anmiag ma wenllal eeitehing aimarsita nw enteieeal lain ntvenesst. eee | 


ava W {l. «6. MiniMa. Ser sSO- Val alivi switching Lisvuils, UL minimal iVR AL circuits). ues exaimpie, 


(A&B) v (C&(DvE)) is minimal, but it is neither a dnf nor a enf. 


Final Remarks: (1) We have indicated methods for finding minimal dnf’s (or minimal 
dnf’s or enf’s). This constitutes a solution of Problem (I) on page 81, although possibly 


AERE pA p~ 1 OPO La et p07 OF -7 845 wae LUA MBA PUY 
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not the best solution (ef, Remark (2)). No rea 


saw wis ww. 


bes (of. Aark q asonably good general solutions for Problems 
(II) or (ITI), page 81, are known. (2) The methods we have given for finding minimal 
dnf’s require us to find all prime implicants. (This is not true of Karnaugh maps, but these 
are useful only for statement forms involving at most five or six statement letters.) How- 
ever, there are certain cases in which the number of prime implicants is so large that our 
methods are not practical.t There is need then for a method for finding minimal dnf’s which 
does not use the set of all prime implicants, but no general method of this kind is available. 


SWITCHING CIRCUITS. SIMPLIFICATION 
4.1, Replace the series-parallel circuit of Fig. 4-78 by a simpler bridge circuit. 


~, ~ oo 


— ~—— »—— 


Pb 
Le, ee 


Fig. 4-78 


Solution: 


Consider the bridge circuit shown in Fig. 4-79. The paths through this circuit are A&BE&C, 
A&D&E, A&DEC,A&BE&C, A&BE&E. Hence a condition for passage of current is 


(A&B&C) Vv (ADEE) Vv (AEDEC)vV A&BEOQ)v (A&BEE) 


which is logically equivalent to [A&B&C] v (Ev C) & ((A&D) v (A &B))). But this is a con- 
dition for passage of current through the given circuit. 


<p : 


Pe oe ee 


Fig. 4-79 


t¥Fridshal [24] states that, for nine statement letters, the full dnf whose fundamental conjunctions are 
those with 1, 3, 4, 5, 6, or 8 negated Hterals has 1698 prime implicants. The full dnf whose fundamental 
conjunctions are those with 0, 1, 5,6, or 7 negated literals has 765 prime implicants, and its negation has 


Le azn — 


wc Sains number or prime implicants. 
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A committee consists of the chairman, president, secretary, and treasurer. A motion 
passes if and only if it receives a majority vote or the vote of the chairman plus one 
other member. Each member presses a button to indicate approval of a motion. 
Design a switching circuit controlled by the buttons which passes current if and only 


0 ay a pene ee | 
41 @ IMOLIVI 15 approveu. 


ie 


Solution: 
Let C,P,S, 7 stand for “The chairman approves”, “The president approves”, ete. Then the 


eondition for approval is 


[C&(PVSvT) v (P&S&T) 


which has the corresponding series-paraliel circuit shown in Fig. 4-80. 


es 
a 


ee 
= 
a — 


Fig. 4-80 


LOGIC CIRCUITS. BINARY NUMBER SYSTEM 

4.3. Let a non-negative integer less than 10 be given by its binary representation casa2dido. 
(For example, if the integer is 3, then a2 =a2=0 and a@:=a.=1; while if the 
integer is 9, then a;=a@.=1 and a2=a:=0.) If A; is the statement that a; is 1, 
construct a logic circuit corresponding to the condition that the given integer is prime. 


Solution; 
The prime integers are 


ae aia! 


0101 0111 


A corresponding statement form is 


Ay & [(1A,& A, & 1Ay) V (1A, & Ay & Ay) V (Ap & 1A, & Ay) v (Ag & A, & AQ] 


which is logically equivalent to 
Ag & ([Ap & (A, Vv Ay) Vv [14,&A,& TAgl) 


A corresponding logic circuit is 
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4.5. 


Justify the following algorithm for translating a number x from decimal into binary; 
notation. 
Use two columns. Place x at the top of the left column 43 1 

(in our example, x= 43). Divide x by 2, putting the re- 21 1 
mainder ro in the right hand column and the quotient go in 10 0 
the left hand column below the given number. Repeat this 5 1 
process with qo, etc. Stop when we get a quotient 0. The 2 0 
resulting binary number is to be found by reading the right 1 1 
hand column from the bottom up (in our example, 101011). 0 | 
Solution: 

x = 2g) + ro ro = Oorl 

M = 2%,+7r, r, = Oorl 

GW—-2 = 2-1 + Me—15 Ty-1 = Oorl 

M&m-1 = 2°1+%, rT, = Oorl 

1 = 2-041 
Then 


% = 22,47, +r = 49¢, + 8p try = 4(2q2- 7) + 2r, + 79 
Sao + dro + 27, 47%) = 1643 + Brg t+ 4rg t+ 2r, +7) = °° 
Qk+t + Dkr, + +--+ + D3", + Qr. + Ar, + 79 


Thus the binary expansion of x is 17,.7,~1°* *Yrar)7o- 


Construct a logic circuit for adding 1 to a four-digit binary number astoa10o. 


Solution: 
Let A; stand for “a, is 1”. Let 5,b3b2b,6, be the result of adding 1, and let B; stand for 
“0, is 1”. Then 


Bo = 1Aq and the carry Cy = Ag; 

B, = (A, & 10,) v (1A, &C,) = Ayt+Co and the carry Cy = A, &Cy = A, & Ag; 

B, = (Ag & 1C,) v (1A4g&C,) = Ag+ C, andthe carry Cy = A,&C, = Ag& A, & Ay; 

By, = (Ag& 1C)) v (1Ag& C.) = Ag+ Ceo and the carry C3 = Ag&Co = A, &AQ& A, & Ay = By. 


If we use (4) to designate the circuit of Fig. 4-27, we obtain 


& +) -——______—_—_—_> 3, 
A, 
Y 
ae 
A, B, 
(&) 
Ay (+)———>- B, 
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Solution: 


Assume given two numbers # and y in binary notation. Let us assume that they are at most 
n-digit numbers. 


Example: 2 = 11010 
y= 1101 (n=5) 
Change all digits of y to their opposites; in our example, 10010. Add this new number z to =. 


11010 
+ 10010 


101100 


Add 1 to the result: 101101. Omit the leading 1: 1101. This is z— y. 
What we did in obtaining z from y was to form (2"-—1)—y=111...1—y. Adding this to z 
ae 


yielded x + [(2®-1)—y] = (x—y) + (2"—1), Addition of 1 then give (c= y) +2", and omission 
of the leading 1 finally reduced to z— y. 


Another example: ¢ = 101111 and y=110100. Then z= 001011. 


101111 
+ 001011 


111010 
1 


111011. Answer: 11011, 


The purpose of reducing subtraction to other operations (addition, adding 1, etc.) is to facilitate 
its implementation by logic circuits. 


What does the process described above yield when y is greater than x? 


Assume that a number between 0 and 9 is given as a four-digit binary number. 
Employing the notation of Example 4.17, make use of don’t care conditions in order 
to construct a simple switching circuit (or logic circuit) for the condition that the 
given number is a prime. 


Solution: 
The condition fer being a prime is 
ABCD v ABCD v ABCD v ABCD 
The don’t care conditions correspond to the numbers 10 through 15: 
ABCD, ABCD, ABCD, ABCD, ABCD, ABCD 
Of these six conditions, we select three and obtain the dnf: 
ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABED 


(A method for choosing the proper don’t care conditions is presented in Section 4.17.) This state- 
ment form is logically equivalent to BC v AB (exercise for the reader) and hence to B(C v A), 
which has the switching circuit 
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48 To test whether a fundamental conjunction v is superfluous in ¥ v é, show that it 
suffices to replace all occurrences in @ of unnegated letters of y by T and occurrences 
of negated letters of ¥ by F, and then observe whether the result is a tautology. 


Example: To see whether AC is superfluous in ABv AC v BC, we obtain TBv 
TF v BT, ie. Bv B, which is a tautology. (Note that any T in a fundamental con- 
junction may be dropped, and any fundamental conjunction containing an F as a 
conjunct also may be omitted.) 

Solution: 


We must see whether y logically implies +, i.e. whenever y is T, then © also must be T. 
When y is T, all the unnegated letters of y are T and all the negated letters are F. When this 
truth assignment is made in ®, we observe whether the result is always T, i.e. whether the result 
is a tautology. 


4.9, If y is a fundamental conjunction and « is a literal, to test whether a is superfluous 
in a’ v 4, show that it suffices to replace all occurrences in av @ of unnegated letters 
of y by T and occurrences of negated letters by F, and then to observe whether the 
result is a tautology. 

Example: Is B superfluous in ABv ABv ABC? We obtain TBv Bv FBC, ie. 
B v B, which is a tautology. 
Solution: 


We must see whether y logically implies av ©; i.e. whenever y is T, then av © also must be T. 
But, if y is T, the unnegated letters of y are T and the negated ones are F. Then the result of 
the indicated substitution must always be T, i.e. must be a tautology. 


4.10. Prove that if one of the disjuncts of a dnf & is not a prime implicant of 6, then a 
literal of that disjunct is superfluous. Hence an irredundant dnf © must be a dis- 
junction of prime implicants of ©. 


Solution: 
Let @ be y v ¥, where y is not a prime implicant of 4. This means that there is a fundamental 
conjunction ¢ which is a proper part of y and such that @ logically implies yv *. Let @ be any 


literal of » which is not a literal of ¢, and let ¢ be obtained from y by deleting a. Thus ¢ is 
included in ~. Hence ¢ logically implies ¢, and therefore v logically implies yv ¥. From this we 
may conclude that ¢ logically implies av ¥. Thus a is superfluous in ay VW, ie. in ®. 


4.11, Find an irredundant dnf logically equivalent to 
ABC v ACD. ABD v ABC v BCD 


Solution: 

(1) ACD is superfiuous (since Bv & is a tautology). This leaves 
ABC v ABD v ABC v BCD 

(2) B is superfluous (since BC v Bv BC is a tautology). This leaves 
ABC v AD v ABC v BCD 


(3) BCD is superfiuous (since Av A is a tautology). This leaves 
ABC v AD v ABC 


which is irredundant. 
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4.12. Find all prime implicants of ((Av 2)>C)+ ABC by the Quine-McCluskey method. 
Solution: 
First we must expand the given statement form into a full dnf: 
T(AVB)v Cv ABE 
AB Cv ABC 
ABC v ABC v ABC v ABC v ABC v ABC 

Then 

ABC ¥ BC c 

ABC AC A 

ABC B 


—_s 
Dm 
& 
a 
a a 
| eathoeen tl quaemmeniemnenn Tit amie 
> et 
Qa 
i i i i i i 


we oy 


Thus there are two prime implicants: C, A. 


4.13. Find all minimal dnf’s logically equivalent to 
ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 
v ABCDE v ABCDE v ABCDE . ABCDE 
using the Quine-McCluskey method and prime implicant tabies. 


Solution: 
First we find the prime implicants. 

ABCDE 7 { ABDE 
Nae y oo 

ABCDE ABCE 
| ABCDE y¥ Maca 
< ABCDE y ACDE 
[ ABCDE { ACDE 
(apepE | ABDE 
ieche Y 

ABCDE 7 

ABCDE y¥ 


The prime implicants are ABCDE, ABDE, ACDE, ABCE, ACDE, BCDE, ACDE, ABDE. The 
prime implicant table is 


ACBE &) [x] 
x 
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Hence the eave consicts of APOE ADNE ACHYD AANH ABBE Thee wae abtain the new table 
S4U4CU VIET VUE eVALDADUD UL tT ieee | SREP Es by savas is, chwavas, SAEs AS OS bs TG ViUEALAR VLS AAU YY wenNrew 
ABCDE ABCDE 
ACDE x 
ABCE O x 
BCDE x 
: is clear from this table that a minimal dnf is obtained only if we choose ABCE (since all other 
wars of covering both columns would rea beeen di iS ecer ee nl te nanh hasine four litarale) Hance thera 
“yu ws YT ws bl wu Couns Wwuusu require wirw disjuncts, VOLE UAV Ibi, 2UMS J4vwe nase eawssyw wases SS 


a unique minimal dnf: 


4.14. Find the minimal dnf’s for the dnf 
ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 
v ABCDE v ABCDE v ABCDE 
with the don’t care conditions ABCDE, ABCDE, ABCDE, ABCDE. 


Solution: 
First find the prime implicants: 


ABCDE y f ABDE y ADE 
[eee / bee y¥ 
ABCDE v | ABCD 
| ascos y | nes y 

[are / BCDE 
ARCDE / ARDE 
LAascDE y | aBcE 
ABCDE y { ABCD 
ABCDE ¥ BCDE 
ABCDE y ABcDB 
ABCDE y ACDE 
le CDE y ACDE 


Therefore the prime implicants are ABCD, BCDE, ABCE, ABCD, BCDE, ABCD, ACDE, ACDE 
ADE. We obtain the prime implicant table: 


BCDE x x 


ave | fx] i ®) 


Hence ABCD and ADE belong to the core. We obtain the following new table, (Notice that row 


e@ 
, oat a an nein a 
BSCE has been dropped, since it is empty.) 
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We may now use the Boolean or branching method. However, in this case, it is obvious that the 
minimal dnf is obtained using ABCD and ABCD (since any other way of covering all the columns 
would require more than two disjuncts). Hence there is a unique minimal dnf: 

ABCD v ADE v ABCD v ABCD 


4.15. Find all solutions of Problem 4.7, using the Quine-McCluskey method and a prime 


implicant tabla 


Bebe res esey VWs we 


Solution: 
‘The given dnf is ABCD v ABCD v ABCD v ABCD, The don’t care conditions are: ABCD, 
ABCD, ABCD, ABCD, ABCD, ABCD. First we find the prime implicants. 


ABCD y¥ [ aBc 7 (48 
f ABCD 7 ABD y AC 
ine y } aco v | a 
ABCD // | BCD (cD 
| ABCD ¥ ABD y BC 
ABCD ¥ [acd v 
ABCD ABE. ¥. 
ABCD y Bee v 
ABCD y ABS v 
rae BcpD y 
ABCD y Agb y 
ACD y¥ 
(BCD y 
ee ¥ 


Hence the prime implicants are AB, AC, BD, CD, BC; and we obtain the following prime 
implicant table 
ABCD ABCD ABCD ABCD 
AB x x 
AC 
BD 
CD 


Be | @) 
Thus BC is in the core. We then obtain the table 
ABCD 


AB x 
AC |} x 
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4.16. 


45US We May cnocse Cienes ca UE AU, GU WICTE BL VWO setusme Use &. 


into B(C v A)), and BC v AC. Notice that in Problem 4.7 we obtained only BC 
the other answer BC v AC cannot be factored, and therefore the first answer gives us the simplest 
statement form (although both give equally simple dnf’s). 


Thus we may choose cither AP or AC. and there are tes minime l dnfe: PCY AP 
v 


Using the Quine-McCluskey method and prime implicant tables, find all minimal dnf’s 
for 


ABCDEG . ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG 


with the don’t care conditions 
ABCDEG, ABCDEG, ABCDEG, ABCDEG, 
ABCDEG, ABCDEG, ABCDEG, ABCDEG 
Solution: 
The prime implicants turn out to be 
BCDG, CDEG, CDEG, BDEG, ADEG, BCDE, ACEG, ADEG, CDEG, ACD 
(Verification is left as an exercise for the reader.) We then draw up the prime implicant Table I. 
Tabie I 
ABCDEG ABCDEG ABCDEG ABCDEG ABCDEG ABCDEG 


ACD | x x x x 


ABCDEG ABCDEG ABCDEG ABCDEG ABCDEG ABCDEG 


S 
x 
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No annlications of the core operation are pogsible, However, ww 
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umns by dominant column operations: 


ABCDEG (since it dominates ABCDEG), 


ABCDEG (since it dominates ABCDEG), 
ABCDEG (since it dominates ABCDEG), 
ABCDEG (since it dominates ABCDEG), 


ABCDEG (since it dominates ABCDEG). 
Thus, we obtain Table II. 
Table EI 


ABCDEG ABCDEG ABCDEG ABCDEG ABCDE ABCDEG 


fii 


In Table II we can apply the dominated row operation to eliminate the rows of CDEG and 
ADEG (both dominated by ACD), We can also drop the first row, since it is empty. Thus we 
obtain Table III. 


Table III 


ABCDEG 


ABCDEG 


CD 

BDEG 

BEDE x 

ACEG x x 

ADEG x 

“DEG x 
ne oN fN 1 

ACD | CF] WY AJ 


In Table III, the first and third columns have unique entries. Hence ACD belongs to the secondary 


core, We then can drop the last row and the first, third and fourth columns, obtaining Table IV. 


weed. val Cam GLCP ene sas. Few Sane sieSt, 
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Clearly, application of the Boolean method to Table IV yields eight different minimal dnf’s 
(by choosing either the first or second row, either the third or sixth row, and either the fourth or 


fifth row): 


Solution: 


ACD v CDEG v ACGEG v BCDE 
ACD v CDEG v ACEG v CDEG 


(1) ABC v ACD v ABD v ABC v BCD 
(2) ABC v ACDv ABDv ABC v BCD v ABD (Consensus of ABC and BCD) 

(3) ABC v ACD v ABD v ABC v BED v ABD v ACD (Consensus of ABD and BCD) 
(4) ABCv ACD v ABD v ABC v BCD v ABD v ACD v AD (Consensus of ACD and ACD) 
(8) ABC v ABC v BCD v AD (since ACD, ABD, ABD, ACD all include AD) 


Operations (i) and (ii), page 94, are no longer applicable. Hence ABC, ABC, BCD, AD are the 


prime implicants, 


Let us draw the following table: 


BC F BC 


superfluous 


From the third row, o3 V oo04, and we obtain o,09(03 v e20,)04, which is equivalent to o,oo¢,. Hence 


the only irredundant dnf is 


ABC v ABGv AD 


Therefore this is the only minimal dnf. 
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4.18, Apply the consensus method to find all minimal dnf’s for 
ABC v BD. ACD v ABC 
Solution: 


(1) 


(7) 


ABC v BDv ACD v ABC 


ABC v BD v ACD v ABC v ABD (Consensus of ABC and ACD) 


ABC v BD v ACD v ABC v ABD v ABC (Consensus of BD and ACD) 

ABC v BD v ACD v ABC v ABD v ABC v ACD (Consensus of BD and ABC) 

ABC v BD v ACD v ABC v ABD v ABC v ACD v AB (Consensus of BD and ABD) 
BD  v ACD v ABC v ACD v AB (ABC, ABD, ABC all include AB) 


BD v ACD v ABE v ACD v ABv BCD (Consensus of ACD and ABC) 


[CHAP. 4 


Operations (i) and (ii), page 94, are no longer applicable. Hence the prime implicants are BD, 
ACD, ABC, ACD, AB, BCD. 


Now we construct the following table: 


?1 $2 $3 4 %5 6 

BD ACD ABC ACD AB BCD 
BD F F Ac A F 
ACD F F F B B superfluous 
ABE F F D F D superfluous 
ACD B F B F F superfluous 
AB D CD F F F 
BCD F A A F F superfluous 


Hence we have the result 


oy (02 V ogee) (0g V 0406) (04 V oy03)05(0¢ V e209) 


which is equivalent to 


0090506 V 01020305 V 01940505 


Therefore there are three irredundant dnf’s: 


BD v ABC AB v BCD 
BD v ABéEv ABv ACD 
BD. ACD. ABY BED 


Since they are of equal cost, all three are minima] dnf’s. 


KARNAUGH MAPS 
4.19. Using a Karnaugh map, find all minimal dnf’s for 


ABCD . ABCD v ABCD . ABCD . ABCD v ABCD . ABCD v ABCD 


Solution: 
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Handling the checks whose unique largest combination consists of two squares, we obtain the 
four loops indicated in the diagram. Since all checks are covered, the unique minimal dnf is 


ABCy ACB v ABC v ACD 


Notice that, although each of the four checks in the middle belongs to a unique largest combination 
of four squares, that combination is not required, since all the checks in it already have been 
covered. 


4.20. Use a Karnaugh map to find all minimal dnf’s for the dnf of Problem 4.18: 


ABC v BD v ACD v ABC 


Solution: 


Te use a Karnaugh m 


we need not expand the given dnf inte a full dnf. I¢ suffees to place 


map need given d 
a check in every square containing one of the disjuncts. (For example, ABC generates the two 
checks in ABCD and ABCD; BD generates four checks, etc.) 


AB AB AB AB 
| aenan a om 


There are no isolated checks and no checks with a unique largest 2-square combination. 
However, there are checks belonging to unique largest 4-square combinations. The first column 
gives AB, and the other 4-square combination yields BD, The remaining three checks produce 
three minimal dnf’s: 


ABv BD v ACDv ABE (ABCD combines with ABCD, and ABCD with ABCD) 
ABv BD v BED v ABC (ABCD combines with ABCD, and ABCD with ABCD) 
ABv BB v BED v ACD (ABCD combines with ABCD, and ABCD with ABCD) 


4.21, By means of a Karnaugh map, find all minimal dnf’s for 
ABCDE . ABCDE v ABCDE v ABCDE v ABCDE 
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The exaraeek map is 


There is one isolated check, yielding the disjunct ABCDE. There is one check (ABCDE) 
belonging to a unique 2-square combination, which yields the disjunct ACDE. There are two 


checks (ABCDE and ABCDE) belonging to a unique §-square combination, which yields BE. 
Another check (ABCDE) belongs to a unique 8-square combination, yielding BD. Since all the 


checks are covered, we have obtained a unique minimal dnf: 


ABCDE v ACDE v BC v BD 


4.22. Use a Karnaugh map to find all minimal dnf’s for 
ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 
v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 


Solution: zs p= 
AB AB AB AB 


There are four checks belonging to unique largest 2-square combinations (ABCDE with 
ABCDE, ABCDE with ABCDE, ABCDE with ABCDE, and ABCDE with ABCDE), yielding the dis- 
juncts ABCE, ABCD, ABCD, and ABCD. There is a unique largest 4-square combination containing 
ABCDE, and this yields the disjunct BDE. Now there is one check stil! uncovered: ABCDE. 


There are apparently two equally simple ways of covering this check: 
(1) ABCDE with ABCDE, yeaa the cngjanet ACDE. 
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UWsnoraver matien that ae ONG aie a Fe one 


However, notice that in case (2) the 4-square combination {ABCDE, A 
has been covered by four different 2-square combinations, and the disjunct 
fluous. Thus there is actually only one minimal dnf: 


ABCE v ABCD v ABED v ABCD v ABCE 


1 
Qy 
3 
& 
a 
i=] 
g 
4 


4.23. Using a Karnaugh map, find all minimal dnf’s for 


ABCD v ABCD . ABCD 
assuming ABCD, ABCD, ABCD, ABCD, ABCD, ABCD, ABCD, ABCD are don't care 
conditions. 
Solution: 


We use checks for the disjuncts of the given dnf, and crosses for the don’t care conditions. 


The check in ABCD is in a unique largest 4-square combination, yielding the disjunct AB. The 
only uncovered check is in ABCD. This belongs to two 4-square combinations, Hence there are 
two minimal dnf’s: ABv AC and ABv BC. 


4.24. Use a Karnaugh map to find all minimal dnf’s for 
ABCDE . ABCDE v ABCDE v ABCDE . ABCDE v ABCDE 
with the don’t care conditions ABCDE, ABCDE, ABCDE, ABCDE, ABCDE, ABCDE. 


Solution: 
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There is an isclated check at ARCDE. Hoenee this must be a disjunct. The cheeks at AB ne 


and ABCDE belong to unique ie 2-square combinations, producing the disjuncts ABCE | an 
ABCE. The check in ABCD# belongs to a_unique largest 4-square combination, yielding the dis- 
junct BDE. The only uncovered check is ABCDE. This belongs to two 2-square combinations, 
yielding either ABCE or ABCD. Hence there are two minimal dnf's: 


ABCDE v ABCE v ABCE v BDE v ABCE 
ABCDE v ABCE v ABCE v BDE v ABCD 


4.25. Find all minimal dnf’s or cnf’s for 
ABCD v ABCD v ABCD v ABCD . ABCD v ABCD v ABCD 


Solution: 
Draw the following Karnaugh man, 


AB AB AB AB 


oy | |Y | | 


cD 


CB 


cD Y itv |y¥ 


The checks in ABCD, ABCD and ABCD belong to unique largest 2-square combinations, yield- 
ing the disjuncts ABC, ABC and ABC. The remaining check in ABCD belongs to three 2-square 
combinations. Hence there are three minimal dnf’s: 


ABE v ABC v ABC v BED 
ABC v ABC v ABC v ABD 
ABC v ABC v ABC v ACD 
To find the minimal enf’s, we draw the Karnaugh map for the negation: 


AB AB AB AB 


ABCD belongs to a unique largest 4-square combination (the first column), yielding the diajunct AB. 
ABCD belongs to a unique largest 4-square combination, producing the disjunct AC, and ABCD 
belongs to a unique largest 4-square combination, yielding BC. The only uncovered check is ABCD, 
which is isolated. Hence the unique minimal dnf for the negation is 


AB v ACv BC v ABCD 
Therefore the unique minima! enf is 
(Av BA v CB v CAV BV CvD) 


This is simpler than any of the minimal dnf’s. Hence it is the minimal dnf or enf. 
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ACDE v ABCDE . ABCDE | ABCD . ABCDE v ABCDE 
with the don’t care conditions ACDE, ABCE, BCDE, ABDE, ABCDE, ABCE, 


inane 


ADUUE, 


Solution: 


First we draw the Karnaugh map. 


AB AB AB AB 


The check in ABCDE:: is in a unique largest 2-square combination, yieiding the disjunct ABCD. 
The check in ABCDE is in a unique largest 4-square combination, yielding the disjunct BCE. 
The other checks are covered by two 8-square combinations, yielding BD and AC. Hence there is 


a unique minimal dnf: ABCD vy BCE Y BDV AC Ww) 
The Karnaugh map for the negation is: 
AB_AB AB __AB 


The check in ABCDE belongs to a unique largest 2-square combination, producing the_ dis- 
junct BEDE. The check in ABCDE belongs to a unique largest 4-square combination, yielding ABD. 
The remaining checks are covered by two unique largest 8-square combinations, generating ACG and 
AC. Hence there is a unique minimal dnf for the negation: 


BODE v ABDv AGv AC 
and therefore a unique minimal enf for the given dnf: 
(Bv Cv Dv EyAv Bv D\(Av Cy Av 6) (2) 


nd the minimal dnf (1) are of equal cost, Hence there are two minimal dnf’s or cnf’s: 
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Supplementary Problems 


SWITCHING CIRCUITS. SIMPLIFICATION. BRIDGE CIRCUITS 
4.27. Write down a statement form representing a condition for flow of current through each of the 
following series-paralle] circuits. 


(a) 


- Ss 
- ee i ae 


4.28. Write down a statement form representing a condition for fiew of current through each of the 
following bridge circuits. 


(0) TFT 


4.29. Draw e switching circuit having the following corresponding statement forms. 
(a) [(BV A) & (1BVC)] v (C& 1A) 
(+) (A&TBE(CVD)) v (TA &(BVC)) 
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4.31. 


4.32. 


4.33, 


lace the following series-parallel switching circuits by simpler bridge cireuits 
(2) 
A 
‘ = 5] 
a ™S 
A Cc 
Use at most five gwitehes 


Use at most ten switches. 


(e) 


¢ “———_ E 


ee 


Use at most seven switches. 


Is there an equivalent bridge circuit simpler than the series-parallel circuit of Fig. 4-13 


(Byvamale 44) 
\SXOompic 4.57 


A light is to be controlled from two wall switches such that flicking one of the wall switches changes 
the state of the light (“on” to “off”, or “off” to “on”), Construct a switching circuit that will allow 
current to flow to the light under the given condition. (Hint: Compare Example 4.6.) 


A municipal board consists of the Mayor, President of the City Council, Comptroller, and three 
Borough Presidents. The Mayor has two votes and all the others one vote, A motion obtaining 
a majority passes except that any motion opposed by all three Borough Presidents fails. Write a 
switching circuit which will indicate passage of a motion. 
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L 
4.34, 


4,35. 
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Gic CIRCUITS 


Construct logic circuits corresponding to the following statement forms. 
(a) (A& 1B) v (BE (Cv 1A)) 
(b} (A>B)v 1C 


Write down statement forms corresponding to the following logic circuits. 


(2) 
SO 
ema 


4 
ee ESO Cee ee a 
t 


BINARY NUMBER SYSTEM 


4.36. 


4.38. 


4.39, 


4.40. 


4.41. 


eh 
: 

ih 
Nn 


Write the binary notation for the following numbers given in decimal notation: 35, 74, 155, 820, 


Writa tha Aasimal notation for tha followine nymbers wivan in hinnaes eotatinn- 19110 1141011 
We Sete WOES GUT sees ASR uEes 2S wesw a eeU Wesssg, SS eKSier ee SS Btvese BAL eas Y LU UERUAUEL. LULLV,y LLALULL, 
10001101. 


Write the ternary notation (base 3) for the numbers given in Problem 4.36. 
Write the decimal notation for the following numbers in ternary notation: 12011, 222210, 10110. 
Solve Problem 4.36 for base 6 and base 8, instead of base 2. 


Do the following additions in the binary system (and check by going over to the decimal system). 


(a) 11101 (b) 11000 
+ 1011 + 101110 


Do the following multiplications in the binary system (and check by going over to the decimai 
system). : 
(a) 11101 (b) 11000 

x 1011 x 1010 
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4.43. (a) Let a non-negative integer less than 10 be given in binary notation: a3@,0,¢), Letting A A; stand 
for “a; is 1”, construct a logic circuit producing the statement that the given integer is a per- 
fect square, 

(6) Same as (a), except that the resulting proposition states that the given integer is even. 
(c) Same as (a), exeept that the resulting proposition states that the given integer is a perfect 
eube, 


4.44. (a) Using half-adders and full adders, draw a logic circuit which carries out the addition of two 
four-digit binary numbers. 


(6) Same as (a), except that three two-digit numbers are to be added. 


4.45. Translate the following decimal integers into binary notation using the method of Problem 4.4: 
27, 59, 124, 


4.46. Translate the decimal numbers of Problem 4.45 into ternary notation, using a method analogous 


to the one given for binary notation. 


4.47. Perform the following hinary subtractions directly and also hy the method indicated in Problem 44. 
(a) 1100110 ) 1110001 (c) 10101 
— 111011 — 1611106 — 11610 


4.49. Under the same assumptions as in Problem 4.7, use don’t care conditions to find a simple switching 


Sum ees a: fan 42 £- eee eae 
circuit for the following properucs. 


(a) the given number is odd; 
(6) the given number is composite (i.e. has a divisor different from 1 and itself). 


450. Which of the following dnf’s are simpler than the dnf ABC v AB v BCD? 
(a) ABv ABC; (8) Av By CDv AC: (c) ABCD v ABC: (d) ABCD v AC v AB. 


4.51. Which of the following are prime implicants of the dnf ABC v AB v BCD? 
(a) A, (8) AC, (c) ABD, (d) BCD. 


(Note: There are prime implicants which do not occur in this list.) 
452. Show that * is logically equivalent to y v ¢ if and only if y logically implies +. 


4.58. Determine whether the fundamental conjunction AR is superfluous in 


(a) ABC v AB v BC; (b) AC v BC v AB, 


4.54. Determine whether the fundamental conjunction BC is superfluous in 


(a) ABCD v ABCD v ABCD v BC: (0) BC v ABD v BD v AGD. 
4.55. Show that.y v ¢ is logically equivalent to ay v @ if and only if y logically implies av ¢. 


4.56. Determine whether the first occurrence of the literal C is superfluous in 


(a) ABC v AB v CA; (b) AC v BC v AC. 


4.57. Determine whether the first occurrence of the literal B is superfluous in 


459. 


4.60. 


4.61. 


4.62, 


4.63. 


4.64, 


4.65. 


4.66. 


4.67. 


4.68, 


4.69. 


4.71, 


4,72, 
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Prove that a full dnf containing n letters is not a tautology if and only if it has fewer than 2* 
disjuncts. 


Find full dnf’s logically equivalent to (a) ABD v ABC; (b) Av BC v AC. 
Carry out the proof of Theorem 4.4, using Lemmas 4.2-4.3. 
Show that if ya logically implies @ and yZ logically implies , then y logically implies ¢. 


Find all prime implicants of the following statement forms, using the Quine-McCluskey method. 
(a) (AB<>C) & AC 
(b) ABC v ABC v ABC v ABC 


(ec) ABCD v ABCD v ABCD v ABCD v ABCD 
(@) ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 


Do the irredundant dnf’s of Problem 4.58 contain all their prime implicants? 

Prove that a statement form is logically equivalent to the disjunction of all its prime implicants. 
Find all the prime implicants of the dnf in (a) Problem 4.11, (8) Problem 4.51. 

Construct the prime implicant tables for the dnf’s in Problem 4.638, ¢, d. 


Find the minimal dnf’s for the dnf’s in Problem 4.636,¢,d, using the Quine-McCluskey method 
and prime implicant tables. 


Find the minimal dnf’s for the following dnf’s, using the Quine-McCluskey method and prime im- 
Plicant tables, 


(2) ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 
v ABEDE v ARCDE v ABCBE v ARCDE 
(6) ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 
(ce) ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG 
v ABCDEG . ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG 
v ABCDEG v ABCDEG v ABCDEG v ABCDEG 
(4) ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 
v ABCDE v ABCDE v ABRCDE v ABCDE 


LI se L a i 
WISI &.v0Uu, U m sinimal Ul Ds 


Give a full argument showing that, if ¢ is a full dnf and, in the prime implicant table for +, every 
column contains an entry from a row corresponding to a fundamental conjunction in the core, 


than the dieinmation af the maha. af the woes tha semimea eetetenn) Bef fae 2 fof Boel 
VAwa the GiSjUNCUCH WA VIS IMUCIEANVE LD Ve vase LUE is vale UnIgue minima “ae 2UL OY (wa, Examples 
4.25-4,26). 


Verify the assertion in Example 4.29 that members of the secondary core must be a disjunct of 


every minima! dnf. 
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4.74, 


4.75. 


4.76. 


4.77, 


4.78, 


4.79, 
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Bind minina Vo Ave f!a Pane bhin Falla wertee Am aoedh 
Find minimal dnf’s for the followin 16 G Wit 


method and prime implicant tables. 


Er 


(a) ABCDE v ABCDE v ABCDE v ABCDE v 


ABCDE, ABCDE, ABCDE, ABCDE, ABCDE, ABCDE. 


with don’t eare conditions 


(b) ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE, with don’t care conditions 
ABCDE, ABCDE, ABCDE, ABCDE, ABCDE, ABCDE, ABCDE. 

(c) ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCDEG v ABCBEG v 
ABCDEG v ABCDEG, with don't care conditions ABCDEG, ABCDEG, ABCDEG, ABCDEC, 
ABCDEG, ABCDEG, ABCDEG, ABCDEG, ABCDEG. 


Show that if one fundamenta] conjunction y, includes another y,, then 
to ¥1V vo. 


¥2 is logically equivalent 


By the consensus method, find all prime implicants of the following dnf’s: 
(a) ABC v ABCD v ABC v BCD; (b) ABCD v AB v BCD v ABCD v ABCD. 


By the consensus method, find all prime implicants of the dnf’s in: 


(a) Problem 4.11, (6) Problem 4.13, (¢) Problem 4.636, (d) Problem 4.69a, c. 


Check the solution to Problem 4.18 by expanding the original dnf into 
Quine-McCluskey method. 


Apply the consensus method to find all minimal dnf’s for: 


a full dnf and using the 


(a) AE v BCE v ABCD v ABCDE; (b) ABC v BCD v ACD v ABD; (c) AC v BC v BD v BD. 


Check your results by using the Quine-McCluskey method. 


Apply the consensus method to find all minimal dnf’s for: 


(a) dnf in Problem 4.13; (6) dnf’s in Problem 4.69a, 6, c,d; (c) dnf’s in Problem 4.75a, b, 


KARNAUGH MAPS 


4.80. 


4.81. 


Using Karnaugh maps, find the minimal dnf’s for: 

(a) ABC v ABC v ABC v ABC v ABC 

(6) ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 

(c) ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 

(d) ABCD v ABCD v ABCD v ABCD v ABCD v ABCD v ABCD 

v ABCD v ABCD v ABCD v ABCD 

CDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCD 

v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 
v ABCDE v ABCDE v ABCDE 
ABv ACDE v ABD v CDE v ABD 


(e) AB 


(/) 


Solve Problem 4.48 by means of a Karnaugh map. 


Karnaugh maps, soive Frobiems 4.69a, 6,¢c,d and 4.78a, &. 


Ev ABCDE 
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4.85. 


4.86. 


4.87. 
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1 minimal dnf’s for 
ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 

v ABEDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE 
IinARe  ayannw Fal 


v ABCDE v ABCDE v ABCDE v ABCDE 


(Be sure that you are not using superfiuous disjuncts.) 


Using Karnaugh maps, find all minimal dnf’s for the given statement forms, with the indicated 
don’t care conditions. 


(a) ABC v ABD v ACD v ABCD, with the don’t care conditions ABCD, ABCD, ABCD. 


(6) ABGDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE v ABCDE, with the don’t care 
conditions ARCD, ABCDE. 


(ec) ABC v ABCD v AC, with the don’t care conditions ABCD, ABCD, ABCD, ABCD. 


Find all minimal dnf’s or cnf’s for the statement forms in 
(a) Problems 4.13, 4.18, 4.19, 4.21, 4.22. 
(8) Problems 4.636, c,d, 4.69e, 6, ¢,d, 4.78a, b,c, 4.80a-f. 


Find all minimal dnf’s or enf’s for the following statement forms, with the indicated don’t care 
conditions. 


(6) Same as Problem 4.24. 
(c) Same as Problem 4.16. 
(d@) Same as Problem 4.14. 


(e) Same as Problem 4.732, 8, c. 


Chapter 5 


Topics in the Theory 
of Boolean Algebras 


partial order = on L satisfying: 
(L4) For any 2 and y in L, the set {z, ¥} has both a least upper bound (lub) and a greatest 
lower bound (gib). 


We have seen in Chapter 3 (Theorem 3.9) that a Boolean algebra & determines a lattice 
(B, =), with xvy and x,y as the lub and glb respectively. Therefore it should cause no 
confusion if, for any lattice (L,=) and for any x and y in L, we use xv y and xy to denote 
the lub and glb of {x,y}, respectively. 


Example 5.1. 
The set {a, 6, ¢, d, e, f} is not a lattice with respect to the partial order pictured in Fig. 5-1. For, 


{a, 6} has no lub. 
7 eer 


d 


ee) 


@ Se ) 
Fig. 5-1 


Theorem 5.1. For any elements x, y, 2 of a lattice (L, =): 
(a) wax=2z and avx=2 = (Idempotence) 
(b) aay=yaa and tvy=yva (Commutativity) 
(c) wa(yaz) = (tay)az and av (yvz) = (tvy)vz  (Associativity) 
(d) ea(avy) = @ and ev (tay) = x (Absorption) 
(e) t=y @ way=x and T=¥ @& LvYy=y¥y 


(f) wHy > (aanzHynz & avze=yv2) 


Proof. (a) and (b) follow directly from the definition of lub and glb. 
(c) First, notice that 2a (yaz) = ynz = z, Also, ta(yaz) = ynz = y and za(yazZ) = 2. 


TMhannfawan lee Af i4i2- -£ -~IL ae fap 7 oY’ atom he TMLee ate ae haere Oot fee ol a 
SAUCLCLVLS MY UCRILILIUIL UL BID, HAVE N®) —— AN Ue AGUS SLICC We MavYO WAY Ns) bad 


and ra(yaz) = xay, it follows by the definition of glb that wa(yrz) = (ray) az. 
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Using this result twice, we have (TAULAZ = aa(zay) = (Zaa)ay = yalzZa xy) < 
(yaz)az =a2a(yaz). Thus 2a(yaz) = (way)az and (DAY) A ne <= DAY AD); and 


therefore by (PO8), aa(ynz) = (e@ay)az. A similar proof shows that 
av(yvz) = (avy)v2z 


(d) Clearly, =z and «=avy. Hence by definition of glb, z=aa(xvy). But xa(rvy) 
=z. Therefore by (PO3), za(xvy)=2. Similarly, wv (any) = 2. 


(e) First, if way=a2, then w=aany<=y. Conversely, if «<y, then, by definition of 
glb, tcay=x. Similarly, c=y @ rvy=y. 
(f) Assume s=y. Then 
(Az) a (yan2) = (@aylaz (by (2), (0), (¢)) 
= #az (by (2)) 


Therefore txnz=yanz, by (e). Analogously, (zvz)v (yvz) = (avu)vz = wvz, and 


therefore rvz=yvz.> 


® 


By a unit 1 of a lattice (L,=) we mean an upper bound of the whole set L. It is clear 
that, if a unit exists it is unique. By a zero 0 of (L,<) we mean a lower bound of LZ, and 
clearly, if a zero exists it is unique. Obviously we have 0v7=0, Ov2=z, evl=1, 
aanlz=v2 for all x in the lattice. 


A lattice may lack a unit. For example, the set of all finite subsets of the set of integers, 
with respect to the partial order C, is a lattice without a unit. A lattice may lack a zero, 
e.g. the lattice of all cofinite subsets of the set of integers with respect to the partial order 
Cc. In the lattice determined by a Boolean algebra (B, rg, vq, “8, 0g, 14), lg is the unit of 
the lattice and 04 is the zero of the lattice. 


A lattice is said to be distributive if and only if it satisfies the following two laws: 
(L5) aa (yvz) = (wn) v (42 Az); 
(L6) wy (yaz) = (avy)a (tv). 


Theorem 5.2. In any lattice, (L5) is equivalent to (L6) (and therefore in the definition of 
distributive lattice it suffices to assume either (L5) or (L6)). 


Proof. Assume (L5). Then 
(avy) a (avez) = [(evy)ag] v [(zvy)az] = av [(2az) v (yaz)] 


[wv (2az)) v (yar) = wv (yaz) 


Therefore (L6) holds. The proof of (L5) from (L6) is similar and is left to the reader. p 


The lattice determined by a Boolean algebra is distributive. (L5) and (L6) are simply 
Axioms (8) and (4) for Boolean algebras. 


Example 5.2 


The lattice shown in Fig. 5-2 is not distributive. For, a Ss 
da(bve) = dai=d 
while (dab) v (dnc) = 0v0 = 0 Le 


*0 
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m than latina 


A lattice with zaro 0 and unit 1 je anid ta hea sam ang in the lattice; 


£4 ss OS Wied Gury v Gia Ulu 2 iS SSIG tO DE COM, ce 


there exists an inverse x’ in the lattice such that zvz’=0 and xv2x’=1. Obviously the 
lattice determined by a Boolean algebra is a es 


If a distributive lattice with zero and unit is complemented, then, for any x, the inverse 
x’ is unique. To see this, note that the proof of Theorem 3.1 (uniqueness of complements 
in Boolean algebras) still is valid under the given assumption. 


Theorem 5.3. A complemented distributive lattice (L,<) with 0 +1 determines a Boolean 
algebra (L, a, v,’, 0, 1) 


Proof. Axioms (1)-(2) were proved in Theorem 3.1(b). Axioms (3)-(4) are just the dis- 
tributive laws. Axioms (5)-(6) have already been treated above. Axioms (7)-(8) follow 
from the fact that the lattice is complemented, and Axiom (9) is part of our hypothesis. p 
5.2 


TAMG 
av 


Poy ei 


A nonzero element b of a Boolean algebra is said to be an atom if and only if, for all 
elements x of the Boolean algebra, the condition z=b implies that r=b or x=0. 


Example 5.3. 


In the Boolean algebra P(A) of all subsets of a non-empty set A, the atoms are the singletons {x}. 
i.e. the sets consisting of a single element. 


Example 5.4. 


The Boclean algebra of all positive integral divisors of 70 (cf. Example 3.4) has as its atoms (2,5, 7}, 
as is evident from Fig. 5-3. (Remember that the integer 1 is the zero element.) - 


rah 
LOR 
nl 


sii 5-3 


For any atom b and any element z, either bar =b or bax=0 (since bAx=b). 
This has the following consequences: 


et <2 


(i) If b isan atom and b=av---van, then b=, for some i. (For, if b #2, then 
bAx~b and so baxi=O0. Hence if b+; for all i, then b = DA(mv~--- van) = 
(Baai)v-++v (baa. = Ov---v0=0, which is a contradiction.) 


(ii) If b and ¢ are different atoms, then bac=0. (For, if bDac~¥0, then bD=bac= 
cab=c.) 


(iii) If 6 is an atom and 642%, then b=2’. (For, b=1=2v2"’, and we then use (i).) 


A Boolean algebra is called atomic if and only if, for every nonzero element x of the 
algebra, there is some atom 6 such that =x. The Boolean algebras of Examples 5.3-5.4 


ara both atomic 


Gs well SUVITiC. 
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Proof. Given a nonzero element 2 of the algebra. Assume there is no atom } such 
that b=-2. In particular, 2 is not an atom and therefore there is some nonzero element 


ak dha = anda mm. atm. lia AZ mH Mm. nmawnnt ha an atame hanna thara ia 
ey such that 1 _ Zo Bs WL WU ble v™ Vi —~ We ei NAUALEEY UG I BOER UV ESS) SEULELE LAEELE SH 
some nonzero element 72 such that 22 < 2%. Continuing in this way, we obtain a sequence 
Xo, %, 2, ... such that ro>21>%2>---.t All the terms of this sequence are distinct 


(by Theorem 3.8), contradicting the fact that there are only a finite number of elements 
in the algebra. p 


Given an element x of a Boolean algebra B, we define 4(xz) to be the set of all atoms b 
of B such that b=-z. Clearly, ¥(0)=@ and ¥(1) is the set A of all atoms of 2. 


Lemma 5.5. In an atomic Boolean algebra B, the function ¥ is one-one, ie. if «x y, 
then (x) * ¥(y). 


hen «#y or y#u; say, e#y. Hence xay’ 0. Since 
B is atomic, there is an atom b=zay’. Then b=2 and so bE W(x). However, b=y’ 
and therefore 0 ¢ v(y). (For, if 0=y, then d=yay’=0, and 0 wouid have to be 0.) 
Hence ¥(x) ~ ¥(y).> 


Theorem 5.6. Every finite Boolean algebra @ has 2" elements, where the positive integer 
nis the number of elements in the set A of atoms of @. 


Proof. By Theorem 5.4, B = (B,a,v,‘,0,1) is atomic, and, by Lemma 5.5, ¥ is a 
one-one function from B into the set P(a) of all subsets of A. Now let C be any subset of 
A. Since @ is finite, so is A and therefore also C. Thus C = {0;,...,0,}. Let x = 
biv-:+v by. Then ¥(x) = {bi,...,01) =C. (For, b= Oe -++vb. =2 for all 7. Thus 
CC¥(x). On the other hand, if '€ ¥(z), then b=27=b:v--:vbdy. Hence 


b= baw = ba(biv-:-v de) = (DAS) v -+: v (BA DK) 


Now if b were different from all the b/s, then each BA0;=0 and we would have 
b=0v:++v0=0 which is impossible. Thus 6 =}, for some i, ie. ¥(x)CC.) We have 
proved that ¥ is a one-one correspondence between B and the whole set P(A). Since A 
has 7 elements, P(A) has 2" elements and therefore B also must have 2* elements. > 


Something more can be said about the function ¥. 


Theorem 5.7. If B is an atomic Boolean algebra, then the function ¥ is an isomorphism 
from B into the Boolean algebra P(A). If B is a finite Boolean algebra, then 
¥ is an isomorphism from B onto P(A). 


Proof. Remember that A is the set of atoms of B, and ¥(x) = {b: BEAK b= sr}. 
We already know from Lemma 5.5 that ¥ is one-one. Next, we show that ¥(x’) = ¥(z). 
For, on the one hand, if b is an atom and b=2’, then b#-2. Thus ¥(2’)C H(z). On the 


other hand, if b isan atom and b #2, then b=’. Thus ¥(z)C¥(z’). Hence Ha! ) = ¥(2). 
Finally, we shal] show that ¥(xay) = ¥(x)N ¥(y). On the one hand, if an atom b=aay, 
then b=az and b=y. Thus ¥(xay)C¥(z)N¥(y). On the other hand, if b is an 
atom and D=x & Oy, then b=crany. Thus ¥(z)N¥(y)C¥(zay). Hence ¥(zay) = 
¥(z)N¥(y). Hence ¥ is an isomorphism from B into P(A). When B is finite, the proof of 


tWe use the usual conventions: z=y means y=; z > y means y< 2; x#y means Wx=y); 2+ y means 
VW(e < y), 
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Corollary 5.8. Any two finite Boolean algebras with the same number of elements are 
isomorphic. 
Proof. By the second part of Theorem 5.7 and Theorem 5.6, it suffices to show that, if 
A and C are finite sets with the same number of elements, then the Boolean algebras P(A) 
and P(C) are isomorphic. Let A = {@1,...,a.} and C={c,...,¢e}. Define the function 
© from P(A) into P(C) as follows: for any subset {ay,...,@%} of A, let ({an, ...,@%}) = 
{en,...,¢a}. It is obvious that @ is the required isomorphism. > 


The second part of Theorem 5.7 shows that any finite Boolean algebra is isomorphic 
with a Boolean algebra of all subsets of a set A. This turns out not to be true for arbitrary 
infinite Boolean algebras, although, as we shall see later, any Boolean algebra is isomorphic 
with oa fiald of gets (i 2. toa subalgebra of the Boslean aleebra of all subsets of a set). 


Ww LVVICGIL Gigcera 


33 SYMMETRIC DIFFERENCE. BOOLEAN RINGS 

In a Boolean algebra B we define the operation + of symmetric difference as follows: 

ety = (tay’)v (aay) 

In the Boolean algebra P(A) of all subsets of a non-empty set A, s+y=azay (cf. 
Section 2.6). In the Boolean algebra of statement bundles (cf. Example 3.5), [A]+[(B] = 
iA+B], where the second + is the exclusive-or connective. 

Theorem 5.9. The operation + has the following properties. 
(a)at+y =yte 
(o) s+0=2 
(ec) e+e’? = 1 
(dq) e+(yt+z) = (@t+y) +2 
(e) ea(yt+2) = (tay) + (22) 


(ff) z+z2=0 
(9) tm+y=ut+z7y=2 
(hk) l+2 = 2 


() ewty=zr7y=aetz 
7) m= zaxrt+z=0 


Proof. 
(a) ety = (ray) v (zy) 
yte = (yar) v (yan) = (y’ae)v (yan’) = (Bay) v (a’ ay) 


(b) +0 = (xa0’) v (x 00) 
(c) ote! = (2 a (x’)’) v (e’ an’) = (taa)va’ = ave’ =) 

(d) c+ (ytz) = 2+ ((yaz’) v (yz) 

(za f(y az’) v (y’ az))’) v (a! a [(y rz’) v (Az) 
[za(y’v2) a (yv2)] v [ei ayaz’) v (ay aaz)] 
fan ((y? az’) v (yA2))) v [(2’ ayaz) v 2’ ay’ n2z)] 


(say az’ys (@ ayaz). lat aya) (2’ ay a2) 
/ AB) WV (eA v ay az) 


(tal)v0 = wal = 2% 
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On tha othar hand. (xr +¥) +2= 2+ (x + y). But, to ealeulate z+ (x +9. we nga 


Wee Wasw Wusewe sanessay pw ft a 


the equation just found for z ee (y ie: after substituting z for x, x for y, and y for z. 
We obtain 
at(aty) = (zany) v (eatay)y (2 artay’) v (2 rz’ ny) 


= (LAY az) v (Paynz)v (LayaZz)v (Lay’ az) 
= £+(y+2) 

AR) = BAPAL) v (BAW Az). 
(aay) v (@Az)'] v [(e ay)’ a (4A 2)] 
= [(eay) a (@’vz)] v [ev y¥) a (2 A2)] 

[yn (ea (a ve"))] v [((2" vy") Az) A2)] 


[Yataz |v [way nz] = (CaAYaz’) v (Bay Az) 


“~ 
i) 
=e 

& 
> 
=~ 
C~ 
4 
a 
I 
& 
> 
-~ 
e 
> 
Rn 


(hk) Add x to both sides of (c) and use (f). 

(t) Add a to both sides of z+ y = z and use (f). 

(7) Taking y=0 in (2) yids s=z>2x+z=0. If we exchange y and z in (2) and set 
y=0, weobtain 7+z=072=2.) 


tructure m—_ ID 1t yw MW ehawn Dia nm nat 1 a 
LPULLUAS AO [sby Ty Ny V)Jp WAUITLE Sb 1D GH OU, T Gil 


operations on R, and 0 is an element of 2, such that 


(1) (@t+y) +2 = z+ (y+2); 
(2) e+y = y+; 


(5) (@xy) Xz = 2X (yX2); 
(6) xx (y+z) = (%Xy) + (x2); 
(7) (yt+2)x@ = (yX x) + (2X2). 
A ring & is said to be commutative if and only if, in addition, 
(83) cXy = yXa. 
A ring & is said to have a unié element if and only if there is an element i in & such that 
(99) axl=1x2= 2. 
(Clearly, there cannot be another unit element u, for we would then have u=1Xu= 1.) 


In Theorem 5.9 we have already verified that a Boolean algebra determines the com- 
mutative ring (B, +, a, 0) with unit element 1. This enables us to apply the highly developed 
algebraic theory of rings to the study of Boolean algebras. But we also can give a more 


rant Tan wee nt +3 nan we we = 
Preciss characterization. of Booéan alzcbras in térms of mngs,in the following way: 
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for all x. (Here we employ the usual abbreviation: x? = x x 2.) 


Theorem 5.10. Let ® = (R, +, X,0) be a Boolean ring. Then 
(a2) c+2 = 0 
(0) « = -2% 
(ec) e+y=0 eo rH=y 
(dq) x<Xy=yXa (Thus the ring must be commutative.) 


Proof. First, we observe that for an arbitrary ring the cancellation law x+y =2+2 7 
y=z holds. Por, if c+y—=x2+z, then 


(—z) + (@+y) = (—&) + (x +2) 


((—x) +a) +y = ((—z) +z) +2 
Ory = 0+2 
y=2 
From the cancellation law it follows that 
e=xutz7 2z2=0 (1) 


For, if s=xz+z, then x+0=2+2, and the cancellation law yields z= 0. 

'G) ote = (ate) x(et+z) = P+ ete ete = e+at+aet+e. By (1), r+a = 0. 

'5) Since r+2=0, r=(—2) by the uniqueness assumption for (—x) (cf. Axiom (4) for 
rings). 

‘¢) If w+y=0, then, again using x+2=0, we conclude that z=y by the uniqueness 
assumption of Axiom (4). 

Di (aty) = (@ty) x (ety) = 2+ (exy)t(yxat+y = (a@t+y)+(exy) + (yX 2). 
By (1), 0 = (xXy)+(yX2). Hence by (c), eX y = y Xap 


Theorem 5.11. Let ® = (R, +, x, 0) be a Boolean ring with unit element 1~0. If we 


define 
‘=> 14+%, Bayruxy, avy =xutyt(exy) 


then @ = (R,~,v,’,0,1) is a Boolean algebra. 
if: wr ean = a 7 12. A * fas sms *  _ TM q 1 = eer 
J. We must verily AXIOMS (L)-(9) I0r Boolean aigepras. 


1 2vy= Yva. 
evy =atyt(exy = ytut(yxsz) = yva 


fay = yan. This is just (d) of Theorem 5.10. 
i ed ~(yv2) = (tay) v (a Az). 
ca(yv2) = 2x (ytet(yX2)) = (eX y) + (a Xz) + (2X (y X 2) 
(2 xy) + (2X 2) + ((2Xy) x (@X2)) 
(xX y) + (x Xz) + (x? x y Xz) 


(way) v (% Az) 


(aXy)+(ax2a)+(exyXz) 
{eX YY} x 7 MYX 
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“ae = 2+(yXz)+(uxyXz) 
[(evy) ax] v [(@vy) az] by (3) 
= [(eas)v (yas)] vy [(@az) v (yrz)] by (8) 
= [zv(yxa)] v [(@xz) v (yx2)] 
= [e+(2Xy) + (aX 2X y)] v [(@ Xz) + (YX 2) + (4X YX 2)] 
= [e+(axy) + (xXx y)] v [(@ x2) + (y Xz) + (wx y Xz) 
= av [(exz) + (yXz) + (ex yX2)] 
= ee ee ec ee 


(cv y) a (zvz2) 


(@ X ¥ X z) 

Gi agate x (y X z)) + (eX (ex YX z))} by (8) 
= @+ (wX2) + (YXz) + (@XYXz) + (UXz) + (OXYXz) + (EX YX2) 
= at (yXz)-+ (2x yXz) + [(z Xz) + (2X z)) + [(exyxz) + (exyXx2z2)] 
= aut(yXz)+(exy Xz) 


(5) rv0 = 9. 
ev0 = 2+0+(2x0) = + +0+0 = 


(Note that we have used the fact that, in any ring, xx0=0. To see this fact, observe 
that x0 = x x (0+0) = (x x0)+(xzxX0); and then by (1) in the proof of Theorem 
5.10, xx0=0.) 


(6) al = 2. 
This is just x X1=4%, which follows from the definition of a unit element. 


(7) eve’ = 1. 
ave’ = utat(exa’) = ot+(l+2) + (ex(1+2)) 
= 1+(@+a)+ (2x1) +(ex2z)) = 14+0+(44+2) = 14+04+0=1 
(8) caaz’ = 0. 


eae’ = xX (1+) = (@x1)+(e@xz) = xz+x = 0 
(9) 01. This is an assumption of the theorem. > 


Thus we see that a Boolean ring with nonzero unit element determines a Boolean algebra, 


Danlanes aleahen Antareminase 2. Daazlane wine oth anangeaesn unit alamwanit 


mloiesan wanan ami 
an tu vice Versa Gly MUVUUITGL GIBUNIG GEvermines &@ wdOG.tan i115 Wit TlOnZero Unit Gemeni 


(essentially Theorem 5.9). 


Aw mrepremeary 2 sevrerc ay, 


5.4 ALTERNATIVE AXIOMATIZATION 
ms for 


Ss 
There are numerous axiom systems for Boolean algebras.t The following system is ¢ 


variation of one due to Byrne [101]. 


pars, Sie oe NSO i ae ee ED 
A Byrne algebra is a structure (B,,’,0) where B is a set, , is a binary operation on B 


‘is a Singulary operation on B, and 0 is an element of B, satisfying the postulates: 


tThe one we have used (Axioms (1)-(9)) is due to Huntington [121]. For systems proposed up to 1933 
ef, Huntington [1291 For later work, cf. Sikereki [148], ». 1, footnote 1. 


— a ee, eee, caw emcee [Sash or 


CHAP. 5} TOPICS IN THE THEORY OF BOOLEAN ALGEBRAS 141 


(Bl) tay = yar 

(B2) ea(yaz) = (ray)az 
(B38) tar =2 

(B4) rzay=0 6 wayre 
( 


Let us introduce a few definitions. 


Definitions. 


1 for 0’ 
avy for (2’ay’)’ 
a<=y for tay=2 


From what we have already proved, it follows that, for any Boolean algebra (B, a, v,’, 0, 1), 
the structure (B,~,’,0) is a Byrne algebra. The converse is established in the following 


theorem. 


Theorem 5.12. For any Byrne algebra (B, »,’,0), the structure (B, 4,v,’, 0,1) is a Boolean 
algebra, where v and 1 are defined as above. In particular, 


(2) 
(0) 
(c) 
(d) 


tar =0 

tay =0eo ry 
=e 
rHy&y=nz7> e=y 
rHy&ysz7> r=2z 


TAY=L 
g£agQ=0 
av“ = 


avy =yve 
ev (yvz) = (rvy)vz 

Gve=—=f 

tHyo yi =2’ 

avy=1leavy=2 

Duality: Any theorem in the language of Byrne algebras (i.e. involv- 


ing the symbols ~,’,0) is transformed into another theorem when we 
replace ~ by v, and 0 by 1. Under this replacement, the defined term 
av y (i.e. (2? \y’)) becomes (2’ v y’)’, which is equal to 2» y, and the 
defined term 1 (i.e. 0’) becomes 1’, which is equal to 0 (by (A)). Thus 
the dual of a theorem is a theorem. 


mw alan oa 8 {Wamnns tha Anal nf » 2auia annivalant ta yw = ©.) 
ww ywuruwvyg~—y (220 WIT UUAL UL aT YF LO SYM VeeawlEl oY Y woz 
zal x 

zv0 =f 

mm ~r — 1 

eve = a 

zervy 

ev (fay) = ZaA(evy) = 2 

ety om lranzreune & eovye2eHuy 2) 

2 ¥ (\ZAz YA? BrAvZ Yv 2} 
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(p) 


(@) 
(r) 
(8) 
(t) 


TOPICS IN THE THEORY OF BOOLEAN ALGEBRAS [CHAP. 5 
(wp\) (eee & ywez) > ovustz 
ep Wee SS / g 
(ce) (24a &z=y) > Hany 
(y) @a(e’vy) = ray 
(1) @a(yv2) = (tay) v (@arz) 
(22) wv (yaz) = (@vy)a (rvz2) 
(z3) Axioms (1)-(9) for Boolean algebras hold. 
Proof. 
aaa = 2. Hence by (B4), eax’ = 0. 
This follows immediately from (B4) and the definition of =. 
This follows immediately from (B3) and the definition of =. 
Assume ay & y=a. Then zay=2& ynaxr=y. By(Bl), z=y. 
Assume 2=y & y=z. Then tay=x2& yanz=y. Hence waz = (tany)az = 
ea(ya2) = way =x. Thus zz. 
(ray)aw = (Lat)ay = aay. Thus ray = a 
AO = Ba(Ha2’) = (aglaw = ear = 0, 
Zz’ AL =p’ nz’ = 0 (by (a)). Therefore x” =a (by (b)). Likewise, 2’’ =a’ and 
a’ <2", Hence x’ = x (by (e)). Therefore 2’ vx’ =0 (by (b)). Hence 2’ = 2/” 
(by (b)), and therefore 2’ = x” (by (d)). Thus xa2’” =0 (by (a)), and then «= 2” 
(by (6)). Therefore x= x” (by (d)). 
vy = (Lr? ay’) = (xay). Hence (a’vy’)’ = (way)” = way. 
avy = (ayy = (Wary = yve. 
av(yvz) = (a’a(yaz’y’y = (Waly az’). 
(zvy)vz2 = zv(evy) = (Za(tlay’)Y = (tay azyy. 
ve = (a ar’ = x” = 2. 
Assume z=y. Then zay’=0 (by (d)). Therefore y’nz” =0, and, by (b), y’ =x’. 
Conversely, if y’=2’, then +” =y”. Hence +=y. 
y=ro 2’ =y' (by (m)). Therefore z’nay=0 — 2 ay =2'’. Hence (2’ay)’= 
0’ @& (2’ ay’)! =2" andso tvy'=1 @ avy=2. 
Changing » to v and 0 to 1 transforms the axioms for Byrne algebras into theorems. 
((B1) becomes (7); (B2) becomes (k); (B3) becomes (1); (B4) becomes (”); and (B5) becomes 
1 ¥ 1’ which by (hk) is equivalent to 10.) Hence if we make these changes in all 
propositions of a proof, we obtain a proof of the transformed theorem. 
zHayo yer’ 
ee yaw =’ 
2 (y’ A x’y’ = y” 
o vy = y 
0=2z’, by (g). 2=1, by (m) and (hk). Therefore ra1=72. 
This is the dual of (q). 
This is the dual of (a). 


This is the dual of (f). 


pais rele Ne 
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(v) Assume x=y. Then avy = a Hence (zaz)a(yaz) = (tay) az = taz. Thus 
2az=yanz. Also, since = y, we have, by (p), ev y = y. Hence (avz)v (yvz) = 
(avy)vz = yvz, and so by (vp), evz = yve. 


(w) Assume x=z&y=z. Then z=zvz=zvy. Therefore zv(rvy) = (eva)vy = 
Zvy =z. Hence avy = z. 


(YY) wa(zivy) = aa(av’ayy = aal(tayy. Hence 
(ta(evy) ay = (eay)a(aayy = 0 
Then by (B4), za(z’ivy) = (ra(z’vy))ay = ra((e’vy)ay) = way (by (u)). 
ia) First, y= yvz & z=yvz (by (i). Therefore by (v), tay=aatyv2) & &nz= 
za(yvz). Hence by (w), (way) v (aaz) = za(yvz). On the other hand, 
SA (YVzZ) A (BAY) v (BAZ)! = BA(YV2Z) a (BAY! a (Baz) 
= anlyvala levy’) a {ev 2) 
(yv2) a (@ala’vy’)) a (ea (a’v 2") 
= (yvz)a(ray’)a(zaz’) (by (y)) 
= LAYVZA(Y AZ) 
Aly nzy a (yi rz’) 
= 2rad=—0 


Hence 2 (yvz) = (tay) v (xz), by (d)). Now apply (d). 


(z2) is the duai of (21). 


(za) All the Axioms (1)-(9) for a Boolean algebra already have been proved. > 


55 IDEALS 


An ideal of a Boolean algebra B = (B,,v,’,0,1) igs a non-empty subset J of B such 
that: 


(ji) (CEJ & ye) > rvy ed 
(ii) (@eJ & yEB) > wayEed 
It is clear that (ii) is equivalent to 
(ii) («EJ & y=uz) > yET 
For, assume (ii) and let  €J & y=. Then since y=2, we have y=2zay. Hence by 


(ii), y EJ. Conversely, assume (ii’) and let EJ & yEB. Since tay<=x, it follows by 
(ii’) that aay eJ. 


Notice that 0 belongs to every ideal, since 0 <2 for all z. 


Example 5.5. {0} is.an ideal. 


Every ideal different from B is called a proper ideal. In particular, {0} is a proper ideal. 
Note: An ideal J is proper if and only if1¢J. For, if 1¢J,then JCB. Conversely, 


f1leJ and if y € B, then y=1. Hence by (ii’), yEB. Thus J=B. 
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Example 5.7. 


If A is a non-empty set and if P(A) is the Boolean algebra of all subsets of A, then the set J of all 
finite subsets of A is an ideal. J is proper if and only if A is infinite. (More generally, if m is any 
infinite cardinal number, the set of all subsets of cardinality less than m is an ideal.) 


Example 538. 
Given u€ 8B, the set J, of all vu is an ideal. For, if v,;=u and vou, then v, Vv. =u; and if 
v=y and y=, then yu. The ideal J,, is called the principal ideal generated by u. 


rwen. z= ah ; a al OF 4% *4. a2. FF 
Aneorem 0-15. Given any subset c of a boolean alg Ola D, UNS INVELSeCulUn YF UL 


al 
J containing C (i.e. such that CCJ) is itself an ideal containing C. W is 
said to be generated by C, and is denoted Gen (C}). 


Proof. There is at least one ideal containing C, namely B itself. Assume z and y are in 
W, and zis in B. If J is any ideal containing C, then tzEJ & ved. Hence avy EJ. 


T 2 lax oa pie > F FM... 2. ne eed oe ep ee ie WY 2 oh gwen t-~- an ttesl & 
MLKOCWISS, 4ANK Ed. Thus tvy and GAS are in YW, and therefore W is @ll LUCGL. Pp 


Theorem 5.14. Given any Si et 
elements of the form 


(Yr Ami) v -++ v (YRAZe), k=1 
where %:,...,a EC and y,...,y¥, are arbitrary elements of B. 


Proof. Let D be the set of 


aS vase ee 


2 
of D is clearly again of the same 


tha maat 
tac MEcu 


ments of the given form. The join of any two elements 


lement: the given form. The join of any tw ments 


orm and therefore also in D. In addition, for any y € B, 


(ya (yi a%i)) vVorsv (y A (Yu A Zr) 
(yA Ya) A £1) vos v (CYA Yn) Ame) 


is againin D. Thus D isan ideal. Since x=iaz, every member « of C isin D. Every 
member (yia%1)v --- v (YeA2x) of D belongs to any ideal J containing C, for, since x € C, 
it follows that y,na%,€J and therefore that (tiayi)v -:: v (ae Ay) EJ. Hence D is the 
intersection of all ideals containing C.p 


y 0 (yin m1) v >> v (Yen Xx)) 


Theorem 5.15. Given any subset C of a Boolean algebra ®, the ideal Gen (C) consists of 
the set E of all y such that 


y EHZEnversvX 


where %:,..., 2 are arbitrary members of C. 


Proof. If y=a,v--+va, and z= aj,v:--v,, then 
Yv eZ SU veri v Mv, Aco oS, 


andif y=a@iv:-'va% and v=y, then v=%v°-:va%. Thus £ is an ideal. In addition, 
if 2 is in C, then # = z and therefore 2 is in Z. Clearly, every member of EF belongs to every 
ideal containing C. Hence E = Gen(C).> 


Corollary 5.16. If C is any subset of a Boolean algebra @, then the ideal Gen (C) generated 
by C is a proper ideal if and only if 


Bverova «= 1 


Proof. Note first that 1 =u as beste: to 1=4u, for any u. Hence by Theorem 5.15 
1 E€ Gen (C) if and only if 1= -+-va for some a, ...,2%, in C. But, 1 € Gen(C) il 
and only if Gen (C) is not a pro par “a ul. 
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Theorem 5.17. If J is an ideal of a Boolean algebra B, and if y @B, then the ideal 
Gen (JU {y}), generated by J plus y, consists of all elements of the form 


(ZAYy) v 2 
where z € B and z € J. 


Proof. Let H be the set of all elements (zy) v 2, where zG Bandz€J. First, y € H, 
since y= (Lay) v 0. Also, if v EJ, then v= (QAy)vv EH. Thus JU{y} CH. In 
addition, 


((22A y) v1) v (22a y)v 02) = ((Z1v22)ry) v (a1 v 42) CH 
Also, if x € J, then 
wa((zay)vz) = ((Waz)ay)v (waz) E A 


Hence Z is an ideal. Finally, if J is an ideal containing JU {y}, and if 2 EJ, then (zany) vz 
EJ; thus [> H.»> 


Corollary 5.18. If J is an ideal of a Boolean algebra @, and if y € B~ J, then the ideal 
Gen (J U {y}) generated by J plus y is a proper ideal if and only if zvy*1 
for all x in J, i.e. if and only if, for all z in J, y’ #2. 


Proof. By Corollary 5.16, Gen(JU{y}) is proper if and only if aiv-+-varvy*l 


for all w:,...,%% in J. lees that if a.v---va,.vy 1, then aiv-+-va,#1.) But since 
J is an ideal, %=%v-:+va. is also in J. Hence the indicated condition is ealiivalent to 
saying thet ww. vuoel for all 7 Tha nAAi¢tinesn!] rwamarlk fallawea fen tha fant that 

oem Whseyu wy yer as 4VUL GIL z in Se Lue aaaitionar LUCLAHNGLN LULIV YD trom we LQaUL tnat 


zvy=1 is equivalent to y <2.) 


Definition. An ideal M of a Boolean algebra B is said to be maximal if and only if M 
is a proper ideal and there is no proper ideal / of B such that MCJ, 


Theorem 5.19. Given a proper ideal M of a Boolean algebra B. Then M is maximal if 
and only if, for any y in B, either y € M or y EM. 


Proof. 
(2) Assume M is maximal. Assume y € M. We must show that y’ EM. Let J = Gen (MU {y}). 


Then J is an ideal of B such that MCZJ. Hence by the maximality of M, 1=B. There- 
fore by Corollary 5.18, y’= a for some x in M. Since M is an ideal, y’ GM. 


(>) Assume that y EM or y’ EM for all yin B. Assume MCJ, where J is an ideal. We 
must prove that J=B. Let yEJ~M. Since yZM, y' EM. Hence y EJ. Then 
l=yvy EJ. Therefore J=B.p 


Definition. An ideai J in a Boolean aigebra & is prime if and only if, for any z and y 
in B, (@€J &yESJ) > aay EJ. 


Theorem 5.20. A proper ideal J in a Boolean algebra B is maximal if and only if it is 
prime. 
Proof. 
(2) Assume J is maximal. Assume x¢/ &y¢€J. Then by Theorem 5.19, 2’ GJ and y’ EJ. 
Hence 2’vy’ EJ. Since J is proper, xv y=(z’vy’)’ €J. Thus J is prime. 
(b) Assume J prime. Given y€B. By Theorem 5.19 it suffices to show that yEJ or 
y eJ/. _Assume yé@J and y’éJ. Since J is prime, O=yay' @J which is a 


— 
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Proof. 


(a) Assume u is an atom. To prove Jy maximal, we shall use Theorem 5.19. Assume 
yEBandyéJv. Then y#u’. Henceu+y’. Since u is an atom, u=y (by Remark 
(iii) on page 185). Hence y’ =w’, ie. y’ € Jw. 


(b) Assume Ju: maximal. To prove that uw is an atom, we assume v = ~ and we must show 
that v=0 or v=u. Assume vx~u. Since /u is maximal, vy GJy or v’ EJ. Hence 
vew ory =w,ie v=w oru=v. But uty, sinee v=u&vx*u. Hence v=w’. 
Since v =u and v=vw’, it follows that v=uau’=0. Therefore »=0.> 


Example 5.9. 
In the Boolean algebra P(A) of all subsets of a non-empty set A, the atoms are the singletons {a}, 
where a@€ A. Hence a maximal principal ideal consists of all subsets X of A such that a€ X. 


Example 5.10. 

In a finite Boolean algebra B, every maximal ideal M is principal. For, there are a finite number of 
atoms 4;,...,4, in B, and @,va,Vv‘+--Va,=1,. Hence there is some atom a which is not in M. Then 
M=J,. To see this, observe first that since a¢M, then a'€ M. Therefore J,.¢ M. On the other hand, 
if yEM, then aty since a@M. Since a is an atom and a4y, it follows that a<y’, and so yea’, 
Therefore MC J,:. 


rn MAFTOMIATAM armlminpnn an 
2.0 BMUUVUAIONSA AMUEDIND 


Let J be an ideal of a Boolean algebra 8. 
Definition. x=, y if and only if «+y EJ. 


Recall that x+y = (xay’)v (zany) (ef. Section 5.3). Hence, since J is an ideal, 
tEJ&yEJ > atyeEd. 


Theorem 5.22. If J is an ideal of a Boolean algebra 2, 
(a) =). 
(D) tary > y Sm. 
(ec) t=,y &yYEsz 7 © HZ. 
(2) (w@=sy & asd) > (@’ Sy & caassynd & trvazyyvd). 
Proof. 
(2) e+x=0€E7. 
(bs) x+y = yar. 
(ce) e+z2 =274+0+2 =2+(yt+y) tz = (aty)+(yt+2). 
(d) Assume z=#;y and @=;b. Since 2’ +y’ = x+y, it follows that #’ =;y. Next, 
notice that for any z, (%nz) =) (yz), since (2nz)+(ynz) = (e«ty)az. Hence 


BAReSYAG = Aanyzsdny = yrnd 


Lastly, ava = (rad) sly aby’ = yvb » 
Definition. [x7] = {(y: 2 =r y} 


[x] is called the equivalence class of x modulo J. Clearly, x € [2]. 
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Proof. 


(a) First, assume [x] =z]. Since x€ [zx], we obtain z€[z], ie. 2 =,2. Second, assume 
x =,z. Then for any y, 
y€[z]) > eery > zasy > ye [Zz] 


Hence [z]C[z]. Similarly, [z]C¢[z]. Therefore [sx] = [z] 
(b) y€[z]N[2] > (@ ary & 2, y) > 2 =, 2 > [x] = [z].p 
Given an ideal J of the Boolean algebra B. Le 


I t 
Ania 7 Wa jAs&- ee oP roe f 
wd ¢. vwé Géine Operations “Ay Vp "I on B Pi asl 


i) 


cs pe the set of equivalence classes 


[z] v, [ul] = [ev yl] 
[x2 = [2’] 


These definitions are meaningful by virtue of Theorem 5.22(d). For example, if X and Y 
are equivalence classes modulo J, we select any x EX and any yEY. If m EX and yieEY, 
then [tay] =[x:1a 4:1] by virtue of Theorem 5.22(d) and Theorem 5.23(a). Thus [xy] 
does not depend upon the particular 2 chosen in X or the particular y chosen in Y. This 
shows that our definition of ~, makes sense. 


Let 0, stand for [0], and let 1 stand for [1]. Clearly, 0;=J and 1, = {y: y’ EJ}. 
Let B/J stand for (B/J, 4,, v,, ‘1, 0,, 1,). 


Theorem 5.24. If J is a proper ideal of a Boolean algebra B, then B/J is a Boolean algebra 
(called the quotient algebra of B by J). 


Proof. We must check the axioms for Boolean algebras. 


L [zlv(¥) = [eve] = [yva] = fw) v [a]. 


Axioms (2)-(8) are proved in a similar manner. (This is left as an exercise for the reader.) 


9 0; 1), since 0 ¥%;1. (This follows from the equation 0+1=1 and the assumption 
that J is a proper ideal.) » 


Example 5.11. 


Let J be the ideal {0}. Then z=, y if and only if x= y. Thus the elements of B/J are the single- 
scons {x}, where EB. The function f(x) = {x} is an isomorphism between B and B/{0}. 


Proof. If J is maximal, then, for any 2, either GJ or x’E€J. Hence [r]=0; or . 


ix} = 1). Conversely, assume that for every z in B, [xz] =0, or [x] =1,. Hence EJ or 
z’ eJ. Therefore by Theorem &10 Jia moximal aX 


Theorem 5.19, J is maximal.» 
Remark. If x€B, then [2] =2+J, where x+J stands for {r+u: wEJ}. For, on 
the one hand, y € [24] > z+yEJ>a+y=u for someuin J> y=2+u for some uJ. 


On tha ather hand, if youty for some uin J. then w+e—-74ue T and thaerafora 4 & [a]. 
JAR VAR Wee BRE, ug we w 24Vh OWA W in Wy Viawsd g wie v 4AM VAAWVAUL YES 
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The theory of Boolean algebras is intended to be a generalization of the algebra of sets. 
We already have proved (Theorem 5.7) that every finite Boolean algebra is isomorphic to the 
Boolean algebra of all subsets of some set A (namely, A is the set of atoms). This is not 
true for all Boolean algebras. For, in Problem 5.16 we cite an example of an atomless 
Boolean algebra B; and since the Boolean algebra P(A) of all subsets of any set A is atomic, 
B cannot be isomorphic to P(A). However, we shall show in what follows that every Boolean 
algebra is isomorphic to some field of sets. 


To this end, we shall need the following general mathematical principle. 


Zorn’s Lemma: Given a ae Z of sets such that, for every C-chain C in Z,+ the union 
also in Z. Then there is an C-maximal set M in Z, ie. M EZ, 


Cc 
ae 


A proof of Zorn’s Lemma (based upon the use of a more transparent assumption, the 
so-called axiom of choice) is given in Appendix C. 


Theorem 5.26 (Maximal Ideal Theorem). If J is a proper ideal in a Boolean algebra 2, 
then there is a maximal ideal M in @ such that JCM (i.e. every proper 
ideal can be extended to a maximal ideal). 


Proof. Assume J is a proper ideal. Let Z be the class of all proper ideals K in B such 
that JC AK. Now assume that C is an C-chain in Z. Then Yo f is a proper ideal (cf. 
Problem 5.34) containing J. Hence by Zorn’s Lemma there is a maximal set M in Z. But 
M2J and M is a maximal ideal in B (for, if M+ is any proper ideal such that MC M-, then 
M* €Z and hence M = M=).p> 


Example 5.12. 


Consider the Boolean algebra (A) of al] subsets of an infinite set A. Let J be the ideal of all finite 
aubsets of A. By Theorem 5.26, J can be extended to a maximal ideal M. M cannot be a principal ideal. 
(For, a principal maxima] ideal consists of all subsets of A not containing some fixed element 6 of A 
(cf. Example 5.9), while every singleton {6}, being finite, belongs to J and therefore to M. Hence if M 
were principal, we would have A = {b}U(A ~ {b})EM, and then M would not be a proper ideal.) No way 
is known for describing such an idea] M in a constructive way, i.e. no property is known for which the 
sets satisfying this property form a maximal ideal M containing J as a subset. 


Corollary 5.27. Every Boolean algebra has at least one maximal ideal. 


Proof. The set {0} is an ideal. Hence by Theorem 5.26, {0} can be extended to a 
maximal ideal. p 


Corollary 5.28. If C is any subset of a Boolean algebra B such that for any w1,...,%m in 
C, tiv:++'vt%,%*1, then there is a maximal ideai M containing C. 


Proof. By Corollary 5.16, the ideal Gen(C) generated by C is a proper ideal. Then 
by Theorem 5.26 there is a maximal ideal M containing Gen(C), and therefore also 
containing C. p> 
tBy an C-chain C in Z we mean a subset of Z such that, if AGC and BEC and AB, then either 


ACBor BCA. More generally, if 2 is a binary relation on a set W, then an R-chain in W is a subset 
of W on which R is transitive, connected, and antisymmetric (i.e. rRy & yRe ~ += y), 


Farsi fconnecten srisymmerric ziLy 
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herwiso, 1 = 2. va! @MY> 


Theorem 5.30. (Stone’s Representation Theorem). Every Boolean algebra & is isomorphic 
to a field of sets. 


Proof. For each z in B, let =(x) be the set of all maximal ideals of B such that ¢@ M. 


Olaawky @/1\ te 4h, ant Poe eraa ee Joy wm ff 8 maecendee nk Wee meee 
Witalty, &(4) 15 Wie SEU MM of all maximal ideais of B, while =\(y) iS the Cifipyy StL. LOL any 


x0, =(z) is non-empty, by Corollary 5.29. Also, =(x’) = =(), since every maximal ideal 

“M contains precisely one of the elements z and x’. Finally, =(zvy) = =(%)UzZ(y). (First, 
if z@M, then xvyZM, since x=a2vy. Likewise, if y4M, then tvyEM. Hence 
=(z) UE(y) CE(zvy). Conversely, if rEM&yEM, thenzvyEM. Hence if cvy EM, 
then «@M or yZM. Therefore =(avy) C =(z)UEZ(y).) Thus = is an isomorphism of B 
into the Boolean algebra P() of all subsets of the set <1 of all maximal ideals. The range 
of = is a field of sets isomorphic to B.b 


Corollary 5.31. For any sentence A of the theory of Boolean algebras, A holds for all 
Boolean algebras if and only if A holds for all fields of sets. 


(By a sentence of the theory of Boolean algebras we mean either an equality r=«o, where 
+ and o are Booiean expressions, or an expression obtained from such equalities by appiying 
the logical connectives and the quantifiers “for all 2” and “there exists an 2”.) 


38 INFINITE MEETS AND JOINS 


Given a Boolean algebra B = (B, a, v,’, 0,1) and a subset A of B. If the least upper 
bound (lub) of A exists, it is denoted Vv, x and called the join of A. Thus in order for y 


to be the join of A, it is necessary and sufficient that: 
(a) «=y forall 2EA. 


(6) For any v, if =v forall EA, then y =v. 
If the greatest lower bound (glb) of A exists, it is denoted A «a and called the meet of A. 
zéea 
Notice that 


Vwxex=9), z=-l1 
zéEQ zEQ 
Vere=1, A 2z2=0 
zEB zERB 
Definition. The Boolean aleebra @ is said to be complete ifand only if v wand A fz 
eprieten., «sme oCGian ageora © iS Said tO OS COMPpiwvie il ang Onuiy’ it zand A 


Example 5.13. 
In the field P(K) of all subsets of a non-empty set K, 


Ve#2= U «es and A#= N «& 
zrGA zEA zea xGaA 
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(2) oe ee (A, («’))’ 
e) Ae=(y,@) 


(Each equation is taken to mean that, if one side has meaning, then so does the other, and 
they are equal. ) 


wsSy 255 


Tinwand tat Aanieenn LF ee aqertnte and Lat 47 V z\', Nave ff GA tHeaen pe vs oe 
fruuys. \& } Assume Vv H CAIDLS, GLU LUE YY \ myo auyuwoiib Wedd, VIITIL we Vv ab 
zEa zx € A zrEAa 


Hence y=’. Thus y is a lower bound of the set W of all x’, where GA. Now assume v 
is a lower bound of W. Thus v=2’ for all x€ A. Hence x=v’ for all rE A. Thus 


Vv av’. Hence v=( Vv, z)’=y. We have shown that y= hy (a). Hence V z= 


ZEA 
y’ = ae (x’))’.. On the other hand, assume A(z’) exists. Let ae =( A (x’))’. If weA, 
then A (x’)=w’. Hence u=b. Thus d is an fanaee bound of A. If Ps is an upper bound 


of 
of A, then sc for ali « GA; this im 


plies t 
and b=( A A, (z’))’<¢. Therefore b= v 


tc’ =x’ for all EA. Hence c= A (2’), 
x. The proof of (b) is similar.» **% 


Example 5.14. 


Let B be the Boolean algebra of all finite and cofinite sets of positive integers. Let A be the set of all 
sets of the form {2x}, where 7 is a positive integer, i.e. A is the set of singletons of the positive even integers. 
Then A has no join. For, if u were equal to \/ 2, then « would have to contain all positive even integers. 
But, since « would be cofinite, u would also have to contain all but finitely many odd positive integers. 
Then any proper subset of « obtained by removing an odd integer also would be an upper bound of A, 
contradicting the assumption that u is the least upper bound of A. Thus @ is not complete. 


Example 5.15. 


Let A be the field of sets consisting of ail finite sets of positive integers and all sets N ~ X, where N 
is the set of all non-negative integers and X is any finite set of positive integers. A is a subfield of the 
field P(N) of all subsets of N. Let C be the set of all singletons of the form {x}, where n is a positive 
integer. Then the join of C in the Boolean algebra P(N) is N ~ {0}. However, the join of C in the 
Boolean algebra A is N. (Notice that N ~ {0} does not belong to A.) This illustrates two facts: 


(1) The join of a set in a field of sets is not necessarily the union. (In Example 5.15, the union 
of C is N ~ {0} but the join in A is N.) 


(2) If A; is a Boolean subalgebra of a Boolean algebra Ao, and if Y is a set of elements of A,, 
then the join of Y in A, (if it exists) is not necessarily the join of Y in Ag (if it exists), 


Of course the same facts hold for meets as well as joins. 


Because of the faci iliustrated in (2), we shaii, if necessary, designate the join in a Booiean aigebra 
B of a set Y of elements by \/? 2, and the meet by A? x. 
zéyY zG&Y 


Definition. By a complete field of sets we mean a field of sets such that, for any subset 
A of the field, the union and intersection of the sets in A are also in the field. The field 
P(K) of all subsets of a non-empty set K is an example of a complete field of sets. Clearly, 
a complete field of sets is a complete Boolean algebra, with union and intersection serving 
as join and meet. 
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If B = /B,a,v,’,0,1) is a Boolean algebra, then its dual B* = (B,v,x-,’,1,0) is also 
a Boolean algebra. In fact, the function f(z) = 2’ is an isomorphism between @ and 8* 
‘cr. Problem 5.42). 


Theorem 5.34. (Duality Principle). For any Boolean sentence A, the dual formula A*, 


obtained from A by exchanging 0 and 1 and exchanging « and v, will be 


tryna for 2 if and anly if A ta true far 2 
true 10P i is aii COluy at we iS uLUuec fOr G. 


Proof. A is true for @ if and only if it is true for the isomorphic algebra B*. But the 


interpretation of A with respect to the model B* is the same as the interpretation of A* 
with respect to B. > 


Www wen 


There are various extensions o 
ar msions 0 
= 


the dual A* exchanges = and =. (For, t=y @ tay=2, and the dual of znay=2 is 
> wm» whinh ita an: mlawd ¢. a Dm 2, \ Te nAAitinn tha taleine anf Alenle intanshaneone Cha 
=a ¥ Ws Weaulcan a equivalent ui a } BEL GUULLIVEL, LIS LANL Vi UUGLD LLE. IG4lBCO vic 
general] notions of meet and join. 
Example 5.16. 
The second part of De Morgan’s Laws (Theorem 5.32) 
(b) i 25> ( V («) 
zGA \e Ea / 
is the dual of the first part: 
(a) Ve = ( A @) 
rea zEA 
Hence our proof of (a) automatically is also a proof*of (b). 
Example 5.17. 
From \f * = 0, it follows by duality that A * = 1. Similarly, A x = 0 follows from 
zéE9 reg zé&B 
Vz=l1 
zéEBsB 


5.10. INFINITE DISTRIBUTIVITY 


Theorem 5.35. (@) ta V u= V (rau). 
BwEA “GA 

b = ; 

Or tear 


(These equations are intended to mean that, if the left side is meaningful, then the right 
side is also meaningful and the two sides are equal.) 


Proof. Since (b) is the dual of (a), it suffices to prove (a). As a preliminary, note that 
arnb=e 7 bd <a've (5.1) 


(For, if anb=c, then b = (a’ab)v (anb) =a’ve.) By taking the dual of (5.1) and 
changing a to a’, we obtain 
e=a’vb > aac=b (5.2) 


Assume now that Vv uexists. If vEGA, then v= V uw and therefore 
wEAa uEA 


ZAV = Ban VU 
ueGea 
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an upper bound of the set Z. Then for all wG A, tzau=w; and therefo 
u < z’vw. Hence V u = 2’ vw. By (5.2), xa vu = w. Thus z 


an (cau). uEA u a 


> 
ax gd 
2a 
i= 


Remark. If the right-hand side of (a) or (b) of Theorem 5.35 is meaningful, the left-hand 
side need not be. For example, if x =0, then aw (cau) =0, but V w need not exist 
if B is not complete. iy, 


By m eans of the ordinary distributive laws, one obtains identities of the form 


(@u viv +: Vv Wak) A (®21v S2Vv-°° Vv W2k5) A ttt A (&miv Sm2v +: Vv ®mkw) 
= V (13, Ata Att A Dendn) 
1=4K= 


(411 v ie) A (21 v Gee v Gea) = (11 0 Be1) v (X11 A Ha2) v (11 A Be) v (212 A Z21) 


v (X12 A X22) v (Xie A X23) 


One even can extend these identities to the following infinite case. 


nu) A ( wu) A to A ( au) 
tA / Mie / 


4, Mt & Ay 4G 


= LV, (Baty A tg A A Bey) (5.8) 
where the join on the right is taken over all possible terms Diy, A Lajg A+ A Ley, With 
ji: € Aj, ..., Je EAs, and where we assume that all the joins on the left-hand side exist. 


This identity is proved by induction on k, using Theorem 5.35(a) (plus generalized associ- 
ativity; cf. Problem 5.37). 


For any sets S and W, let S¥ stand for the set of all functions from W into S. Assume 
given a function assigning to each w€ W and s€S an element wu,, of a given Boolean 
algebra 8, Consider 


ae: \ ree 
wee Cy, si a) 7 ioe eee Fete) v=) 


where the join on the right extends over all functions f ES”. 


Definition. If m and n are cardinal numbers, the Boolean algebra @ is said to be 


(m, n)-dastributive if and only if, whenever W has cardinal number m and S has cardinal 


Leahy 1 a Wwwrve VY wwe TY V¥ 6844 ¥ WS BAU WUT WES4409R LEM SLEW ebb Wes4eUe AS S407 WEA U1 1188 

number n and @w,s is any assignment of elements of B such that the left-hand side of (5.4) 

makes sense and each term A, %w.sw) On the right-hand side makes sense, then the right- 
we 


hand side makes sense and the equation (5.4) holds. 


B is said to be completely distributive if and only if @ is (m, n)-distributive for all 
cardinals m and n. &@ is said to be m-distributive if and only if B is (m, m)-distributive. 


We have seen above (equation (5.3)) that if m is finite every Boolean algebra is (m, n)- 
distributive, no matter what n is. Obviously (m, n)-distributivity also holds when n=1. 
However, if m is infinite and n=2, then a Boolean algebra need not be (m, n)-distributive, 
even when n is finite. 
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(2) p=m > @ is (p, n)-distributive; 
) p=n > 8B is (m, p)-distributive. 


To verify (a), it suffices to choose a set W* such that WNW*=@ and WUW* has cardi- 
nality m, and then to extend the given assignment by letting z»,,=1 for all w&€W*. To 
prove (6), we need only choose a set S* so that SNS*=@ and SUS* has cardinality n, and 
then extend the given assignment by letting x.,.=0 for all s€S*. 

From (a) and (bd) it foliows that B is completely distributive if and only if @ is m-dis- 
tributive for all m. 

It can be shown that @ is m-distributive if and only if B is (m, 2)-distributive (cf. [140] 


i 
The field P(X) of all subsets of a non-empty set K is completely distributive. This follows from the 


n (yu rus) = U Co ny (5.5) 
wew ses feswr wew 


always holds for arbitrary sets zy 5. 


Remark. By the Duality Principle, it is not necessary to give separate consideration to 


the dual of (5.4): 
ote (a, tas) ne ee (Gra tas) 


5.11 m-COMPLETENESS 


Let m be an infinite cardinal number. A Boolean algebra @ is said to be m-complete if 
and only if every subset of B having cardinal number =m possesses a least upper bound 
(lub) and a greatest lower bound (glb). 


By De Morgan’ s Laws (Theorem 5. 32), for m-completeness it suffices to know only that 


every subset of B having cardinal number =m possesses a lub (or that every subset of B 
having cardinal number =m possesses a glb). 


If No is the cardinal number of the set of integers, it is customary to use the term 
s-algebra instead of No-complete Boolean algebra. Thus & is a o-algebra if and only if every 
denumerable subset of B has a lub. 


We shall use the term m-complete field of sets for a field of sets F such that any subset 
of ¥ of cardinality =m has its union in F. In addition, by a e-field of sets we mean a field 
of sets closed under denumerable unions. 

Clearly, an m-complete field of sets is an m-complete Boolean algebra, and a o-field of 
sets is a c-algebra. 


Example 5.19. 


Let X be a non-denumerable set. The field ¥ of all subsets of K which are either countable (i.e. either 
finite or denumerable) or co-countable (i.e. their complement is countable) is a o-field, but not a complete 
field of sets (nor a complete Boolean algebra). For, let A be a subset of K such that both A and its 


complement are non-denumerable. Then for each z€A, the set {z}@F. However, the union of all the 
seta {3}, where rE A. is equel to A, which does not belong +& F. 


ow tn 
Soe Ans sSSe HSH, IS CGUS: tC “A, Whidnh GOES NOV OCiongs to 
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vamnle 5.20. 


The field ¢ of all finite and cofinite subsets of an infinite set K is not a o-algebra. For, let A be an 
infinite subset of K whose complement is also infinite. Then the union of all sets {x}, where «GA, is 
infinite but not cofinite. This shows that we do not have a o-field. To see that ¢ is not even a o-algebra, 
observe that the same set FE of all sets {x}, where x€ A, cannot have a lub in G. For, if C were such a 
set, then xGA— {(x}CC. Hence ACC, and so C would be infinite. Hence C must be cofinite, and 
therefore C must intersect the complement A of A. If we choose y@ CNA, then C~ {y} would be an 
upper bound of E in G, contradicting the assumption that C is the lub of Z. 


Solved Problems 


LATTICES 
5.1. In each of the following diagrams, a partial order = of a set A is represented. For 
which of them is (A, =) a lattice? A distributive lattice? A complemented lattice? 


(2) j (¢) aN 
(b) No J 

“K > 
ra 


(a) This is a distributive lattice with zero a and unit e, but it is not a complemented lattice. (For 
example, there is no y corresponding to c such that cvy=e and cAy=a4.} 


(6) This is not a lattice. (For example, f and g have no lub.) 


(c) This is a complemented lattice with zero a and unit e, but it is not distributive. (For example, 
da(bvc) =d, while (dA 6) v (dAc) = 8.) 


(d) This is a lattice with zero a and unit /, but it is not complemented (c has no complement) and 
not distributive (da(bve)odae=d, while (dably (dach=hva=h.) 
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Let a;,...,@, be the elements of the lattice, and let '=a,v---va,. Then 0} is a unit. 


Seem ST mele we ee Am 8 eee 
BUIABLGLLYy Wy 1 NG 15 & CEL, 


5.3. (a) Given a set A totally ordered by a binary relation =. Prove that (A,<) is a dis- 
tributive lattice. When is (A,=) a complemented lattice? 


a5 pee 


(b) Give an example of a distributive lattice lacking both zero and unit elements. 


Solution: 


(a) For any « and y in A, either «<=y or yx. Then max(z,y), the larger of x and y, is 
obviously the lub xv y, while min (x,y), the smaller of z and y, is the glb z~y. Thus (A, =) 
is a lattice. We must now prove the distributive law (L5) which becomes 


min (+, maw (4 7)) = may (min (rx 
min (a, {y, 2)) max (mints 


First, max(y,z) =z and max(y,z) = y. Hence min (x, max (y,z)) = min(#,z) and 
min (x, max (y,z)) = min (z,y). Therefore min (x, max (y, 2)) = max (min (z, y), min (z,z)). Now 
assume min (z,max(y,z)) > max (min (z, y), min (z,z)), and we shall derive a contradiction. It 
follows from our assumption that x > max (min (x,y), min (z,z)). Therefore x > min (2, y) 
and « > min(z,z). Hence z > y and z > z. Consequently max (min (z, y), min(z,z)) = 
max (y,z) and min (z, max (y,z)) = max(y,z), contradicting our assumption. The other dis- 
tributive law (L6) must hold by virtue of Theorem 5.2. 


For (A, =) to be complemented, there would have to be a least element 0 and a greatest ele- 
ment 1. Also, for any z in A, max(z,z’)=1 and min(z,2’)=0. But either « = max (z, 2’) 
or «= min(z,2’). Hence s=1 or z=0. Therefore A would have to contain at most two 
elements, 


(6) By Part (a), such a lattice is given by (J,~), where 7 is the set of all integers (positive, 
zero, and negative) and = is the usual order relation on integers. 


5.4. Show that lattices can be characterized by the six laws: 
(e) evy =yve 


(b) commutative laws 
TAY = YaX 


x 


(ec) ev(yv2) = (avyj)vz 
j associative laws 


(d) wa (yaz2) 
(e) ev (ray) 
(f) aa(zvy) 


in the following sense: if (L, 4, v) is a structure such that ~ and v are binary operation 
on the set L satisfying the laws (a)-{f), and if we define x=y by tay=z2, then 
(L, =) is a lattice with lub({z,y}) =zvy and glb({z,y})=2ay. 


(wAY) Az 


M1 
} absorption laws 
x 


Solution: 

We already know, by Theorem 6.1, that any lattice satisfies (a)-(f}. Conversely, assume that 
(L,A,v) is a structure satisfying (a)-(f) and define xy by xAy=2. Notice that z=y @ 
zvy=y. (For, assume 2=y, ie. ecAy=a. Then by (e) and (5), y=yviyar) =yve= 
avy. Conversely, if y=avy, then, by (), c=2A(zvy)=aay, ie xy.) Now, 


(i) a2, be xaz=a. (For, by (f) and (ce), c= 2A (ev (29 Az) = 2 Az.) 


(ii) (ey &y=2) > z=z. (For, we are given cny == and yAz = y. Then «Az = 
(WTAMAZ = eAlyAsl) = cAy azz ie. 2£ 2, 
Yi Az BAY AS ZAY es tt. & ay 
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Gi) (@fy&yen2)ee=y. (For, r= 2ay=ynr=y.) Thus = is a partial order on L. 


(iv) way = gib({x,y}). (For, (2@ay)Az=a2ay implies cay =z. Likewise, cny=y. Thus 
zAy is a lower bound of {x,y}. Assume z is any lower bound of {x,y}, i.e. 


zaeze=z & zay=2z 
Then za(xay) = (zaz)ay=zay=z, ie. z= ray.) 
(v) wv y = lub({z,y}). This is proved in a manner similar to that of (iv). 


Remark. Since (a) and (8), (ec) and (d), and (e) and (f) are duals of each other, the result 
we have just demonstrated yields a Duality Principle for lattices. 


(2) Show that the following inequalities hold in any lattice. 
(i) @ay)v az) = Za(yve) 
(ii) av (uaz) = (avu)a(av2) 
(0) Show that each of the following inequalities is a necessary and sufficient condi- 
tion for a lattice to be distributive. 
(iii) ea (yvz) = (@ay) v (@A2) 
(iv) (evy) a (avz) = av (yaz) 
(v) wa(yvz) = (@ay)vz 


Solution: 
(a) By duality, it suffices to prove (i). We have 


eay € aalyv2) and Az = ealyv2) 
Hence (2 ay) v (2A 2) = 2 a(yv 2). 


(8) For (iii) we just use (i), and for (iv) we use (ii). For (v) we first assume distributivity. Then 
aAn(yvz) = (xayv (xAz) = (eay)vz 
Conversely, let us assume that (v) holds. Since an (bvc) =a, it follows by (v) that 


an(dve) = an((arb)ve) = anl(ev(and)) 


Ih 


(aac) v (aA db) by (v) 


(aa b) v (anc) 


Thus we have shown that (iii) holds and therefore that the lattice is distributive. 


Prove that, in any lattice, 
zHia > (tay)vz = ta l(yvz) 


Solution: 
Assume z=. Hence z=aa(yvz). Also, tAySaa(yvz). Therefore 


(wAy)vVz = wa lyv2) 


Let us call a lattice modular if and only if it obeys the following law: 


zHn > xealyvz) = (cay)vz 
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(b) Prove that distributivity implies modularity. 
Solution: 

(a) This follows immediately from Problem 5.6. 

'6) This is a direct consequence of Problem 5.5(d(v)). 


38 Determine which of the lattices appearing in Problems 5.1(e,d) and Example 5.2 are 
modular. 


Solution: 
The lattice of Problem 5.1(c) is 


This is not modular, since 6=d and bv (end) #(ave)Ad, (Namely, bv (end) =bva=b 
and (dve)Ad=ead=d.) 


The lattice of Problem 5.1(d) is 


AN, 
i oo 


This is not modular since it contains the lattice of Problem 5.5(e) as a sublatticet, and we have just 
seen that the latter is not modular. 


The lattice of Example 5.2 is 


el 


ee 
‘~" 


This lattice is modular. To see this, we must verify 


z=a > ealyv2z) = (rayvz 


£ Voaae oF uty eae Voaae a . | ty Se A; Se SMO ee: ae, eS eee Een (Pens 
i d4aUlice (4, —-) We Mean @ LALLICe GeLerminew OY 4 SUDSEC GL & CigsSeu ulus. 


t 
hal 
Sy. 
Pe 

Db 
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5.9. 


5.10. 


5.11. 
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It is obvions that if z=, the result za(yvx) = (xay)va is an immediate consequence of the 


absorption laws, Therefore we may assume that z< 2. It is cbvious that this implies that z= 0 
or x=1,. But if z=0 the inequality reduces to aenySaay, and if «=1 the inequality 
reduces to yv z=yvz. 


Show that a lattice is modular if and only if it satisfies the identity 
(za(zvy))vy = (evy)a(evy) 


Solution: 
Assume L is modular. In the condition for modularity of Problem 5.7(a), substitute z for y, 
y for z and xv y for x. The antecedent then becomes the true statement y =zvy, and we obtain 
(za(evy))vy = (fevy)atevy) 


Conversely, assume that the indicated identity is true. Exchanging y and z, we obtain the 
identity 
YA (evzjpvz = (yvz)Alxevaz) (1) 
Now, to prove modularity, we assume z= and we have to prove that (yar)vz= 2A (yv 2). 
But since z=2, zvx=2. Hence the identity (1) becomes (yAx)vz=(yvz)Ax, which is 
precisely what is required. 


Prove that a lattice L is modular if and only if it does not contain a sublattice iso- 
morphic to the lattice of Problem 5.i(c), 


—- 


If L is modular, then L cannot contain such a sublattice, since the latter is not modular 
(ef. Problem 5.8). Conversely, assume L is not modular, Then there exist elements z, y, z such 
that z=z and zv (yaa) <(zvy)az. Now let a=yar, b=2zv (ya), c=y, d=(zvy)aa, 
e=zvy. We leave it as an exercise for the reader to show that a,b,c,d and ¢ are pairwise 
distinct and that dAc=bac=a, bvd=d, and evd=cvb=e. This shows that L has 
a sublattice isomorphic to the one in the diagram above. 


(a) Show that in any lattice the following inequality holds. 
(cay) v (yazv (Zaz) = (avy)pa(yvz) a (zvzZ) 

(b) Show that a lattice L is distributive if and only if the following identity holds. 
(tmayn)v (Yaz)v (zaz) = (avy)al(yvz) a (zv2) 

(c) Prove that a lattice is distributive if and only if it has no sublattice isomorphic 


with either the lattice of Problem 5.1(c), Fig. 5-4 below, or the lattice of Example 
5.2, Fig. 5-5 below. 
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LY 
A 


Solution: 
(a) From zay“=yvez and eay <£zva, we infer 


eau = lavula 
SAY ( 7 


Similarly, we obtain YAZ = (evy) a (yv 2) A (zv 2) 
and Znu = (evy)alyvz) aA (zvz) 
Hence (ZA Vv (YAZ VY (ZAz) = (ZEVYA(YV ZA (zV 2) 


(0) First, assume the lattice is distributive. Then 


(avy Atyvzg)A(zva) = (avyaA(yvzlaz)v (avyatyvaax) 


= ((2vy)az) v (¥vz)az) 
— le pay fa ae vy tle amy ls an ml 
MS ANZ AY AST OMY A AM AZ AB} 


= (aay)v (yz) v (za 2) 
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Conversely, assume the given identity holds. Now let us prove that the Jattice is modular. 


Assume =z. Then 


(wayv (yaz)v (zax) = (SAY Vv (YAa va = wv (ynz) 


and (avy)atyva) A(zvaz) = (evy)alyva) az = (zevy)az 


Thus we have shown modularity. Hence 
ealyvz) = aa (evy)a (xvz) a (yv2z) (by absorption) 


aa ((yAaz2)v (zax)v (x ay)) (by the assumed identity) 


[za (yAz)] v [(fzay)v @az)] 
(any) v (e@Az) (since «A (y az) S (way) v (2 Az) 


Thus the lattice is distributive. 


[z A (yaAz)] V(zax)v (e2ay)) (by modularity and z= (za z)v (za y)) 


(c) Clearly, if a lattice is distributive it has no sublattices of either of the two indicated forms, 


since the latter are both non-distributive (cf. Example 5.2 and Problem 6.8). 


Conversely, 


assume the lattice non-distributive. If it is not modular, then the result follows by Problem 
5.10. So we may assume modularity. By parts (a) and (5) of this problem, there exist ele- 


ments x, y, z such that 

(tay) v (YAz) Vv (zag) < (eva (yvzda (zv az) 
Let = (may) v (yaz) v (zA2), 
= (avy) a (yvz) a (zv x), 


u 
v 

d= uv(ezav) = (uva)ary, 
b= aviyar) = (uvy)ar, 
¢ 


uv (zav) = (uvazdanv. 


We leave it as an exercise for the reader to show that v,d,b,c,u are all distinct and that 


dab—baeren doa-u and dvb=bveemevd=tz 


Nw TINGE THEN we en Vv oS eV Om ea 
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OMS 


sa 8 Vere 


5.12. 


5.13. 


5.14. 


5.15. 


In an atomic Boolean algebra B, prove that every element x is the lub of the set ¥(x) 
of all atoms b = z (but z is not the lub of any proper subset of ¥(2)). 


Salntian: 


Clearly, x is an upper bound of ¥(x). Assume now that z is an upper bound of ¥(z) such that 
a ¥ z, and we shall obtain a contradiction. 2 +z implies *Az’ #0. Since B is atomic, there 
is some atom 6=zAz’. Hence b=2, ie. 6b€ ¥(x), Also, 82’, But since z is an upper 
bound of ¥(z), 6=z. Therefore 6 =2zaz’=0, contradicting the fact that 6 is an atom. Lastly, 
assume x is the lub of Wcv¥(x), Let 6€¥(x%)~W. Then for every c@W, c=2zanb’ (since 
ca(enb’) = (eax) Ad’! =cnb’ =c, by properties (ii)-(iii), page 185, of atoms). Hence xb’ is 
an upper bound of W and therefore xs =2zA0'’. But &6= <2. This implies 5 = 6’ and therefore 
6 =0, which is a contradiction. 


(a) In an atomic Boolean algebra, show that 1 is the lub of the set of all atoms. 
In particular, when the algebra has a finite number of atoms ai, ..., a, 
Ll=ave- van 


(b) Prove that an atomic Boolean algebra is finite if and only if its set of atoms is 
finite. 

Solution: 

(a) This is an immediate corollary of Problem 5.12. The additiona] remark follows from the fact 
that a, v -*+ va, is the lub of {a,, ..., 4}. 

(bd) When an algebra is finite, then its set of atoms must be finite. Conversely, assume that there 
are only finitely many atoms @1,...,¢@%. By Problem 6.12, every element 2 of the algebra is the 
lub of all the atoms 6 = x, and therefore x is of the form a Viva, where jy < +++ <j, =k. 
But since there are only a finite number of joins of that form, there can be only a finite 
number of elements in the algebra. 


Show that any infinite Boolean algebra @ contains an infinite set of pairwise-disjoint 
elements. 


Solution: 

Case 1. Assume @ is atomic. Then @ has infinitely many atoms, by Problem 5.13(b). If x 
and y are distinct atoms, then «Ay = 0 (by property (ii) of atoms). 

Case 2. @ is not atomic. Then there is an element 2%) 0 such that x9 contains no atom. 
Hence there is some xz, such that 0< 2, < 2%. Similarly, there is some x2 such that 0 < x. < x. 
Proceeding in this manner, we obtain (using the axiom of choice) an infinite sequence 29, 7), x», .-. 
such that 2) > 21 >a. > °°: . Let yo = %~ 41, 1 = 41 ~ Ley Yo = Ho~ Ky, .... Then yiry;=0 
whenever i + j. 


Exhibit a Boolean algebra which is not isomorphic to any Boolean algebra of the 
form P(A). 


Solution: 

Consider the Boolean algebra @ of statement bundles, based upon the propositional calculus 
(cf. Example 3.5). B is denumerable. For, since there are denumerably many statement forms, 
there can only be a countable number of statement bundles, However, distinct statement letters 
determine distinct statement bundles, since distinct statement letters are not logically equivalent. 
Hence there are denumerably many statement bundles. Assume @ is isomorphic to some P(A). 
Then A must be infinite, for otherwise P(A) would be finite and so would B. Thus ?(A) is 
denumerable (since it is isomorphic with B) and A is infinite. By Cantor's Theorem (Problem 2.22), 
A must have smaller cardinality than P(A). A is equinumerous with a subset of P(A), and there- 
fore A must be denumerable. But then A would be equinumerous with P(A) (since both are denum- 
erable), contradicting Cantor’s Theorem. (What we have shown, by means of Cantor’s Theorem, 
is that no denumerable Boolean algebra can be isomorphic with any P(A), and we also exhibited 


a nartionler denumereble Raolean algebra.) 


Eve vewnows GUIVIMSES US sOCsCail SsglvlS; 
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Assume [A] is an atom. Then [A] *0q, and A cannot be a contradiction. Let A, be any 
statement letter not occurring in A. Then A does not logically imply A; for we can assign A, 
the value F and assign the statement letters in A suitable values so that A is T. In addition, 
4. &Ais not a contradiction, since we can make A, T and, at the same time, make AT. Also, A, GA 
jogically implies A. Thus 0g < [A,&Al] < [A], contradicting the assumption that [A] is an atom. 


This problem provides another way of solving Problem 6.15, since any Boolean algebra P(A) 
38 atomic, 


SYMMETRIC DIFFERENCE. BOOLEAN RINGS. 


3.17. 


5.18. 


In any Boolean algebra, prove 
(@) et+y = (a@vy)a (aay) 
(b) e+ (avy) = aay 

(c) yt (way) 
(d) avy =a2+yt (ery). 


aay 


Solution: 


(a) (avy) a (x@ayy (zvy) a (2’vy’) 


= (war) v (cay) v yar) v YAY) 
= (ay) v(ziay) =~ ety 

(() + (xvy) = (2v(zvy)) A (zalzvy)) (by (a)) 

(avy) Az’ = (eax) v (yar) = yar = wany 


= Vv AN) A (YAery))' (by (a) 


~ 
a 
~ 
e 
+ 
“~~ 
& 
> 
& 
pe 
{ 


ya(eayy’ = yalzivy’) = (yaze)v (yay) = vay 
(@) (@t+y)t+(evy) = yt(zt(evy) = yt (ery) (by (0)) 

x! Ay (by (c)) 

=2£ay 


Thus (e+y)+(evy) =xay. Hence evy =x+y+(xay), by Theorem 5.9(i). 


Given a Boolean algebra B = (B,.«,v,’,0,1), we have seen that B determines a 
Boolean ring with unit r(B) = (B,+,,, 0). Theorem 5.11 tell us that, starting with 
a Boolean ring R = (R,+, x,0) with unit element 10, and defining v7’ =1+2, 
Cay=xuXy, and evy=xz2+y+ (xx y), we obtain a Boolean algebra 


= ?/ av! O AN 
\aby Ay Wp og Vy Af 


Show that these transformations are inverses of each other in the sense that 
b(r(B)) =B and r(b(R)) =R. 
Solution: 


Start with a Boolean algebra B = (B, Aq, Vq,’B,0g,1g). Then r(B) = (B, tas Ags Og) with 
unit element 1g. Let C = 4(7(B)), By definition of C, 


eC = lata % = 28 (by Theorem 5.9(h)) 
ACY = Aggy 
Veo ¥ = tq yta (ZAgyY) = ZVq y (by Problem 5.17(d)) 
Thus d(r(B)) = &. 
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Now let ng etart with a Boolean ring ® = (R, tq 1 Xqr0g) with unit element le * 0g. 
. “dD = 1lt+eex 
Any = *Xg y¥ 
evaoy = eteyte (xXgy) 
Let of = (D) = r(d(R)). 
ety y = (BAgY'D) Vp (2'D Apy) 
(x XR (1 +R y)) Va (i +R 2) XK ¥) 
= [xXe (ite y)] te l(l+e 2) Xe uy] te [(2Xe (te y)) Xg (lta 2) Xe »)) 
= [xta (xXq y)| te lutea & XQ y)] ta (e XQ Y XQ (Ite x) XQ (tRy)) 
ate ¥ te [(x Xa y) Xe (iLtaq tte yte (x Xe y))] 
= at+agyte (Xa y) ta Xa (2 XQ vy) te vX@ (ze Xe y) te (x Xe v)?P? 


=xtgyte (xXR Y) te (XXQ Uta (TXQ y)tR (XQ YY) 
= atey 


Solutions of Equations. 


(c) Show that any equation +=o is equivalent to an equation of the form p=0. 
th) Show that a finite system of aguations -. — e = 4 is annivalant to 4 aingla 
oO} snow that & imite system of equations +, v5 »T, V is equivalent te & gingie 


equation « = 0. 


(c) Find necessary and sufficient conditions for the existence of a solution « of an 
equation 7r(u,%1,...,%) = 0, and, when there is a solution, find them all. 


(d) Show that 7(u,w,...,u%) = 0 has a unique solution in u if and only if r=u+p, 
where p does not contain w. 

Solution: 

(a) r =o if and only if (r10') v (r'Ac) = 0, by Theorem 5.9(j). 

(6) ry =08... & ry =0 OO VeVi =O, 


fa) Wate, — fe Batam tt el) Oem ae tee bh nee bee fen laite eg. eed AL 8 tt ’ 
Vey WEIVe 7 IN GISJUNCUVE NOT 10Tin. Wroupimg wicvse TIS TiVGIVING @ BU WISE IvOIVIng u, 
we obtain 
r = (UA) Vv (u Ao) 
Hence r=0 & (ung) v (u’ Aa) = 0 


a> urc,=0 & uv aog=0 
© uwt#o & on =u 
= sy o% 
Hence there is a solution if and only if oe: ~¢;, and the solutions are all wu such that 
oo uo}. Hence the set of soiutions consists of ali (¢2 Vv w) Aq}, for all values of w. (For, if 
og =u~oj, then (e,vu) Ae] =uAo, =u. Conversely, if o2 “oj, then, for any w, o = 
(cg Vv w) Ao} = 03.) If we wish to solve for the remaining variables, we then solve the inequality 
@ = {, which is equivalent to the equality o,A¢, = 0. 
(d) By (c), if there is a unique solution, co =}. (Otherwise, ¢, and o; would be distinct solutions.) 
Hence 
r= (tag) Vv (uno) = wteoy = ut (1+o) 


Conversely, if r=ut+p, then r=0 ~u=p, 
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aries ani 


f the following equations. 


f~@ 
oa 
a 
a 
ct 
oe 
°o 
se 
@ 
°o 


(a) uvz=w, (db) waz = waw. 
Solution: 
(a) auvz=w @& [(uva)aw’] v [wv 2) aw] =0 
> (Uaw)v (zaw')v (Wazaw) = 0 
a (“Aw)v (UAZAW) V (WAZzAw') Vv (WAZ AW) = 0 
o> (unlw'v (Zawl) v (Wa lizaw)v & aw) = 0 
2 (Uunaw' )v (wWal(ztw)) =0 
uH~ 
o% o2 
A solution exists <> og = oj 
eo ztwtw 
@ (¢twyaw’ =0 
& (zaw') + (waw’) = 0 


& zaw' =0 


When zaw'=0, all solutions are of the form ((z+w)v 2) Aw for arbitrary x. But 
[(@+w)aw] v [zaw) = (waz) v (enw) = wal(zvz) 


The equation zvAw’=0 always has solutions z and the solutions are all elements y A w 
for arbitrary y. Thus 


z= yaw 
w= wal(sev2’) = walev(iyrw)’) = walevy’ vw’ 


= walavy’') for arbitrary x, y and w 


(bd) UAZ= RAW & [(CUAZ)A(EAW)" Vv [(UAw)A(UAZ)] = 0 
& [uaz alu'v w')] v ((uaw)a(u'v zy] = 0 
ao (UAZaw)v (srawaz') =0 
a ua l[(zraw’)v (waz’)] = 0 


Bek Mepetey ry 
SS EN WT FY 


A solution exists if and only if 0 = (w+z)’. Hence a solution always exists. The solutions 
are u = xa (wtz)’ for all x, w,z. 


5.21. Find all solutions of the system 


uU= (ZAw')vv (a) 
z= (vaw)vu (b) 
lwvv = 2vu (ce) 
Solution: 

(a) is equivalent to 
(ua [(z'vw)av']) v (wa l[(zrnw’)vv]) = 0 (a’) 

(b) is equivalent to 
zal'vw')auw] = 0 (6’) 


(c) is equivalent to 
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Hence we must solve the system (a’), (b’), (ce). By Problem 5.19(b), this system is equivalent. 
to the single equation 
(un [@ vw) Av’) v (ula [Zn w')v v)) v (ZA [(0' Vw) Aw) 
v [wv vpazan’] v [wav a(z'vu)] = 0 
which is equivalent to 
(HA {2 vw) A v'] v [w’av'}}) v (ul A {[ aw’) vv] 
v [za (e’'v w)) v [(wrv 2) Ag] v [ew av’az'}}) = 0 
Hence ¢, is [(z’ vw) Av'] v [w' Av’), and o, is 
[(za w') v vo] v [za (v' vw’) v [Qwv ve) az] v [wi av’ az’) 
By easy calculation, on =vvzvw’ and o,=v’. Hence a solution exists if and only if 
vvzvw' =v. But the latter equation is equivalent to v’A(zvw’)=0. By Problem 5.20(d), 
substituting wv’ for 2, zV w’ for z, and 0 for w, we obtain the solution v' = 2a (zv ww’) = 2 A(z’ Aw), 
ie. v=a'vzvw'. The solution for u is u=(sgvy)Aoj = (vvzvwvy)Av=v. Thus the 
solutions are u=v=2'vazvw’ for arbitrary 2x,z,w. 
AXIOMATIZATIONS 


5.22. in our axiom system for Boolean aigebra (cf. Section 3.2), prove the independence of 


each of Axioms (1)-(4) and (7)-(9). Show that each of Axioms (5)-(6) is not independent. 
(A member A of a system 9j’ of axioms is Said to be independent if and only if A 
is not provable from the set $f) ~ {A) of the other axioms.) 


Selution: 
Axiom (1): zvy=yve«. Define a model ({0,1},4,v,’,0,1) as follows: 


Complement: 0’=1, 1'=0. 


Join: v 0 1 
0 0 0 
1 1 1 


In the above table, the value of xv y is to be found at the intersection of the row to the right 
of x and the column under y. Thus 


Ovo =0, Ov1I=0 IivdO=1, lviz=1 


Meet: A 0 1 
oj; e 6 
1 | 0 0 
Thus 0A0 = 0, OAL =0 LAd= 0, lal=o0 


Then Axioms (2)-(9) hold, but Axiom (1) is false. (1) fails because 1vVO0=1%0=0v1. To see 
that Axiom (2), xAy =yAx, holds, observe that all meets are 0. Verification of the other axioms 
is left as an exercise for the reader. 


For the independence of Axiom (2), use 0’=1, 1’=0, and the operations 
v 0 1 A 0 1 


ofo 1 ofo o 
Pk ~' a 1[%- 4 
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v 0 1 A 0 1 
0 0 1 0 1 0 
1:1 1 1719 1 


Note that On (0v 1) =0A1=0, but (0A0)v(0A1) =1v0 = 1. 


For the independence of Axiom (4), zv(yAz) =(xvy)A(xvz), use 0'=1, 1’=0, and 


Vv 0 1 A 0 1 
o;o 1 o7o 96 
1 1 0 1 | 0 1 
For the independence of Axiom (7), xv 2’ =0, let the domain of the model be P(A), where 
A is any non-empty set, take ~ to be ON, an io v tobe UL Let 0 he @ and let cs he A. However, let 


2’ =0 for all a. 


7 


For the independence of Axiom (8), use the same modei as for Axiom (7), except that 
©’ =A=1 for all x. 

For the independence of Axiom (9), use the model {2}, with ~,v,’ as n, U, and (QNO= 
QUPD = G= Q); 0=1=@. 

To show that Axiom (5), zv0= 2, is provable from the rest, note first that rv1l=1 for 


all x. For, 
P=ave =~ evie'al) = (eve) al(evl) = lalevl = evil 


Hence ev0 = #v (mae) = (Aly (rae) = xa(lve)) = 2al =e 


To show that Axiom (6), zA1= 2, follows from the rest, “dualize” the proof just given for 
the axiom xv0=~2, Thus, first, sv0=0 for all x. For, 


0 = tak’ = xean(z’vd0) = (raz) v (a0) = Ov (ead) = caAD 
Hence eAl = wealzve) = (evO)a (vz) = ev (OAe) = ev0 = 2 


Detailed verification that the examples in the independence proofs satisfy the remaining axioms 
is left to the reader. 


IDEALS 


5.24. 


nerated by C. 


Qf 
as 
8 
" 


Solution: 

We have to show that J is equal to the intersection HW of all ideals containing C. Since J is 
contained in every ideal containing C, it follows that J/GH. On the other hand, since J is itself 
an ideal containing C, HCJ. Therefore, JH. 


If J is an ideal of a Boolean algebra B and y € B, prove that Gen (JU {y}) is a proper 
. if bes o 


and only if 7’ € J. 


Solution: 
Assume y’€J. Hence 1 = yvy' € Gen (JU{y}), and therefore Gen (JU{y}) is not a proper 
ideal. Converseiy, assume that Gen (JU{y}) is not a proper ideal, Then 1 € Gen (JU {y}), and 


by Theorem 5.17 there exist z@ B and EJ such that 1=(zay)vex. Hence 
y =yal=yal(zayve) = (Yr Aalzry))v ly’ az) = yak 


But since rE J, y’'Ax EJ and therefore y'E J. 


5.26. 


5.27. 


5.28. 
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elation R on a Boolean algebra R we mean a binary relation 2 on B 


By a congruence r 
satisfying the following properties. 

(a) wRx (reflexivity) 

(b) zRy > yR2 (symmetry) 

(c) («Ry & yRz) > xRz (transitivity) 

(d) Ry > (2’Ry’ & (x az)R(yz)). 

Define J; = {a : #80}. Prove: (i) Je is an ide 


only if 1(0R1). (iii) « =), y if and only if zRy. 


09 


1 se ey as a a a OO Oe 2 
ai. (li) dR 1S a proper ideal lk and 


Solution: 


(i) By (a), O€J,. Assume xEJ, and yEJp. Hence xR0 and yRO. By (d) x'R1, and, again by 
(d), (z"aA y')Ry'’. But from (d), yR0 implies y’#1, Hence by (c), (x’ A y’)R1, and, again by (d), 
(eA YRO, Levey CW. Now sesume. thet. 2 CJ, and.<sGb... Then “2R0-‘and, by. (2), 


(2 Az)R0, ie. cAz EdTp. 


meemes 3-f and anle 24 24 Ance nat 
EVVCr 12 GLU UMIY ik 1v UOES NOU 


(ii) This follows immediately 
contain 1. 

(iii) Since + is definable in terms of the meet and compiement, it follows by (@) that zy > 
(e+ y)R(yt+y), ie. cRy>(x+y)RO. But (x+y)R0 is equivalent to z+y€Jz, which in 
turn is equivalent by definition to z =Jp y. 


A subset F of a Boolean algebra B is said to be a filter if and only if: (i) F is non- 


emoty: GD (@ CF &vwe Mowe aye FF: Gi re FayueRwarvyueF, Ry an yltra- 
pty; (yp Wer ayer) SAY, UD) eter ayes evy¥yor,. Sy an wira 


filter we mean a proper filter which is contained in no other proper filter. Prove: 
(a) F is a filter if and only if F’ = {2’: x€F)} is an ideal. 
(b) F is an ultrafilter if and only if F’ is a maximal ideal. 
(c) Assumption (iii) in the definition of filter may be replaced by 
(iii’) teF&aHy > yer 


Solution: 

(a) Assume F is a filter. Given c€F’, yEF’,z€B. Then 2’ GF and y'E€F. Hence x'ny’' EF 
and x’vz’GF, Therefore xvy = (x'ay’)/EF’ and waza (e’v2’l EF’. Thus F’ is 
an ideal. The converse is left as an exercise for the reader. 

(d) This is an immediate consequence of (a). 

(c) The equivalence between (iii) and (iii’) follows from the equivalence between xy and 
evy=y. 


Call a Boolean algebra B simple if and only if {0} is the only proper ideal. Prove 
that B is simple if and only if B= {0,1}. 


Solution: 

Clearly, if R= {0,1}, then {0} ia the only proper ideal. Conversely, assume @ is simple. Let 
x be any element of B different from 1. Then the principal ideal J, is a proper ideal, since 1 + x. 
Since @ is simple, J, = {0}. But <@J, and therefore «=0, ie. B= {0,1}. 


In a Boolean algebra 8, a set C of ideals of B is said to be an C-chain of ideals if and 
only if, for any J; and J2 in C, either JiC¢ J2 or J2C J). (This amounts to saying that 
the relation ¢ totally orders C.) Prove that the union of an C-chain of ideals is 
again an ideal, and, if each ideal in C is proper, so is the union. 
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Solution: 


Let H= vy J, where C is an C-chain of ideals. Given x and y in H, and z in B, Then 
JEC 
z€J, and y€J, for some J, and J, in C. Since C is an C-chain, either J, CJ or J.C J), say, 


J, Gv, Hence EJ. and yEdo. Since Jo is an ideal, ev y € Jg and zAzEJ,. But since J, cH, 
we obtain: zvyE€H and sAzeEH. Hence H is an ideai. If each ideal in € is proper, then 1¢éJ 
for each J in C. Hence 1¢H and therefore H is also proper. 


If R = (Rk, +, X,0) is a commutative ring, then a non-empty subset J of F is called 
a ring-theoretic ideal if and only if 


(i) (tEJ & yEJ) > er-yeEJ; 
(ii) (EJ & zER) > exzE/. 


Prove that if J is a subset of a Boolean algebra B = (B,a,v,’,0,1), and R = 
(B, +, a, 0) is the corresponding Boolean ring, then J is an ideal of B if and only if 
J is a ring-theoretic ideal of R. 


Solution: 


Notice that, for Boolean rings, (—y) = y, and therefore we may replace x—y in condition (i) 
by x+y. Now assume that J is an ideal in B. We already know that (rE J & yeEJ) > xtyed, 
which is condition (i), while condition (ii) reads (x EJ &z¢€B) > xAnzEJ, which is part of the 
definition of an ideal. Conversely, assume that J is a ring-theoretic ideal. By (ii), (7;EJ & z€B) > 
zAzEJ. Now it remains to show that (re J& yes) > xvyEJ. So assume zEJ &yeJ. By 
(ii), cAyEJ, and, since evy = xa+yt (e&Ay), we may conclude by (i) that rv y E& J. 


Show that, if J is an ideal of a Boolean algebra B, then + =: y if and only if there 
exists some element z in J such that rvz=yvz. 


Solution: 
Assume aw =,y, ie. cty GJ. Let z=at+y. Then 


eve =savi(ety) = xevy = yv(xt+y) = yv2z 


Conversely, assume xvz=yvz forsomezinJ. Then 


way’ = (ev2zjay’ = (yvazlay = zay z 
Hence ray’ GJ. Also, 
aay = a’ alyvz) = wal(eva) = want HZ 


Hence x’ AyEJ. Therefore ety = (ray')v (x ay) EJ. 


QUOTIENT ALGEBRAS 


= 9? 
Habis 


Yae ML 24,0 Dw aleahesn 2B AS 4 ,~ A: a at OOP Riga! oR he SR oy cere hat eB 
AKL O Ue We Hooleal algebra Tr(4), wnere A 18 Some LMIN1le NOII-emply set, and leu 


J be the ideal of finite subsets of A. Prove that the quotient algebra B/J is atomless. 


Solution: 


Given an element [X] of B/J such that [X] [0]. Hence X is infinite. Then there is an 
infinite set Y such thet YCX and X~Y is infinite. (To see this, enumerate a subset of 
X, {a,,02,...}, and let Y = {a,,a5,a5,...}.) Since Y is infinite, [Y] %0g,,. Also, since ¥CX, 
[¥] =[X]. However, since X~Y is infinite, X+YEJ, ie. X¥,¥. Hence [X]~«[Y]. Thus 


Oa: < [Y] < [X], and therefore [X] cannet be an atom. 


MmETSSOTS i252); © 
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Given Boolean aloebras ef = (Aa iv, '’f,0,.1.) and B=/(BRa Oo 145 
- ie = ad J all aie 9, aS, aot As vrs Sage © ‘> ’a,0,,1,). 
A function f from A into B is called a homomorphism from cf into B if and only if 


(i) feet) = (f(x); 

(ii) f@ayy) = fe ae fy). 
If such a function has its range equal to all of B, then it is called a homomorphism 
from 4 onto B, and & is calle ee homomorphic image of -4. A homomorphism f is 


an isomorphiem of <4 into B if and only if f is one-one, and f is called an isomorphism 


See CSU ew fae Wwe OE GF SS se Ma Weeay sa yo a Wessels Oreste 5 ans VeeseU ks eas Sess PAseee 


of cf onto B if and only if f is an isomorphism of c4 into B and the range of f is B. 


Wa assay that a4 andl Cana sanmonmnhbaan if and anly if ¢hara Aw fanmnewnhian, nf .4 
FEW WEY UAL Yd GLAM 47 GLU BWOUTIUUE Ms iObY it amu way 4h VAULT is @ll 40VUL2AUE VALLOILL Wwe Ws 


onto B. If f is any function from A into B, by the kernel K; we mean the set 
{a: zEA & f(z)=0g}. Prove: 


(a) If f is a homomorphism from c/ into B, then 
(1) f@vegy) = F(a) va Fly); 
(2) (tty) = F(x) +a fy); 
(3) 4(0.4) = Og and f(ly,) = 1g. 


(b) If f is a homomorphism from cf into B, the range f(A) determines a subalgebra 
of B. 


(c) If f is a homomorphism from c4 into B, and C determines a subalgebra of 8B, then 
fC) = {2: «EA & fix) EC} determines a subalgebra of cf. 


(d) The identity mapping J, is an isomorphism from c# onto c#. (Hence the relation 
“isomorphic” is reflexive.) 


ion 1 from PB onto 
a muro 


vawaes : aneweee OF OY 


ne 
rel atio iascimarehie’ is 


fe) If fi is an isomornhism fro 
AS, 4e Bil SURO! padiniss £205 


is an isomorphism from SB onto ef. (Her nce » the 
symmetric.) 

(f) If f isa homomorphism from c/ into B, and g is a homomorphism from & into an 
algebra C = (C,A¢,v¢,'C,0¢,1¢), then the composition gof is a homomorphism 
from c4 into (¢. In particular, if f and g are isomorphisms onto, then so is gof. 
(Hence the relation “isomorphic” is transitive.) 


far 


(g) A homomorphism f from ef into B is an isomorphism of cf into @ if and only 
if the kernel K;= {0,,}. 

(hk) If J is an ideal of c4, then the function f(z) =2+J for all # in A is a homomor- 
phism from cf onto c4/J (called the natural homomorphism from c4 onto ef/J). 

(4) If Bis a homomorphic image of ¢4, then there is an ideal / of cf such that B and 
cAflJ are isomorphic. 


Solution: 
(a) fle Vag uv) = Fale gy y'A)’04) 
= (f(x'et ayy y’A))'B = (f(x’ot) Ag fly'et))'B 
= (f(e)'B Ag fly'BY8 = F(x) ve fly) 
The proof for + is similar, since + is definable in terms of », v,°. Now 


On) = feagy 24) = f(z) rg fle’*) = f(x) Ag Kz = Og 


Hence f(leq) = f(0.5*) = f0.4)'S = OF = 1g. 
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ig 


(b) From now on wa shall amit subserints 24 and Q wharewar thie is not likely te sanee eonfuaian 


Acsums now that’ ie s. bomomerphiam fou Gf into, ©. Aumomora ¥EJA)s Thea. «= f(s) 
and v=/f(y) for some z, y in A. Hence unv=f(z)rf(y) =f(xayv) E f(A). Similarly, 
u’ = f(z)’ = f(x’) f(A). Hence f(A) determines a subalgebra of SZ. 


(c) Assume x,y EG f-"(C). Then f(xay) = f(x) Af(y) EC, since C is closed under A. Similarly, 
f(z’) = f(x)’ EC, since C is closed under complementation. Thus z~vy € f-\(C) and x’ €f-1(C). 


(d) This is obvious. 
(e) Given u,v € B. Then 
ISU anv) =uav= f 


Since f is one-one, f—"uav) = f-'uyaf-Mv). Similarly, f(f—'(w)) = vu’ = Uff-'Uw)) = 
S(f-'())’). Since f is one-one, f—1(u’) = (f-'(u))’. 


(f) (g°f(zay) = gflxay)) = gfe) Fly) 
a(f(z)) a gfty)) = (9° f)(%) a (9 2 fy) 


Similarly, (9° f\(x’) = gff(x’)) = g(f(x)’) = (o9(f(x)))’ = (9 f\(z)y’ 


(9) Assume f is one-one, and let z€K; Then f(z) =0= (0). Since f is one-one, 2=0. Con- 
versely, assume K, = {0}, and assume f(x) = f(y). Then f(x +y) = f(z) + fly) = M(x) + f(x) =0. 
Thus «+y€XK,, but, since K;= {0}, z+y=0, which is equivalent te z= y. 


(h) f(xay) = (zxay)tJ = [xayl = (ie aly] = fe) a fly) 
Similarly, fe) = 2 +I = [x’] = [z]' = f(z)’ 
()}) Assume f is a homomorphism from ef onto B. Let J = K, J is an ideal. (For, if z,yEJ 


and zEA, then f(xv y) = f(z) v f(y) =O0V0=0, and f(xaz) = f(z) Af(z) = OA f(z) = 0.) For 


any 2 in A, we define Fifxl) = = f(x). This definition is independent of the choice of the particen- 


fgenne idts celnrtien is infleper 


lar representative « in (z], since 
atyEd > fixty)=0 > f(x) t+ fy) =0 > f(x) = fy) 

Now F([e]) A(w)) = F({zaw)) = flerw) = fle) a fe) = F({z]) a F([x]) 

Similarly, F([z}'.) = F([z]) = fe’) = f(z)’ = Fi{z})’ 

To see that F is one-one, we check that the kernel of F is {0}. Assume F((x])=0. Then 


f(z) =0. Hence z€K,, and therefore [x] = 0. That the range of F is B foliows from the 
fact that the range of f is B. 


fa\ Tat hohe a namnonern slameeté nf 2 Dravlaan slochen @& Tat D. Anmaten [ue mw & hi 

\~) LeU VY MO eG TIVLLSTLY CICLLCile LA LVVYUITGLL GIERGMIAa LL, GL DP UVLO ws Ww a7 
Define u*=b~wu for every u in B,. Then show that (Bo, «,v, #,0,b) is a 
Boolean algebra (denoted B | bd) 

{hi Twat bh he « nanzgern slament af a Raclean aloakra 2 Tet Fhe the an aetan tenn 1 t3.a1 

\¥j VU Me @ MUOSOL CICINCML Vl &@ DVUVUICAIL GlYCVIa LU FF NO LS principal iGéai 
Jy generated by b’, ie. J = {2: 2=b’}. Define g(u) =[u] =u+J for every 
u=b. Prove that ¢ is an isomorphism of B|b onto B/J. 

Solution: 


(a) Since the operations a, v and # are closed in B,, Axioms (1)-(4} are automatically satisfied, 
Axioms (5) and (9) are obvious. Axiom (6) becomes xA& =x which holds for all x in By. 
Axiom (7) reads xv (b~2)=6 for all z in B,, which is obvious. Finally, Axiom (8) becomes 
ta(h~2)=—0 which holds for all = 


Weeswns Baatew AGS Cee Soe 
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1 = az) a oly) 


. 
= 
> 
~ 
R 
> 
a 
7 
iT} 
—= 
8 
> 
= 
It 
& 
> 


Since b+1=0’EJ, wehave 6+J= [1]. Hence 
o(x#) = g(b~ax) = g(bas’) = [bd] A [x] = [1] [z]' = [x]’ = (ole) 


Thus ¢ is a homomorphism. To see that ¢ is one-one, | assume that « is in the kernel Ky. Then 
[u] =0g,7=J, te. wed. Hence wd’. But u=b. Therefore u1=0. Hence KX = {0}, 
and ¢ is one-one. Assume now that [J EB/J, Let u = vab. Then [uj] = [v} A [b] = 
{v] A [1] =[v], and u@ Bs. Hence {v] is in the range of g. Therefore ¢ is an isomorphism 
of B|b onto B/J. 


BOOLEAN REPRESENTATION THEOREM 


5.24, 


Show that every proper ideal J of a Boolean algebra @ is equal t 
A of all maximal ideale containing it. 


Solution: 


By Theorem 5.26, there is a maximal ideal containing J. Now JCB. We st show that 


HcJ, Assume x@J. Then by Problem 5.24, Gen (J U {x’}) is a proper ideal. Hence by Theorem 
5.26 there is a maximal ideal M containing Gen (J U {x'}), Therefore JCM and <€M. Thus «¢d. 
Hence H cJ. 


cy Pee a eae peers 


(For those readers acquainted with elementary point-set topology.) Definitions: A 
clopen set of a topological space is a set which is both closed and open. A topological 
space X is totally disconnected if and only if, for any distinct points x and y of X, 
there exists a clopen set C such that x€C and y€C. A topological space which is 
both compact and totally disconnected is called a Boolean space. 


(a) Prove that the clopen subsets of a Boolean space X form a field of sets (called the 
dual algebra Bx). 


(b) Let Mf be the set of maximal ideals of a Boolean algebra @. For any x in B, let 
E(z) = {M: MEM & eEM}. Then if we take arbitrary unions of sets of the 
form =(x) to be open sets, show that 2 becomes a Boolean space (called the 
Stone space of B). Prove also that the sets =(z) are the clopen subsets of Af, and 
that the dual algebra B.~ is isomorphic with the original Boolean algebra B. 


(ec) If X is a Boolean space, prove that the Stone space of the dual algebra Bx is 
homeomorphic with the original space X. 


Solution: 

(a) The complement of an open space is closed and vice versa. Hence the complement of a clopen 
set is clopen. In addition, the union and intersection of a finite number of closed (open) sets 
are also closed (open). 


(b) Any maxima! ideal is a proper ides] and therefore belongs to Z(x) for some z Now assume 
that M, and M, are distinct maximal ideals, Then there must be some element x € M, ~ Mp. 
Hence M,€2(x') and M,Ez(x). Since Z(z') = E(x), cM is a totally disconnected space. To 
prove compactness, assume -¥ is covered by some collection {Osce4 Of open sets, ie. 


mM = avs Oa: Let Us assume -% is not covered by any finite subset of the collection (0.}a € 4) 
and let = show that this leads to a contradiction. Replace each 0, by the sets =(x) contained 


in it. Hence we obtain e covering of <4/ by a collection U of sets of the form E(z), where x 
ranges over rome set CCR. It follows that no finite subset of I] coverr .4. (Otherwise, 
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replacing each Z(z) by a corresponding 0, containing it, we would obtain a finite covering of 
eM by 0q's.) Hence =(x,) v «+> Vv E(x) * eM for any 2,...,%, in C. But E(x,)v «++ v E(a,) = 
=(%,v °+-v 2,) (by the proof of Theorem 5.30). Hence a bis “°° 24) 4 MW for any 4, ..., 24 


in C. Therefore x,v--- vx, 1 for any x,,...,2, in C. By Theorem 5.16 the ideal Gen (C) 
generated by C is a proper ideal, and therefore by Theorem 5.26 there is a maximal ideal M 
containing C, Hence for every x in C, M€Z3(z). This contradicts the fact that the set -1/ of 
all maximal ideals is covered by the collection U of open sets. Hence the space -1/ is compact, 


By definition, each =(x) is open, and, since =(r) = =(z’), each ={x) is also closed. Con- 
versely, assume that (Qj is a clopen subset of -V¥. Since YY is closed and :7/ is compact, aq 
is itself compact. Since Y is open, Qj is a union of sets of the form =(x) and therefore, by 
compactness, q is a union of a finite number of such sets: =(x,),...,2(#,). But 


B(%) Vv --+ v Elam) = F(t, Vv --* V tm) 
i.e. Y is of the form =(y). 


The isomorphism hetween the dual algebra B.. and B already has heen established in the 
proof of Theorem 5.30. 


Given a Boolean space X. For each x in X, let G(x) be the set of all clopen sets A in the dual 
algebra By such that s@A. Let us show that G(z) is a maximal ideal in By. If A, and A, 
are in G(x), then «2A, and # € Ay, and therefore z ¢ A, U Ay, ie, A{ UAC Giz). If, in addi- 
tion, A, EBy, then « € A,NAsg, ie. A;NA; € G(x). Thus G(z) is an ideal. Clearly. for any 
clopen set A, either s@A or x @X~A. Hence G(x) is maximal. Thus G is a function from 
X into the Stone space <% of the dual algebra By. To see that G is one-one, observe that if 
x and y are distinct points of X, then since X is totally disconnected, there is a clopen set 
containing x but not y, and therefore G(x) ~ G(y). To see that the range of G is all of -17, 
assume M is any maximal ideal in the field of clopen sets and assume for the sake of contra- 
diction that M + G(x} for all rE X. 


-~ 
a 
= 


Case 1. For each x in X, there is a clopen set A in M~ G(x). Hence x€ A. Thus the 
sets of M form a covering of X, and by compactness there must be finitely many sets of M 
whose union is X. But the union of a finite number of sets in an ideal must again be in the 
ideal, Therefore the unit element X of the field of clopen sets would have to be in WW, and 
M would not be a proper ideal, contradicting the definition of maximal ideal. 


Case 2. There is some element z in X such that there is no clopen set in M ~ G(x) but 
there is a clopen set A in G(x)~M. So AGM, and therefore the clopen set XK~ACM, 
since M is maximal. Since there is no clopen set in M~ G(x), X~A€G(x). Hence both A 
and X~A are in G(x), which is impossible. 


It remains to show that G is continuous. (That G-! is also continuous then follows from 
the fact that -1f and X are compact Hausdorff spaces.) Let «€@X. Since the open sets of :1/ 
are unions of clopen sets of the form =(A), where A is some clopen set of X, it suffices to con- 
sider any clopen set =(A) having G(x) as a member. We must show that there is some open 
set Y containing x as a member such that G[Y] C=(A). Since =(A) is the set of all maximal 
ideals of the dual algebra not containing the clopen set A, it follows from the fact that 
G(x) € =(A) that z€ A. Then A is an open set such that x GA and, for any y in A, Gly) © =(A). 
Hence G is continuous. 


INFINITE MEETS AND JOINS 
5.36. sia that a Boolean algebra & is isomorphic to a Boolean algebra ?(A) of all subsets 
of some non-empty set A if and only if B is complete and atomic. 


Solution: 


We already know that any Boolean algebra P(A) is atomic and complete. Conversely, assume 
that @ is atomic and complete, and let A be the set of atoms of B. For any element x in B, let 
¥(x) = {8: b€A & b=~xz}, By Theorem 5.7, ¥ is an isomorphism of B into P(A). Let CE P(A), 
ie. ie ne the completeness of B, C has a lub x. Hence by Problem 5.12, C = v(x). Thus ¥ 


7 

| 

i] 
Fh 
ist] 


5.39. 
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Associativity of Meets and Joins. If for each win a set W, X., is 2 set of elements 
of a given Boolean algebra B, and X = wey Xw, prove: 
(a) u) = Vu 
w v w\ywe a 2Ex 
(b) ( A u) = Aw 
wew \ue& Xp 7 = ¢ 
in the sense that, if the left-hand sides exist, then so do the right-hand sides and they 
are equal, 
Solution 
Let z= V V ou). Assume «EX. Then z€X, for some veEW. Hence x = 
wew\sEéx, 
VY «=z. Thus zis an upper bound of X¥. Assume now that y is any upper bound of ¥. For 
weEX, 
each vin W, X,CX. Hence y is an upper bound of X,, and so V uy. Since this holds 
wexX, 
for each vin W, zy. Therefore z= \f wu. This proves (a). 
uEX 


Equation (5) follows from (a) by duality. 


Prove that the following identities hold in any Boolean algebra. 


(aj) zv Vus= V (&vu) 


wEaA uEGaA 
(b) ta Au = A, 4) 


(in the sense that, if the left-hand sides exist, so do the right-hand sides, and they 
are equal). 


Solution: 


Observe first that if a set X of elements of a Boolean algebra contains as a member an upper 


bound z of X, then z is the lub of X. To prove (a), assume v€A. Then v= \/ 4, and so 
wea 


evefev Vu. Thus zv ve u is an upper bound of {(xvu: u€A}. Assume now that y 
Uuca 


is any upper bound of fevu: ‘Ue A}. Then xvu=y for all «€A. We must show that 

av VY uty, which is equivalent to xv \Y uvy = y. But the latter equation follows by 
uEd wEA 

Problem 6.37(a) and the observation at the beginning of this proof. 


Equation (5) follows from (a) by duality. 


If cf is a Boolean subalgebra of B, and Y is a set of elements of cf such that V? y 
v¢€y 

exists and belongs to c4, show that \/* y exists and V“%y = v2 y (and similarly, 
by duality, for meets). He Bee Zen 
Solution: 

This is an as consequetice of the fact that the partial order =~,, is the restriction to cf 
of the partial order <g on BS. (For, 

Hy WO ZAYW=, r=gw  fAgw=w 


and #A,,W=2%AqgWwW.) 
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Vi y (and, similarly, by duality, for intersections and ae 


Solution: 
Clearly, U y is an upper bound in ¥ of Y. Assume z is an upper bound in ¥ of Y. Then 
vey 
yCzforallyin Y. Hencez> U y. Thus WU jy is the lub in ¥ of Y. 
veyY yey 


SAL. Let F be a field of subsets of a set W such that, for every wEW, {w} EF. Prove 
that joins (meets) coincide with unions (intersections), i.e. if Y is a collection of sets 
in F, then we y exists if and only if UY y © F (and therefore by Problem 5.40, 

3 


WF 
¥ é Y aa ay y). 
Selation: 


In one direction, if aoe y € F, then by Problem 5.40, wee y is the lub in ¥ of Y. Conversely, 


assume that 4 ] ieee Then yc ve y for all y in y. Haack U y G VF y. Let us assume 
ey vé€ yey 
that equality does not hold and derive a contradiction. Then there is some u in W such that 


ue ve y and u & Oy y. Sinee {u} belongs to the field F, z =(y y? v) ~ {u} also belongs 
to F and z< VF ye "But z is an upper bound of Y, contradicting the. fact that \/F y is the 
lub of Y. ¥eyY ney 


5.42. Is a complete field of subsets of a set X necessarily the field of all subsets of X? 


, 
Solution: 
Te oP nnwdatvnateken #hen- Avis. clomenk a= 1s. 1 -~# —--Li.s- Maes == 
42 4 CUE tains Were wal Vie elemeiit, hen {2, xX} is a com pice field OL Suvyocvw. 4125 BCH 


erally, if A is any non-empty subset of X eae at least two elements, then the collection F 
of all subsets YC ¥ such that YnNA=@ or ACY is a complete field of subsets of X not con- 
taining any of the non-empty proper subsets of A. 


5.43. Prove that any complete field of sets F is atomic. 


Solution: 


Let A be any non-empty set belonging to ¥, and let x) be some element of A. Then the inter- 
section H of all sets in ¥ which contain 2 is, by the completeness of ¥, also in ¥, and it is an atom 
included in A. To see that H is an atom, assume WCH and WEF. 


Case 1. x, €W. Then HCW and therefore H = W. 
Case 2. 2,¢W. Then »€H~WEF. Hence HC H~W and therefore W = @. 


DUALITY 
5.44. (a) If B = (B,a,v,’,0,1) is a Boolean algebra, show that B* = (B,v,x~,’,1, 0) 
is also a Boolean algebra. 
(5) Prove that the function f such that f(x) =z’ is an isomorphism of @ onto 34. 


Solution: 

(a) Verification of Axioms (1)-(9) for @4 is straightforward. Remember that Oge = 1q, 
Toa = 0g Aga =Va, and Vga = Ag- 

(5) f is one-one, since x’ =y' > x= y. The range of f is B, since x= (zx’)’. Also, f(xay)= 


(oe Aa) = cel ye ap = fn) fy}, and fG 
v Ka) v Hy}, and j 
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INFINITE DISTRIBUTIVITY 
5.45. Let A be the set of atoms of a Boolean algebra B. Prove that B is atomic if and only 
if V2z=1. 
zea 
Solution: 
By Problem 5.13(a), if @ is atomie, then \y x = 1. Conversely, assume \/ 2 = 1. 
2GA ZEA 
Given any nonzero y in B, we must show that there is an atom b=y. Let us assume not and 
derive a contradiction. Then for every atom «, «Ay =O. Hence Vo @ay) =. But 


zEaAa 
Vo (zay) = ya av x by Theorem 5.35(a). Since \fV x = 1, wehave 0= VY (tay)=y, 


2EaAa rea ZEA 
contradicting the fact ‘that y 0. 


5.46. Prove that a Boolean algebra B is isomorphic to a field P(K) of all subsets of a non- 
empty set K if and only if @ is complete and completely distributive. 


Solution: 
We already know that P(X) is complete and completely distributive. Conversely, assume @ is 
complete and completely distributive. Let 


w, ifeis1 
w-esB, S = (1, -1} and fw.5 = { 


w’, ifs is —1 


By eomplete distributivity, 

vv = wr 

A (wvw) = V ( A on) 
awn GR feSs \weEsB 
Hence 1= ( NA ®%w ros] 
ESB \w 
RY? ... Me) I ww Orr AP acl Tia i ea eam itn tate ek fF 
INGW DY LICULEM Y.00(G), 1400 Ally NUICCLYU GED, 
u= ual = ua ( A any) = V (ua A rs) 
JESB WEB ¥EsSe weéEB 


Since u #0, there must be some f€S® such that un A %u,4~) ™* 0, and therefore 
wes 


A %w, fo) * 0 
wes 


Now observe that if z= A % 4) * 0, then z is an atom. (To see this, assume 0 = v < z. 


€ 
We must prove that v = 0. But v< z= xy fy). Since %o, 40) is v or v’ and v<v is impossible, 
it follows that 2, y) =v’. Hence v< vv’, which implies that v=0.) Thus for any nonzero 
«“€B there is an atom z such that zu, i.e. @ is atomic. But we already have proved (ef. 
Problem 6.36) that a complete atomic Boolean algebra is isomorphic to some #(K) where K is 
non-empty. 


547. Regular Open Sets (For those readers acquainted with elementary point-set topology). 
Let W be a non-empty topological space. For any Y CW, we use the notation Y¢ for 


at Neoeoll that VY: is ahs complem ont nf VW 
OL £. LVEOCaI Wal £ 15 UWS CUINPIECIMEt O01 2, 


Definitions. Y« = Ye = the complement of the closure of Y. Y is regular if and 
only if Y=Y*. 
Prove the following assertions. 
(1) Y* is open. 


YovV -» Veer Vee \ 
rd th >= =< 


a v4 
ZAUVIIUS ca oJ 
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'3) If Y is open, then Yc ¥*, 
i4) If Y ular, Y is open 
5) Y is open if and only if Y= Z* for some Z 
(6) If Y is open, then Y¢ js regular (i.e. if Y is open, Ye = yee) 
(7) @ and W are regular. 
(8) If X and Y are open, then (XN Y)* = XenyYe. 
(9) Let B be the set of regular sets of a topological space YW. For any sets X and 
Y in B, define 
AaAY = XNY, XvY = (XUY)*, xX’ = X 
Then B = (B,a,v,’,®, W) is a complete Boolean aigebra (calied the regular 
open algebra of W). 
Solution: 
(1) The complement of a closed set is open. 
(2) If XCY, then X¢c Ye and therefore Yo X°. 
(3) Since ¥C Ye, Ye=¥ecY¥. Taking closures, we obtain Yecec(Y)e=Y¥, since ¥ is closed. 
Hence Y= Yc Yee = Yee, 
“(4) This follows immediately from (1). 
(5) If Y= Z¢, then Y is open by (1), Conversely, if Y is open, and if we let Z= ¥, then Z is 
closed. Hence Z0=Z°=Z=Y. 
(6) Assume Y open. Then by (3), YC Ye. Hence by (2), Yeee¢ Ye. On the other hand, since Y¢ 
is open by virtue of (1), it follows by (3) that Ye c Yeee, 
(7) Pe=Ge=GQ= Jp. Also, Fye = Gye = Gp = @. Hence Dee = GWe=Q, and Fyee = Oe = Ff. 
(8) Assume X and Y open. First, let us prove 
Xn vee c (XnYjee (a) 
To see this, observe that XN Ye c(XNY)*. (For, let x be any point of XN Y° and let N be 
any open set containing the point x. We must show that N intersects XN Y. But NOX is an 
open set contaiming 2, and therefore NOX must intersect ¥) Taking complements, we obtain 
(XNY)e co Xu ye, Taking closures, we have (XN Y)jee ¢ XeuYee = XuYee, and, taking com- 
plements again, we obtain the inclusion (a). Now substituting Xee for X in (a), we have 
Xeen Yee c (Xeenyyjee, But exchanging X and Y in (a), we also have (Y¥NXee) ¢ (YnX)ee, 
and therefore by (2), (Yn Xeejee c (YNX)eee*. But the last term, by (6), is (YNX)e*. Hence 
Xeen vee € (XnY)ee, Conversely, since XNYCX and XNY CY, two applications of (2) 
yield (XN Y)ee ¢ Neen yee, 
(9) By (7), @EB and GY€B. The operation A is closed in B, for, by (8), (XNY)ee = XeenyYee = 


XnY. The operation v is closed in B, since, by (6), 


(Xv Yyee = (XUY)eeee = (XUyye = XvY 


Similarly, the operation ’ is closed in B, since (X’)ee = Yeee = Xe = X¥', Now we must show that 
all the axioms for Boolean algebras are sati ished. Axioms (1), (2), (6) and (9) are obvious. 


176 
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Xa(¥vZ) = Xn(VYusyec 
= Xen (Yuzyjee 
= (n(PvdZ)je (by (8)) 
= (XNY)uU (XNZ))ee 
= (XAY)v (XaZ) 


wa Bo On fat. 


for Axiom (4): 


Xv (YA) = (XuU(Vngjee = ((KUY)N (XuzZ)ec 
= (XUV) n (XuzZjee (by (8)) 
= (KXvY)a (Xv 2) 
Axiom_(5) is easy: XvVO=(XuM)ee = Xee = X. Axiom (8) is also easy: XC Xe. Hence 
Xe=X¢cX. Therefore XNX*=Q. It remains to prove Axiom (7). First, let us show that 
(XUXeje = QD. Assume, to the contrary, that some point w lies in (x UXeje = (X Ux), Thus 


ae 7We ss Wate 
bw (A Uarys, 


Xuxe = XuKe. 


Faint from ¥ U ¥e 


which is Axiom (7). 


which implies that there is an open set N containing @ and disjoint from 


Sinee NNX=@, u€X*, ie. wE Xe, contradicting the fact that N is dis- 


Taking closures and eomplements, we obtain Y¥v ¥’ = (XuXejee — =- Wwe =_ lg, 


Thus we have shown that @ is a Boolean algebra. 


We still have to prove completeness. Note first that 
Z_gY @& XaAY=X © XNY=X oO XcCY 


Now let X be any collection of regular sets. Let us show that i a) y\ is the glb of X. 
\ / 


x 
First, for any YE X, © YCY and therefore (9 ee ¥. as a a) 
yex vex Yex 


a lower bound of X¥. Assume that Z is a regular set which is a lower bound of ¥. Then ZCY 
for ali YE X. Hence Zc 7am ¥, and therefore 
€ 


aes ae 
yex 


This proves the completeness of B. (x may easily be checked that the lub of a collection X¥ 


“(J 


5.48. Show that a complete Boolean subalgebra B of an algebra of the form ?(K) need not 
be a complete field of sets (i.e. infinite joins and meets need not coincide with unions 


and intersections, respectively). 


Solutien: 


Consider the regular open algebra @ of the real line (ef. Problem 5.47). 
Since every regular set must contain a finite open inter- 
Hence by Problem 5.43, @ cannot be isomorphic to a 


that every finite open interval is regular. 


val, it follows that the algebra @ is atomless. 


complete field of sets. 


It is easy to verify 


of a complete but not completely distributive Boolean algebra. 


The regular open algebra of the real line is complete and atomless (cf. Problems 5.47-5.48). 


a 


mee hy Probleme 5.46 and 5.36, the algebra cannot be comnletely distributive. 
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5.50. Given o-algebras cf and B. By a o-subalgebra of cf we mean a subalgebra determined 
by a subset closed under denumerable joins and meets. By a o-homomorphism of c4 
into B we mean a homomorphism g of c4 into @ preserving denumerable joins and 
meets i.e. such that 9( A a) = A g(x); the corresponding equality for joins follows 


by De Morgan’s Laws). By a o-ideal of cf we mean an ideal of cf closed under 
denumerable joins. 


(s) If g is a c-homomorphism of c/ into B, then the range g{c4] is a e-subalgebra of 
B, the kernel X, is a c-ideal of ¢4. and ¢-4/Ka is s-igomorvhic with gf[e4] 
ay WEE BUA 2g 1 GH OTLUUE UL C1, GU Guise ag in SUUALAUE MELE WHSUEL Y [OS Je 


(b) If J is a o-ideal of 4, then c4/J is a o-algebra (where V (at) = (y 2s) +3) 
‘ 
and c4/J is a c-homomorphic image of cf under the natural mapping. 


(a) These are just obvious extensions of the results in Problem 5.32. 
(6) We must show that c4/J is closed under denumerable unions. To see this, we shall show that 
[v “| = V [z]j. Clearly, [xj = [v «| and therefore ly “| is an upper bound. 
t i 


Assume now that [z] is an upper bound of the [x,]’s. Note that, in general, [u] = [vo] if and 


L enera 


Bo 
only if wav’ =,0. (For, [uj [vo] - [ua oe [vy] & uave=zv & (unr) + 202 
(UAV) +(LA%) 3,0 © uA (14+) 0 O wav’ 3,0.) Since [x] = [z], eaz2 =, 0. Since J 
is a o-ideal, \/ (2, Az’) =, 0, ie. 2’A \/ 2 =, 0. Hence Lv «| = [z]. That the natural 
4 i i 


mapping ¢(x) =2+J is a e-homomorphism of ¢4 onto c4/J is an easy consequence of the fact 


earee Bs ee aeetee 
that | V™ | = V fad. 


5.51. For any subset CC P(K), the intersection of all o-subfields of P(K) containing C is 
itself a o-subfield containing C. 


Solution: 


The intersection H clearly is closed under denumerable joins and complements. The e-subfield 
H is ealled the o-subfield generated by C. 


a 
ee 
9 
Bi 
o ¢ 
3 
® 
f=] 
a 
° 
Fh 


is itself a wideat containing C (called ‘the pies generate 
D are all those «= Vv ¢: for elements q in C (1<i<-). 


Solution: 
That D is a e-ideal containing C is obvious. Let EF be the set of all z= \y c¢, for some ¢, EC. 
i 


First, if x, = V ey for ej,EC, then Vv x;= Vey. Thus # is closed under denumerable joins. 


i,j 


Also, if <E EF snd y= «a, then z= Ve for ¢,E C, and therefore y = V ie. YEE. Thus £ 


is a o-ideal containing C. Hence Dee. On the other hand, for any ideal J containing C, if 
z= V ¢; for ¢,EC, then \/ ¢, € J and therefore <EJ. Hence ECD. 
t 
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The Loomis Representation Theorem: Any o-ideal c4 is a se-homomorph 


o-field of sets, i.e. cf is e-isomorphic with the quotient algebra of a o-fiel 
g-ideal. 


a B 


Solution: 
Call Y € P(A) a selection if and only if, for any a€ A, Y contains exactly one of a and a’. Let 


S be the set of selections. Define a function r from <4 into P(S) by setting r(a) equal to the set of 
all selections Y such thata€ Y. Let T be the range of r. Clearly, T is closed under complements: 


he ote cciwt cr a tc 


7 7-NN — of ty “ 3 Tot BF iL. at ohio: Lf 
{TIG)}) — Ta }. Let r be the o-field of SUDSELS of g generated by T. Mee IY Pe VWI SUOSEL G1 £F CUl- 


sisting of countable intersections ( 1(q;) such that A a@,=0. Let J be the o-ideal generated by 
i t 


N. Consider the mapping y(a) = r(a)+J€ F/7. We now show that y is a o-isomorphism of <4 
onto F/J. 


Let z= \/z in ef. Then, z’Az,=0. Hence r(z’)Nr(z) EN. Therefore 
t 


7(z) n U r(z) = ¢z’)n (u rei) = U (r(z’‘) N z(z)) E J 


Hence +(z) MN Mr(zj)EN and 
i 


eee. t 
r(z) 9 ( Vv r(z) | = NANNY = lA Ney) ET 
i ‘ 


Hence r(z)+ Ur(z) = (=e nN Urte)) U (xe) Nn (u (ed) ) ed 
i i 
It follows that r(z)+ J = U r(z,) + J. Therefore 
Wz) = rz) + Ff = U r(z;) +Jo= U (rz) + J) 
In addition, v2’) = x(z) + 7 = (r(z) + J) = (yz) 


Hence y is a c-homomorphism. It is readily seen that the range of y is F/J. (For, i y(a) is a 


e-subfield of F containing T and is therefore equal to all of F. Hence y[c4] = F/J.) “Te re remains to 
show that y is one-one. To do this, we shall show that the kernel Ky, is {0}. Assume cE K,. So, 
y(a) = Ops. Therefore r(a)EJ. Note that J consists of all 8 in F such that &@ C U», where 


1 
%EN. Here +, = flan where N a,,= 0. Therefore r(a) € Y (9 x(a,)) for some a;; such 


that A a@y=0. Hence 
: r(a) ¢ Y 7 (44, sca) (1) 


where f is any funetion such that a, ;;) is defined for all i. Since we wish to prove that a= 0, 
let us assume the contrary, i.e. a0, Hence 1>a'=a'v0=a'v (A *y) = A (e’va,,). There- 
fore some @’v a,;%1; say, a’ Vay) * 1. Then ; J 


1 > av ayy = @ Vv ayy V0 = av ayy) Vv A ae; = A (2’ v Gyy¢4) v G95) 
3 


Hence 1 > a’ v ayyy) V Goya) for some jf = f(2); etc. We obtain a sequence 141), doy9),--. Such 


that 
1>a'v 1501) Vv @o4¢9) Moe MA Ask) for each k 


Therefore among 4)4(1), 2242» --- neither a nor a complement of any aj,,, occurs. Therefore there 
exists a selection Y containing a and all aj; Thus Y€r(a), but ¥ €r(ayq)), contradicting (1). 
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LATTICES 
5.54. Which of the partially ordered sets given by the following diagrams are lattices? Among the 


: ia : Pe aE eet oe age, RT as eee ee et Bk CON ce hk fe = 
lattices; which: (G) have-a- zero. element, {ii} have a unit clement, (iii) are complemented, (iv) a 


modular, (v) are distributive? 


(a) es (a) 
lS rae 
| , a we ‘ 
7 Pa 
(c) = (a) 


433. Which of the following structures (L,=) are partially ordered sets, totally ordered sets, lattices, 
distributive lattices, lattices with a zero element, lattices with a unit element, complemented lat- 
tices? For those which are lattices, describe the operations A and v. 


(a) ZL is the set of all finite subsets of a set A and = is the inclusion relation ¢. 

1b) Same as (a), except that A itself is also a member of L. 

fe) Lis the set of complex numbers and «+ bit ectdi oc ac, 

‘d) L is the set of all complex numbers and a+ bi=c+di + (a<e)v (a=c&b=d), 

te} L is the set of all complex numbers and a+ bitze+di o at=c&b=d. 

if) DL is the set of all subalgebras of a given Boolean algebra, and = is the inclusion relation C. 

3! Lis the set of all sublattices of a given lattice and = is the inclusion relation C. 

&: Z is the set of all polynomials with real coefficients and f = g means that / divides g. 
Same as (h), except that the coefficients of the polynomials must be integers. 

-' Z is the set of all subsets of a set A, and = is C. 

« LC ig the set of positive integers and zy if and only if y is an integral multiple of = (i.e. x 
Civides y). 

> Assume (A, =) is a given partially ordered set. Let C be a fixed set. Let L be the set of all 
Aa from C into A. For any f and g in L, let f =g if and only if f(x) = g(x) for ali 

= Assume (A,~) is a given partially ordered set. Let L=A, and xy @ y=x. 

“a! L cs the set of all infinite subsets of an infinite set A, and = is C. 

1 L is the set of all subsets of a set A containing a fixed subset C,ie. LD = {Y¥: CCY CA}, 


ard S ge co 
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5.56. 


5.07, 


5.58. 


5.59. 


5.60. 
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(n) I. consists of the empty set @ and all noints, lines and planes of three-dimensional Euclidean 
space, and = is ¢. 

(q) Z is the set of all subgroups of a group G, and = is C. (This exercise is for those readers 
acquainted with elementary group theory.) 

(r) Z is the set of ali convex pianar sets and = is ¢. (By a convex set we mean a set such that, 
for any two points in the set, all the points on the line connecting the two given points are 
also in the set.) 


(s) ZL is the set of all tuncclons from the unit interval [0,1] of the real line into the set of all 
real numbers, and f = gy means that rita ) =< g(x) for all « in {o, 3}. 


(t) ZL is the set of all functions from a fixed set A into a lattice (L,,=), and f=g means that 
f(x) = g(x) for ali x in A. 


In a lattice, prove that u,v--- vu, is the lub of {u,,...,%,} amd “,A-‘-- Au, is the glib of 
{uy, .- +) Up}. 


How many partial orders can be defined on a fixed set of two elements? Of three elements? 
(What is the largest number of mutually non-isomorphic partial orders in each case? We say 
that a partially ordered structure (A, =,) is isomorphic to a partially ordered structure (B,=,) if 
and only if there is a one-one function f from A onto B such that «=,y — f(x) =, f(y) for all 
zandyinA.) Try to extend these results to more than three elements. 


How many (mutually non-isomorphic) lattices are there of two elements? Three elements? Four? 
Five? Six? Draw diagrams of the lattices. 


— 
Given a lattice (L,=). Show by an example that a substructure (L,,~), where L,;C DL, may be a 
lattice, but not a sublattice of (EL, =) Ae the operations a; and v; may not be the restrictions of 


the operations A, and v;,). 


Let L be a lattice with zero 0 and unit 1. An element x in L is said to be complemented if and 
only if has an inverse y {ie. evny=—0 and zvy= 1). 


(a) If L is distributive, prove that the set of complemented elements is a Boolean algebra (under 
the operations ~ and v of L). 


(b) If L is modular (but not distributive), give an example containing six elements to show that 
the set of complemented elements need not form a sublattice. 


(ec) Show by an example that, if L is not distributive, an element can have more than one 


complement. 
Show that a lattice (L, =) is complemented if and only if L eentains a zero element 0 and there is a 
singulary operation z— 2’ on L such that: 
(i) «vnc = 0, (ii) «’ = x, (iii) (avy)! = z’ ay’ 


Show that the following properties of a distributive lattice 
(a) TAK = & 

(8) talyvz) = (xay)v (2Aaz) 

(ce) (yvz) Aw = (yaa)y (zan) 

(dq) zvl=i1lvee=il 

(ec) rAl = lart=aez 


serve to characterize distributive lattices with a unit element 1 in the sense that if the structure 
(A,a,v,1) satisfies these laws then (A,”,v) is a distributive lattice with unit element 1, and 
vice versa [99]. 
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3.14, 


Prove that the following laws hold in any lattice. 
(aq) tAy=uUvy > w=y 
(b) eAyAz =avyvze > w=y=z 


Prove that the following inequalities hold in any lattice. 
(a) (tay) Vv (uAv) = (xvuya (yvv) 


(b) (way) v (ynz) v (ene) = (avy)a(yvz) a (sv 2) 


Prove that each of the following conditions is equivalent to distributivity of a lattice. 


(a) (wmnauZz2h& wBZuy2z\ > wHen 
{@) { ¥ & 2 yi 2) 4 2 


(6) (@AazH=yanz& avztyvz) > c=y (Hint: Use (a).) 
(ec) (tAz=yaz & evz=yvz) > x«=y (Hint: In one direction, use Problem 5.11(c).) 


(d) (2vy)a (yvz) a (evz) = (@ay)v (yAz) v (2 Az) 
Complete the proof of Problem 5.11(e). 


Give an example of a distributive lattice (L, =) lacking both zero and unit elements such that = 
is not a total order on L. 


If (L, =) is a lattice, prove that = totally orders L if and only if all subsets of L are sublattices (ie. 
are closed under A and v). 


Prove that any distributive (modular) lattice can be extended to a distributive (modular) lattice 
with zero and unit elements simply by adjoining such elements if they are not already present. 
Prove that a lattice is modular if and only if it satisfies the law 

(eaz=uany Gaevzea=yvzk e=y) > z=y 


(@iné: In one direction, use Probiem 5.10.) 


A lattice (L, =) is said to be complete if and only if every subset of L has a lub and a glb. Prove 
that in order te verify completeness it suffices to show that every subset has a lub or that every 
subset has a gib. 


Given lattices (L,,=;) and (Lo, =.) and a function f from L, into Lp. 
Definitions. 
fis an crder-homomorphism if and only if «=, ¥ > f(x) =» f(y). 
f is a meet-homomorphism if and only if f(z A; 4) = f(x) Acf(y). 
fis a join-homomorphism if and only if f(z v1y) = f(z) Ve fly). 


f is a lattice-homomorphism if and only if f is both a meet-homomorphism 
and a join-homomorphism. 


rove: 

(a) Every meet-homomorphism is an order-homomerphism. 
(o} Every join-homomorphism is an order-homomorphism. 
(ec) Every lattice homomorphism is a meet-homomorphism. 
(d@) Every lattice homomorphism is a join-homomorphism. 


(e) The converses of (a)-(d) do not hold. (Counterexamples may be found using lattices of at 


most four elements.) 


ee join-, and lattice. 


aL motion a m7. 
a LCL: 


{4} For one-one functions f from Z, onto Ly, the 
homomorphism are equivalent. 

(g) Any order-isomorphism from a Boolean algebra cf onto a Boolean algebra B's 4 heal 
isomorphism, i.e, not only is it a latticechomemorphism, but it also preserves complemerts 
f(z’) = (feryy’. 


NAT 


Paes. aes 
order-, 
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A lattice (L,=) is said to he relatively pseudo-complemented if and only if, for any «,y in.L, the 
set {z: yaz=x} has a lub. (Such a lub is denoted y > 2.) By a pseudo-Boelean. algebra: we 
mean a relatively pseudo-complemented lattice possessing a zero element 0. Prove ({142}): 


(a2) In a relatively aseude.comblementes lattice: 


(c) 
(d) 


(¢) 


(/) 


(ii) The distributive laws held. 

(iii) For any z, «> 2 is a unit element 1. 
(iv) vy>2=1 if and only if y =x. 

(v) «#=y ifandonlyif zs >y=y>e= 


(vill) yanaty>x) Hex 

(ix) Ife=y,then y>z22>2 and z>222> 4. 
(x) xy>2 

ai) pnw >a) syne 

(xii) (y>ax)axv=e 

(xiii) (@@ >y) A(z >z = 2> (yAz) 

(xiv) (@>2)aA(y>z = va dz 

(xv) @& D(y>2z) = (way) >z = y > (x D2) 
xvi) (2~>yYAty>2) = aepz 

xvii (2 py) = (y D> 2) > (2 Sz) 

xvii x= y Dray). 


In a pseudo-Boolean algebra, we define: —x = 2x0. Then: 


iis -0=1 and -1=0 
il za(—-z)=0 

lil xey7 -yen-r 
liv! a«f-—z 

(v) = eS ee 

(vi)  —-(xvy) = —aa-y 
(vii) —(eAy) = -zv—y 


(viii) (-z)vu =a Dy 
fix) 2 >y = (~y) > (-2) 
(x) 2 >(-¥) = -@Ay) = ¥ > (-2) 
(xi) OD>z= 
(xij) A subset F is a filter if and only if 16 F and 
(®EF &e#>yEF) > yer 


ln a Boolean algebra, show that y> x = y’vc. 

(For those readers acquainted with elementary point-set topology.) Show that the lattice of 
all open sets of a topological space is a pseudo-Boolean algebra, where A > B is the interior 
of ACS. By taking the special case of the reai iine, show that ihe assertions xv (—x) =i 
and ~-—z = donot hold for all pseudo-Boolean algebras. 

By a Brouwcrian lattice we mean a lattice with a unit element such that, for any x,y in the 
lattice, the glb of the set (z: y= av z} exists (and - is denoted y= 2). Show that the notion 


gilt. ooo ole li f. ab _ 4004 2 


of Br ouw yerian lattice i is dual w the notion of pseudo-Boolean algebra in the BELLSe LIAL @ lattice 
(B,=, is a pseudo-Boolean algebra if and only if the lattice (L,=) is a Brouwerian lattice. 
(For a study of Brouwerian lattices, cf. [133].) 


In the Boolean algebra of statement bundles icf. Example 3.5), for any statement forms A and 
B, what is the internretation of [A} > [B]? 


HeLa tior 
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ATOMS 


5.76. 


5.79. 


du 
ao 
e 


5.81. 


Prove that two finite Boolean algebras are isomorphic if and only if they have the same number 
of atoms. 


In the Boolean algebra of all divisors of n, where n is a square-free integer > 1 (ef. Problem 3.3), 
what are the atoms? Note that «=y< 2 divides y. 


(a) How many subalgebras are there of the Boolean algebra of all subsets of a four-element set? 


(6) Given a Boolean algebra B with 2* elements, show that the number of subalgebras of @ is 
equal to the number of partitions of a set with % elements (where a partition is a division of 
the set into one or more disjoint non-empty sets). 


If cf and & are Boolean algebras with the same finite number 2* of elements, how many isomor- 
phisms are there from <4 onto B? 


Consider the Boolean algebra given by the field of sets consisting of all finite unions of left-open 


iniervais of reai numbers (cf. Frobiem 2.68). What are the atoms of this aigebra7 


5.822, Does the set of atoms of a Boolean algebra always have a supremum? 


5.83. 


Show that every atomic, uniquely complemented lattice with zero and unit elements is isomorphic 
to a field of sets and is therefore a Boolean algebra. (Hint: Use the proof of Theorem 5.7.) 


SYMMETRIC DIFFERENCE. BOOLEAN RINGS 


5.84. 


5.85. 


5.86. 


5.87. 


5.88. 


5.89. 


5.90. 


5.91. 


In an arbitrary Boolean algebra: 
(a) Does the distributive relation x+(y Az) = (a+ 97a (z+2) hold? 
(o) Is (tx*#y&u=v) > xtutzyt+v valid? 


In the Boolean algebra of all divisors of n, where 7 is a square-free integer > 1 (cf. Problem 3.3), 
find an arithmetic formula for the symmetric difference x + y. 


In any Boolean algebra, prove: 
(a) ev(aty)=avy, (b) the “dual” of z+y is (x+y)’. 


In a-ring, «— y is defined to be r+ (—y). In a Boolean ring, what is (~y)? Is there any difference 
between x —y in the ring-theoretic sense and x ~ y as defined in Problem 3.1? 


Prove that the uniqueness of (—x) in Axiom (4) for rings need not be assumed (i.e. it can be proved 
from the other sxioms) 


Ae Grner Sxioms;. 


(a2) Give an example of a Boolean ring without a unit element. (&) Show that every Boolean ring 
without s unit element can be extended (by addition of new elements and extension of the ring 
operations to the enlarged set) to a Boolean ring with unit element. Prove that the original ring 
is 8 maximal ideal of the extension. 


In the axioms for Boolean rings, show that x+y =y+2 is not independent. 


Let ® = (R,+,%,0) be a commutative ring with unit element 1. We say that an element x in F 
is idempotent if and only if x2 =. Let R* be the set of idempotent elements of R. For sny = 
and y in R*, define s@y=2x+y—2zry. Prove that (R*,@,xX,0) is a Boolean ring with unit 
element 1. Express the Boolean operations v,v,’ in terms of the original ring operations +, X. 
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For any Boolean expression +(u), prove that 
r(u) = by + (by Au) 


where 5, and by are fixed elements of the Boolean algebra. 


5.93. Solve the following equations. 
(a) wnaw=0 
(} waz=w 
(ec) u+t+w=-r (for u and w in terms of r) 
(d) (pAu)v (cAw) = + (for « and w in terms of p, 6, r) 


5.94. Solve the simultaneous equations 
xvb= ce 


txab= 0 
for « in terms of b and c. What further conclusion follows if 5 = c? 


5.95. Solve the following system of equations. 


waz w 


5.56. __if r(u) is a Boolean expression and 8 is an element of a Boolean algebra 3, and if (6) 0 rii) 
~” << 
6 = (0) v r(1), prove: 
(a) r(u) = 6 hasa solution, Find aii solutions. 
(6) If r(u) = 6 has a unique solution, then, for any c, r(u) =c¢ has a unique solution (namely, 
r(c)). 
(c) If @ is finite and there are k atoms which are = 7(0)’+17(1), then c(uz) = 6 has 2* solutions. 


AXIOMATIZATIONS 
5.979, In our axiom system for Boolean algebras, determine whether Axiom (5) can be proved from 
Axioms (1)-(4), (7)-(9). (See Problem 5.22.) 


§.98. Determine whether or not each of the axioms (B1)-(B5) for Byrne algebras (cf. Section 5.4) is 
independent. 


5.99. Show that the following variation of the axioms for Byrne algebras (cf. Section 5.4) also may serve 
as an axiom system for Boolean algebras. Consider structures (B, 4, ’) satisfying (B1), (B2), (B5), and 


(C) way’ = 2az’ & eay=e2 
(Hint: Prove that zAz’=wa»Aw’ for all z and w, and introduce 0 by definition as being equal 
to this common value of all z Az’.) 


5.100. (a) Prove that the following is a system of axioms for Boolean algebras. 
(Dl) xay= yA 
(D2) xAlyaz) = (way) az 
(D8) (x ay) ale’ ay) = x 
(b) Investigate the independence of Axioms (D1)-(D3). 


§.101. Prove the independence of Axioms (a)-(f) for lattices in Problem 5.4. 


5.102. [121]. Let L be a complemented lattice. Show that L is a Boolean algebra if and only if, for any 
L 


ea 
and for any complement z of y, Ay =O & = 2, 


COMPASMMCIL 2 Cl Fe 
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5.103. {101’. Given a structure &@ = (R,A,"). Prove that @ determines a Boolean algebra if and only 


if the following two laws are satisfied. 
(a) x=X2Ay @ tAYy =2A2 


ib) (ra yAza(yAz)az 


5164. (122. Prove that a structure B= (B,v,') determines a Boolean algebra if and only if the 
following three laws are satisfied. 


fq) evy = yva 
(db) (evy)vz = av (yv2) 


(ce) (2’vy')’v (2’vy)’ = & 


IDEALS 


5.16. If A is an infinite set, prove that the ideal of all finite subsets of A is not a principal ideal in the 
field of sets P(A). 


5.106. Prove that a non-empty subset J of 2 Boolean algebra is an ideal if and only if the condition 


zvyEJs @ (xEJ & yEJ) is satisfied. 
5.107. What is the ideal generated by the empty subset @ of a Boolean algebra? 


5.108. Given a Boolean algebra B. For any ideals J and J of 3, let 
Jvl = fevy: 2cEJ & yED 
(a) Prove that Jv / is an ideal. 


(6) Show that the set of ideals of @ forms a distributive lattice under the operations of M and v. 
Are there zero and unit elements? Is the lattice comnlemontad? 


ere ane me iaterce: com rr: 


5.109. A non-trivial fnitely-additive measure on a Boolean algebra @ is a function » from B into the set 
of non-negative real numbers such that 
(1) wzvy) = v(x) + aly) if znay=0. 
(2) wis not a constant function. 


(a) If » is a non-trivial finitely-additive measure on a Boolean algebra 8, prove: 


ay uf) =f 
“i ww) VM 


(ii) wley vrs Vey) = lay) +e tule) if 2,A2;=0 for ix j. 
(ili) «Sy > a(x) = aly) 
(iv) w(zyV +++ vay) = w(x) + +++ + alz,) 
(v) J, = {x: p(x) =0} is a proper ideal of B. 
(vi) If » is 2-valued, ie. if the range of 2 consists of two numbers (one of which, by (i), 
be 0), then J, is a maximal ideal. 
(vii) If » is bounded, i.e. the range of » is bounded above, and if we define »(x) = u(x)/x(1), 
then ry is a non-trivial finitely-additive measure such that 0 = e(x)=1 and »(1) =1. 
(®) If*M is a maximal ideal of 3, and if we define 
0 if <EeM 
ae) i if z@M 
for any x in 5, show that » is a non-trivial Z-valued finitely-additive measure on @. 
(c) If B is the Boolean algebra P(K), where K is a finite set, and if we define »(A) = the number 
of elements in A, prove that » is a non-trivial finitely-additive measure on B. 


(d) Prove that every Roolean algebra admits a non-trivial 2-valued finitely-additive measure. 
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5.110. 
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Given a subset D of a Roolean algebra B, recall (ef. Problem 3.5) that the intersection of all suh- 
algebras containing D is a subalgebra Gp, called the subalgebra generated by D. 


(a) Prove that the elements of Gp are all elements of the form c,v-°'*ve,, where each 
eG = dy Act ad; and either dj, ED or dj ED, i.e. the elements of Gp are finite joins of 
i 


finite meets of elements of D and complements of elements of D. 


(6) Show that the subalgebra Gp) of P(X) generated by the set D of all singletons consists of all 
finite and cofinite sets. Prove that Gp is complete if and only if K is finite. 


(c) We say that a set D is a set of generators of the Boolean algebra B if and only if the sub- 
algebra Gp generated by D is the whole set B. We say that B is finitely generated if and only 
if there is a finite set of generators of 3. Prove that every finitely generated Boolean aigebra 


is finite. 


(d) We say that a set D of generators of a Boolean algebra @ is a free set of generators of B if 
and only if, for every function h from D into a Boolean algebra (, there is an extension g 
of h which is a Boolean homomorphism of @ into (. The Boolean algebra B is said to be free 
if and only if there is a free set of generators of B. 

(i) For any non-negative integer k, if B is a Boolean algebra having a free set of k gen- 
erators, prove that @ has 22") elements. 


(ii) Is every subalgebra of a free Boolean algebra also free? 
(iii) Show that the cardinal number of any infinite free Boolean algebra B is equal to the 
cardinal number of any free set of generators of B. 


(iy) Show that if D, and Dy, are free seta of generators of the same Boolean algebra %, then 
D, and D, have the same cardinal number. 


r f a 
algebra (, show that there is a uxigue homomorphism g from @ into ( such that g is an 
extension of h, 

(vi) If D, is a free set of generators of B, and Dz is a free set of generators of B, and D, 
and D» have the same cardinal number, then @, and B, are isomorphic. 

(vii) Let D be a set of generators of a Boolean algebra B. Show that D is a free set of 
generators of B if and only if, for any u,,....u, in B, if u;ED or ujED for each u,, 
then wpAc+ au, * 0. 

(viii) For any cardinal number m, prove that there is a Boolean algebra having a free set of 
generators of cardinality m. (Hint: Generalize the Boolean algebra of statement bundles 
(Example 3.5) by using a set of statement letters of cardinality m instead of a denumer- 
able set of statement letters.) 


(ix)? When is P(K) a free Boolean algebra? 


QUOTIENT ALGEBRAS 


5.111. 


5.112. 


5.118. 


Let J be a proper ideal of a Boolean algebra @ and let K be a proper ideal of the quotient algebra 
S2=B/J. Let JO= {x: rE€B & x+JEK}. Prove that JO is a proper ideal in B and that 
the function y from 8/J° onto B*/K defined by 


yv(et+JOQ) = (x t+ J 4K 


is an isomorphism. 
7 m 7 . — on om: i. S$ ¥ 2 S. we foe hk fa De 
in a boolean aigepra 2, O 1S all ideal. Wilkt 15 D/O. Why 181 t it a DUUIECAaN alfeuTa 


(For those readers acquainted with elementary point-set topology.) Let _}° be a topological] space. 
(a) Prove that the set F of subsets of 9° having nowhere dense boundary is a field of sets. 
(6) Prove that the set N of nowhere dense sets of }° is an ideal of F. 


(ec) Show that the quotient algebra F/N is isomorphic to the algebra of regular open sets of ‘¥ 
(ef. Problem 5.47). (Hint: If AGF, show that there is a unique regular set A, such that 


Ais Mie mneelbnen Anne \ 
fa T 447 15 MUWHEIE UCTS.) 
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BOOLEAN REPRESENTATION THEOREM 


5.114. Prove that every ideal of a Boolean algebra @ is principal if and only if @ is finite. 


5.115. For each s in a set S assume that the: 
u 


aaeset TT op - 


e is an associated Boolean algebra B,. By the Cartesian 
product [] B, we mean the set of a ch 


r 

Ya © ny a ce SO Son . ne Maes Neely Sue SeemmEeau aa at 

LUTICLIONS 7 GENNEU Ol oO SUCH Wal, 10F €atn SOO, F (5; 
sé5S 

We define Boolean operations on the Cartesian product in componentwise fashion, e.g. if f and g 

are in the Cartesian product, let f ~ g be the function defined on S such that (fA g)(s) = f(s) Aq, 98) 


for each sES, 
(a) Prove that the Cartesian product of Boolean algebras is a Boolean algebra. 
am 


(6) Prove that a finite Boolean algebra of cardinality 2" is isomorphie to a Cartesian product of 


m copies of the Boolean algebra {0,1}. 
(ce) If the cardinal number of a set A is m, prove that the Boolean algebra P(A) is isomorphic to 
a Cartesian product of m copies of {0,1}. 
(a) Show! thatvecery Boclecn i 


copies of {0,1}. 


5.116. (a) Prove that if x and y are distinet elements of a distributive lattice, then there is a prime ideal 
containing one of x and y but not the other. (The notion of prime ideal, although 
originally defined for Boolean algebras, also makes sense for lattices. Hint for the proof: 
Since x *y, we may assume y ¥x. Let Z be the set of all ideals containing x but not y, 
and apply Zorn’s Lemma.) 

(6) Prove that any distributive lattice is lattice-isomorphic to a lattice of sets. (Hint: To each 
element z of the lattice associate the set of proper prime ideals not containing ~.) 

(c) Prove the converse of (a), i.e. a lattice is distributive if, for any two distinct elements of the 
lattice, there is a prime ideal containing one of the elements but not the other. 


5.117. Although every Boolean algebra is, by Theorem 5.30, isomorphie to a field of sets, show that there 


are Roolean algebras & for which there ig no isomorphism to a field of seta preserving infinite 


joins and meets. (Hint: Consider the regular open algebra of the real line (Problem 5.47).) 


3.1189, [137]. Prove that a distributive lattice is a Boolean algebra if and only if every proper prime 
ideal is maximal. 


INFINITE MEETS AND JOINS 


5.119. Give an example of a Boolean subalgebra ( of a Boolean algebra @ such that some subset F of C 
has a lub in C but not in B. 


5.120. In any lattice, prove (assuming that all the indicated lub’s and glb’s exist): 
(a) If x, ~y, for all wEW, then A 2p = A Yo and VV f= V Yw- 


wew wew weéw wew 
(6) V A 430 = A Vio ase. 
sE€Swew weEWwWseEes 
¢C) A tv A Ye = A wv Yw)- 
wew wew wew 


@) Vi (Aw) = Vi A Vo Uw 


wew wEew wew 


(e) None of the inequalities in (a)-(d) can be changed into equalities valid for all lattices. 


5.121. An ideal J of a Boolean algebra is said to be complete if and only if J is closed under arbitrary 
joins of its elements. 
(a) Prove that every complete ideal is a principal ideal. 
(b) If J is a complete ideal of a complete Boolean algebra @, prove that the quotient algebra 
BiJ is compiete. 


5.128. 


(b) 
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Prove that the set of sublattices of a lattice is 2 complete lattice with respect to the inelusig 
relation C. What are the operations of join and meet? 


Prove that the set of subalgebras of a Boolean algebra is a complete lattice with respect to 
the inclusion relation ¢. Describe the join and meet operations. 


(a) Assume that g is a closure operation on a set L partially ordered by =, ie. g is a function 


(0) 


from Z into L such that: 

(1) *=y > g(x) = gly) 

(2) x = g(x) 

(3) g{a(x)) = g(x) 

An element x in L is said to be g-closed if and only if g(x)= <x. Prove: 

(i) 2 is g-closed if and only if x= g(y) for some y. 

ZL, then 1 is g-closed. 

(iii) A glb of a set of g-closed elements is also g-closed. In particular, if z and y are g-closed, 
so is zAy (if it exists). 


(iv) If (L, =) is a complete lattice, then the set C of g-closed elements is a complete lattice with 
respect to the original ordering = on L, and, for any subset Y of L, 


ASC v= Aty_ and ea eed 


veY yer veyY vey 
Let = be a partial order on L. For any ¥ CL, let Ye® = the set of upper bounds of Y and 
Ys = the set of lower bounds of Y. We say that Y is a cut if and only if Y = ¥>*, Prove: 
(@) YoY 
(ii) Yays 
(Gil) XCY > (Y°CX°& Y8CXKs) ~ (XC Ys & Xsvcysd) 
(iv) X= Xoo & Xe = Xsde 
(v) Xbs= Xbeds & Xd = Heded 
(vi) Every set X°* is a cut. 
(vii) The funetion g(X) = Xs is a closure operation on (P(L),C). The g-closed elements are 
the cuts. 
(viii) The set C of all cuts is a complete lattice with respect to C. Meets are intersections and 


yY y= is Ue y\". The function f, such that f(z) = {x}>s for any x in L, is an 
yex 
cane chad of (L,=) into the complete lattice (C, C); f preserves all meets and 
joins already existing in (L,=),ie. if z= Vo 2 in ZL, then f(z} = VY f(@q) in C, 
and similarly for meets. aeéA aéA 
(ix) Let 2 = (Z,=) determine a Boolean algebra, i.e. it is a distributive, complemented lat- 
tice. Define, for any XCL, X* = {y: ynx=0}. Then 
(1) XnNX* = {0} = 0¢ 
(2) (XuxX*)b = {1} 
(83) (XuUX*)os = L = le 
(4) X** = Xbs 
(5) {2'}oF = {ajo 
(6) X** is an ideal of L. 
(7) The function F such that F(J} = J** for any ideal J of is « lattice-homomerphism 
from the distributive lattice of all ideals of £ onto the lattice of cuts. 


(8) Hence C forms a complete Boolean algebra, and the lattice-isomorphism f of (viii) is 
a Boolean isomorphism. Thus every Boolean algebra is embeddable in a complete 
Roolean algebra in such a way that unions and meets are preserved [131]. 
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5.124. In Evample 5.19, prove that the coll 
addition to not having its union in F). 


m-COMPLETENESS, o-ALGEBRAS 


5.125. Let F be the collection of all subsets A of a given set K such that the cardinality of A or the 
cardinality of A is = 2 given infinite cardinal number m. Prove that ¥ is an m-complete field of 
sets, What happens if we change = to <? If K has cardinal number n>m and m< bp =n, 
is F a p-complete field of sets? 


5.126. lf F is an m-complete field of subsets of a set K and AGF, prove that F|A = (¥: Yer & YCA)} 
is also an m-complete field of sets. 


5.127. Prove that an infinite o-algebra must have at least 2%¢ elements. (Hint: Problem 6.14.) 


5.128. By a free o-algebra with m generators we mean a o-algebra B having a subset D of cardinality 
m such that any function from D into a o-algebra ( can be extended to a o-homomorphism h from 
B into C. 


(a)2 For every cardinal number m, show that there is a free o-algebra with m generators. 
(6) Prove the analogues of Problem 5.110(d)(iv)-(vi) for free o-algebras. 


(ec) Prove that any free o-algebra with m generators is isomorphic to a o-field of sets. (Hint: 


TW-. DenL1... © FA \ 
VSE £TUDIEIN J.dd.) 


5.129. We say that a Boolean algebra @ satisfies the countable chain condition (CCC) if and only if every 
pairwise-disjoint set of nonzero elements of B is countable. (A set Y is said to be pairwise-dis- 
joint if and only if, for any distinct elements y and zin Y, yAz=0.) 


(a) Prove that a Boolean algebra B satisfies (CCC) if and only if every subset ZC B has a count- 
able subset Y such that Y and Z have the same set of upper bounds. 


(6) Prove that any e-algebra satisfying (CCC) is complete. 


(ec) Show that the regular open algebra of a topological space with a countable base satisfies (CCC). 
(Cf, Problem 5.47.) 


Appendix A 


More extensive conventions for eliminating parentheses than those given in Section 
1.4, page 5, will be presented here. 


(I) We assign a rank to the connectives as follows: 


o 5 
> 4 
v 3 
& 2 
7 1 


The rank of a statement form A will be 
(a) 0, if A is a statement letter; 


(b) the rank of the principal connective of A, otherwise. 


We okalh Angas ae Powe olen tenn te wee AL we Lae 2 Dee 
We Sflall UESCI ibe our pr oced ure 10Fr e11minavng parentneses oy inauction on the number 


of occurrences of connectives in the statement form. (The description will appear com- 
plicated, but the simplicity of the procedure will become apparent after a few examples.) 


Qa 


Clearly, if A has no connectives, it is a statement letter and has no parentheses. Assume 
shat we have described the procedure for all statement forms having fewer than k 


rrences of connectives and assume that A has k oceurrences of connectives 
rrences es, an 1at A 


Wa Ar sesse us ha eruweeey We abe Te Uwe awe WL Wesel 


Case (i): A is a denial (18). If B itself is of the form (1©), then we apply our 
procedure to (1) and omit the outer parentheses (if any) of the resulting expression, 
obtaining some expression D. The final result is taken to be (1D). If B is not of the form 
(1C), and the application of our procedure to B yields E, then the final result is (7). 


Case (ii): Ais (BaC), where « is«,~>, vor & We apply the procedure for eliminating 
parentheses to B and C, obtaining B* and ©*, At this stage we have (B*aC*). We drop 
the outermost pair of parentheses (if any) from B* if the rank of a is greater than or equal 
to the rank of B. We drop the outermost pair of parentheses (if any) from C* if the rank 
of a is greater than the rank of ©. 


(II) After completion of (I), we omit the outermost pair of parentheses (if any). 


Exampies. 
Al, (1(14)), 


Applying (I), Case (i), twice, we obtain (171A). Then by (II) we have 117A. In general, no 
parentheses are needed to separate successive negations. 


A2, ((Av B)>C). 


The principal connective is ~, of rank 4. Since (Av B) has rank 3, we obtain, by (1), Case (ii), 
(Av B-C), and finally by (II) AVB>C. 
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AS (Av (R>C)). 


The principal connective is v, of rank 3. Since (B>C) has rank 4, we do not drop the parentheses 
from (B>C). Thus in this example (I) allows no elimination of parentheses, and by (IJ) we obtain 
Av (B>C). 


Ad. (UB + Aj B)- ((1B) &C)). 


— is the principal connective. Application of (I) to ((Bv A) 8B) yields (Bv A @ B), and application 
of Ito 18.80 yields Ae &C). Since the rank of <> is greater than that of >, we leave the outermost 
pair of parentheses of (Gv A <> 8B). However, since the rank of & is iess than that of >, we omit the 
outermost pair of parentheses from (18 &C). The final result is (Bv A @ B)> 1B&C. 


AS. id » BYY C), 


Tte right-most v is the principal connective. Since (A v B) has rank equal to that of v, we may drop 
che parentheses, obtaining (A v Bv C}, and finally by (II), Av Bv C. 


AS (Av(BVC)). 


The left-most v is the principal connective. Since (B v C) has rank equal to that of v, we cannot drop 
the parentheses. Thus (I) yields no elimination of parentheses, and by (II) we obtain Av (Bv C). 


The results given in Examples A.5 and A.6 illustrate the principle of association to the 
left. Thus Av BvC stands for ((Av B)vC). Likewise A> B->C stands for ((A > B)>C), 
and the same holds for the other binary connectives. Association to the left is due to our 
agreemen that in (Ba), we omit outer parentheses from B if rank (B) = rank (a), but from 
C if rank (C) < rank (2). 


AZ. ((Av (By C)) v (B&(1(1C)))). 
Application of (I) to (Av (BvC)) yields no elimination of parentheses, while (B &(1(1C))) becomes 


(B& 11C), Then by (I) we obtain (Av (By Chv B& 170), and Gnally Av(Bv C)v BE WIC. 

The rough idea of convention (I) is that connectives of higher rank are to have greater 
scope than those of lower rank. Thus if elimination of parentheses yields Av BC, this 
stands for ((Av B)>C). The connective >, being of higher rank than v, must “connect” 
the longest possible statement forms to the left and right. Thus ~ has (A v B) as its ante- 
cedent rather than just B. Similarly,in A> B&B o DvB, « is the connective of highest 
rank. Hence the left side of < should be (A> B&B) and the right side should be Dv B. 
Thus we have (A> B&B) @ (DvB). Within (A> B&B), > is stronger, and we obtain 
((A> (B&B)) — (DvB)). 

In ordinary arithmetic, without realizing it we already have been taught an analogous 
ranking of arithmetic operations. Addition is strongest, then comes multiplication, and 
finally exponentiation. For example, 4+ 2-5 stands for 4+ (2-5), and not for (4+ 2) -5, 


a a. Pe ‘ See \2 
while 5 - 2? stands for 5 - (2%), not for (5° 2)°. 


Sometimes, especially in long statement forms, for the sake of clarity we can keep 
some parentheses which could be omitted according to our conventions. For example, in 
A.7 above we might write Av(BvC)v (B&11C) instead of Av(RvC)v R&11C. 


peek y 24a 


192 


A.l. 


AZ. 


ELIMINATION OF PARENTHESES [APPENDIX A 


Solved Problems 


Describe an algorithm (i.e. effective procedure) for determining whether a given 
expression is a statement form, and for determining the principal connective when 
the expression is a statement form. 


Solution: 

The description is given hy induction on the number of securrences of connectives, If there are 
no connectives, then the expression is a statement form if and only if it is a statement letter. 
Assume now that an expression A has & connectives, where k>0, and that our algorithm already 
has been defined for expressions with fewer than k& occurrences of connectives. If A does not 
begin with a left parenthesis and end with a right parenthesis, then A is not a statement form. 
If A does have the appropriate initial left and terminal right parentheses, omit them, obtaining an 


expreasion B. 


Case 1. B has the form 1C. If C is a statement form, then A is a statement form and its 
principal connective is 1. If © is not a statement form, then neither is A. 


Case 2. B is not of the form 1€. For each of the binary connectives [J in B, if Bis COD 
and if C and D are statement forms, then A is also a statement form with principal connective LD. 
On the other hand, if the indicated condition does not hold for any of the binary connectives [1 in 
B, then A is not a statement form. 


Eliminate as many parentheses as possible from: 
(a) (((A v B) > (10))v (1B) &C) 

(b) (A&(1(1B))) o (Bo (CvB))) 

(c) ((Beo (Cv B)) > (A& (1(1B)))) 


Solution: 


(a) The second v is the principal connective. Since v has higher rank than &, we can omit the 
outer parentheses from ((18B) &C). Since > has higher rank than v, we cannot drop the outer 
parentheses from ((A v B)>(1C)). But within ((A v B)>(1C)) we can drop the outer paren- 
theses from (A v 8), since — has higher rank than v: 


(AvB>(1C)) v (1B)&C 
Finally, we can drop the parentheses around the denials: 
(AvB> 10) v EC 


(b) < is the principal connective. We can omit the outer parentheses of (A & (1(13B))), since 
has higher rank than &: 
A &(1(1B)) @ (B & (Cv B)) 


However, we cannot omit the outer parentheses of (B <> (Cv B)), since the latter has the same 
rank as © and appears on the right hand side of the biconditional. Within (B — (Cv B)) we 
can drop the parentheses of (C v 8), and, on the other side, we can drop the parentheses around 
the denials: 

A& 11B & (Be CvB) 


(c} This is the same as (8) except that the two sides of the biconditional have been reversed. Since 
(B <— (Cv B)) now appears on the left hand side of the biconditional, we can drop the outer 
parentheses: 


Be (Cv B) @& A&(1(7B)) 


As before, we then obtain 
B@ECVB@E AEN1B 


In practice, we would never eliminate all the parentheses in part (c), since their complete 
elimination will not facilitate the interpretation of the originel statement form, 


Ne Aterprecanion 
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A3. Deseri 


SULLISR LVL 


obtained from sctatatient a as a result of applying our conventions for elimi- 
nating parentheses (and, if it has, find the statement form). 


We shal] describe, by induction on the number of symbels of A, a procedure which either will 
&nd the statement form abbreviated by A or will eventually tell us that there is no such statement 
form. Clearly, if A has one symbol, then A abbreviates a statement form (A itself) if and only if 
A is a statement letter. Now assume that A has k symbols (where k > 1) and that our algorithm 


has been defined for all expressions with fewer than k symbols. 


Case 1. A either does not begin with a left parenthesis or does not end with a right paren- 
thesis. (Hence if A does abbreviate a statement form F, then the outer parentheses of F were 
omitted.) 


Case la. Ais of the form 17... (B). If B abbreviates a statement form G (and hence B does 
not have the outer parentheses of G), then A abbreviates (1(1(...(1G)...))), Otherwise, A is not 
an abbreviation of a statement form. 


Case Ib. A is of the form 171...1B, where B is a statement letter. Then A abbreviates 
(ACV... (am). ..)). 


Case le. A is not of the form 17... (8), and not of the form 17... 1B (where B is a 
statement letter). For each occurrence of a binary connective # in A, represent A as C#D. If 


(i) CC abbreviates a statement form M 
(ii) D abbreviates a statement form J, 


(iii) © contains the outer parentheses of H (if any) if the rank of H is greater than or equal to 
that of #, 
(iv) D contains the outer parentheses of J (if any) if the rank of J is greater than the rank of 
#, then A abbreviates (H # J). 
If no occurrence of a binary connective in A satisfies (i)-(iv), then A does not abbreviate 
a statement form. 


Case 2. Ais of the form (B). 


Case 2a. Omit the initial left and terminal right parentheses, and then apply Case 1 to B. 
If 8 abbreviates a statement form C, then A abbreviates C also. 


Case 2b. If Case 2a does not show A to be an abireviasion of a statement form, apply the 


ocedure of Case le, If we obtain a statement form B, then A abbreviates 2B 


Examples. 


(a) B+ CvB. Case lc applies, First, we try <> as principal connective. The left side is B, 
and the right side Cv B, which abbreviates (Cv B). Since (Cv B) has rank less than that of 
<>, the outer parentheses around Cv B have been legitimately omitted. Thus we obtain 
(BP or (f.. D\V 
Se ev 

(5) A& 1B &A. Case le applies. First, we consider the left-most & The left side is A and 
the right side is 18&A. Hence we must consider 18 &A. Again, Case lc applies and we 
consider & The left side is 1B (which is an abbreviation of (18)) and the right side is A. 
Thus 15 & A abbreviates (( 18) & A), but, since ((18) & A) has rank equai to that of &, ciause 
(iv) has been violated. Next, we try the second &. The left side is A & 1B, which is easily 
seen to abbreviate (A &(18)). Hence the original statement form is ((A &(1B)) & A). 


(c) aWAvB. Case lc applies. The left side of v is 112A, which by Case 1b abbreviates 
(1(1A)). Hence we obtain ((1(7A)) v B). 


(@) Av 1(AvC). Case le applies and we look at the first v, The right side is 1(AvC). To 
the latter, Case 1b applies and we see immediately that Av C is a statement form. Hence the 
original statement form is (A v (1(A v C))). 
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Supplementary Problems 


Find the ranks of the following statement forms. 


Eliminate as many parentheses as possible from the following. 
{a} (A) v (B&C)) > (A (18))) 

(6) (A> (1(1B))) v (1(4 &C))) 

(c) (A >(14)) > B) > (A >B)) 

(d@) ((1A) 7 (AB)) 


Determine whether each of the following expressions is an abbreviation of a statement form, and, 
if so, construct the statement form. 


(ec) AVIB* (BEC G&A 
(() A27B* T1AVB 

(c) WAvB)vA&B 

(d) Av Bv (C>D) 


Show that if A is a statement form, then there is at most one connective [] such that A is of the 
form (8[]C), where B and C are statement forms. 


Show that the algorithm of Problem A.3 is correct, i.e. when B is an abbreviation of a statement 
form A, then the algorithm applied to B vields A as its only answer, and when B is not an abbrevia- 
tion of a statement form, then the algorithm says so. 


Appendix B 
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We may avoid the use of parentheses 
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80 a A, & AB, . AB, ~ AB, — AB. 


Examples. 
The statement form ((1A)&(BvA)) would be rewritten as & 1Av BA. The statement form 
(A> ((1B) @ (Av C))) would be rewritten as ~A @ 1BVAC. 


Examples. 
>~vABv 1C& 1RC is Polish notation for the statement form ((Av R)>((10C) v (1B) &C))). Sim- 


ilarly, + &AI7B<>Bv CB is Polish notation for ((A &(1(18))) @ (B @ (Cv B))). 


Solved Problems 


B.1. Write the following statement forms in Polish notation. 
(a) ((((14) v (BEC) > (A (1B))) 
(0) (A> (1(1B))) v (1(A &C))) 
(ce) (((A > (14)) > B) > (A > B)) 
Solution: 
(a) ~v TAG BCHOANB 
(6) v> ATIBI&AC 
(c) ~ 77 A 1AB>AB 


B2. Find the statement forms whose transcriptions into Polish notation are 
(2) >vATB& SBCA (c) v lv AB& AB 
(b) >> ABv 1T14B (d) vw AB~>CD 
Solution: 
(a) ((Av (1B)) > (BC) & A)) 
(6) ((A > B) — ((1(14)) v B)) 
(c) ((1(Av B)) v (A &B)) 
(2) ((Av B) v (C>D)) 
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Deserihe an algorithm for determining whether a given expression is pasiiane 


fermi in Polish notation and for constructing the corresponding statement - fo 
original notation. 


a 
5 
at 


Solution: 
Assign the integer —1 to statement letters, 0 to 1, and +1 to the binary connectives &,v,>, ©. 
Then we have 


Theorem: An expression A is a statement form in Polish notation if and only if 
(I) the sum #(A) of the integers assigned to all the occurrences of symbols in A is —1; 


(II) the sum #(8) of the integers assigned to all the occurrences of symbols in every 
proper initial segment Bt of A is non-negative. 


Example. v>vABINBE&1BC 
1 


3 


Proof of the Theorem, First, we shall prove that any statement form in Polish notation satisfies 
conditions (1) and (II). This is shown by induction on the number k of occurrences of connectives 
in A. If there are no connectives, A is a statement letter and conditions (I)-(II) are obvious. 
(In this case there are no proper initial segments of A.) Now assume that the result has been 
established for ali statement forms having fewer than k occurrences of connectives (k=1). By our 
new definition of statement form, A is of one of the forms 18, & BC, v BC, > 8C, <— 8C, where 
B and C are statement forms (having fewer than k& occurrences of connectives). Use of the induc- 
tive hypothesis now yields (I)-(II). (For instance, if A is & BC, then #(A) = 1+ #(B) + #(C) = 
1+ (-1)+(-1) = —1, yielding (I). If D is a proper initial segment of A, then either D is & and 
#(D) is +1=0; or D is &D, (where D, is a proper initial segment of B) and #(D) = 1+ #(D,) = 
1+0=1>0; or Dis &B8 and #(D) = 1+ #(B) =1+(—1) =0; or Dis & BC, (where C, is a proper 
initial segment of C) and #(D) = 1+ #(B) + #(C,) = 1+ (—1) + #(€,) = 0+ #(C,) = #(C,) = 0.) 


Conversely, let us assume now that an expression A satisfies (I)-(II). We prove that A is a 
statement form in Polish notation by induction on the number k of symbols in A. k= 1: then 
by (I), A is a statement ietter, Induction step: assume that k >i and that the result holds for 
all expressions having fewer than k symbols. Case 1: A is of the form 1B. It is then easy to 
show that the truth of (I)-(II) for A implies the truth of (I)-(II) for B, and hence, by inductive 
hypothesis, B is a statement form. Therefore 18 is a statement form. Case 2: A is of the form 
BC. where B is a statement letter. This contradicts (II), since 8 is a proper initial segment of A. 
Case 3: Ais of the form [/C, where [J is one of the binary connectives & v, ~, <>». There must 
be a shortest proper initia] segment B of C such that #(B)=-—1. For, as we move from left to 
right in A, the sum of the symbols begins at +1 (the integer for [j) and ends with —1 (= #(A)), 
and moving from one symbol to the next either leaves the sum unchanged or changes it by +1 or —1, 


Hence we must finally arrive at the first proper initial segment of A whose sum is 6. This proper 
initial aegment is of the form [{]8, where 8 is the shortest proper initial segment of © such that 
#(B) = —1. Then 8 satisfies (I). As for (II), consider any proper initia] segment D of B. Then 
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B.A. 


B5. 


ainco OD is a shorter srover initie! seamaent of A then [8 2(0 D) is > 4, and #/B) = 0, Hence 
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(II) holds for B, and, by inductive hypothesis, B is a statement form in Polish notation. Let © be 
BE. Thus A is CBE. Since —1 = #(A) = 1+ #(B) + #(E) = 1+ (—1)+ #(E) = #(E), E satisfies (I). 
As for (II), let F be any proper initial segment of E, Then [Bf is a proper initial segment of A, 
By (II) for A, 0 = #((2 BF) = 1+ #(B) + #(F) = 1+ (—1) + #(F) = #(F). Thus (II) holds for E, and, 
by inductive hypothesis, £ is a statement form in Polish notation, and therefore so is [] BE. 


Notice that the second part of the proof of the theorem gives a method for constructing the 
corresponding statement form in our original notation (since it locates the statement forms out of 
which our given statement form is constructed). 


Example. @&AI7B@BvVCB 


The first proper initial segment whose sum is 0 is @&A11B. Thus we have (&A11B)@ 
(> Bv CB). In &A11B, the first proper initial segment whose sum is 0 is & A. Hence we 
obtain A& 118. In <-> Bv CB, the first proper initial segment whose sum is 0 is 8B, and we 
obtain B<@(vCB). Thus, so far, (A& 118) (B@(v CB)). Finally, v CB corresponds to 


a * —— Mm 2. 


Oy D --A zhen Lawent & mae ie Ppt eratnaenn Sala an, SEE Ee eR Oey 2” Da | {Boe see, PB 
wv #, SIU LUT SUALEMICIL LOK Il OU OIIZINal NOLMUOG 15 (424% 11D) 7 (DT (UV D)). 


Supplementary Problems 


Write the following statement forms in Polish notation. 
(a2) B& W(AvB) 

(6) [(A>B) > 1(B>A)] © (ASB) 

(ce) [(A*B)+(C>D)] + [E> {((D>A)>(C+A)}] 


Determine whether each of the following expressions is a statement form in Polish notation, and, 
if it is, find the corresponding statement form in our original notation. 


(e) > 1VAB@C& 1AB 
(6) 1&A?BOA 

(e<) vv27AB1AA&BA 
(d) @>A>BC-&ABC 


Appendix C 


The Axiom of Choice 
Implies Zorn’s Lemma 


By the axiom of choice we mean the assertion that, for any set x, there is a function f 
(called a choice function for x), defined on P(x) ~ {®}, such that, for any non-empty subset 
uof x, f(u) Eu. 


We shall say that a collection A of sets is well-ordered by inclusion if and only if A is 
an C-chain and every non-empty subset C of A has a least element bd (i.e. if «GC, then 
bu). Given a collection A well-ordered by inciusion, and given any set y in A, the segment 
determined by y (denoted Seg (A, y)) is defined to be the set of all « in A such that zCy. 
Notice that, if S is a section of A (i.e. if S is a subset of A such that (yES & Cy) > x ES)) 
and if SA, then S = Seg(A,u), where u is the least element of A~S. 


Theorem. The axiom of choice implies Zorn’s Lemma. 


Proof. Assume that a set Z of sets nee ae at Pena that, for every C-chain C in Z, the 
THiAn Vt A allen VA Tat By be a fimatinan fan F Thu ve af AicNnozZ than 
MmsLiwis AEC aa is e@inbuU im aie Ad s a ch 101 AUAALULIVIL AVL ate LRihkUD 2h v7 aS we aly bhiwis 
F(D)€ D. 


Let us assume that Z has no C-maximal element. We shall derive a contradiction from 
this assumption. 


For any y in Z, the set ¥ of all elements xz of Z such that y Cz is non-empty (since there 
are no C-maximal elements). Let f(y) =F(Y). Thus for any y in Z, f(y) is an element of 
Z such that yC f(y). 


By a ladder we mean any subset LZ of Z such that Z is well-ordered by inclusion, and, 
for any EL, f( ese. 4) = 2. (By hypothesis, we know that U 4uédZ, since 
eg z. 


u & Seg (L,4r) 
Seg (Z, x) is an C-chain. ) 
Let L be the set of all ladders. 


(1) Given two different ladders L, and L2, we shall show that one of them is a segment of 
the other. Let K be the set of all wEZinZe such that Seg (Li, u) = Seg (Zo, x). 
Clearly, K is a section of both Z, and Zz. Hence if K=Z, or K=L2, then one of L, 
or Ez is a segment of the other. Thus we must show that KCL, and KCL do not 
simultaneously hold. To this end, assume KCL, and KC Le. Let uw; be the least element 
of £,~K, and let we be the least element of Z2~K. Then Seg(Zi,u.)=A and 
Seg (Lo, uw) = K. By definition of ladder, 


m1 


Il 
“hy 
—~ 
n 
i" 
iH 
& 
4 
ed 
H] 
—~., 
ac 
mg 
i 
nd 


II 
“h 
ST 

s 
ue 
m 
2 
~~” 


0 a) 


198 


and ha 


APPENDIX C] THE AXIOM OF CHOICE IMPLIES ZORN’S LEMMA 199 


(2 


— 


Hence wu, =u: and Seg (Zi, %1) = K = Seg (Zo, te). Thus vw €A, which con 


S1SR0o 8 — zg ang 


fact that uCL,;~K, 


The union of all ladders H = Uo is again a ladder. For, by (1) it is clear that 


isan C-chain. H is well-ordered by inclusion. (In fact, if @~WCH and ué W, then 
«EL, for some £,€L and the least element of WN L, must be the least element of W.) 
Finally, for any €H, «GL, for some L,€L, and, by (1), Seg (H,x) = Seg (Li, 2). 


Hence x = A estinn”) = Mee U ie oY): 


Since H is an C-chain, the union v = Ue u € Z, by hypothesis. Hence HU {f(v)} 
is a ladder, and therefore f(v) € H. _ 


It follows that f(v)Cv, contradicting »C f(v).> 


A Lattice se deals Proof 
~f aL. efi: il. Mist. orem 
Orme otnroger ernstein Theorem 
Lemma. Let (Z,=) be a complete lattice and let 4 be a function from Z into Z such that 
: dar nrosereyinge toa mw ea ee Ale) < alas) Than 1 haa nan fwnsA naint hh 
MUST NA WOU VILE bee g pus) FUG se Ad Y 6GND G2 MATU WULLIL YU in 


Proof. Let W = {x: c<€L&xr=¢g(z)}, and let b= Ve x. We shall show that 


$(b) = b. First, ¢(b) is an upper bound of W. For, if x€ W, z = b, and therefore ¢(z) = ¢(b). 
But vane ceEw, z=¢(z). Hence «=¢(b). Thus (bd) is an upper bound of W, eae 50 


b= = 4(b). On the other hand, since }b = 4(b), it follows that ¢(b) = 4(¢(d)), 

Taw TY... ve 4 som ah Wrannwee Lu ashy O CBN oe een, Ale s/h — bh bd 

Plo) =r. LLTMCC PLY) — ew &— Uv. ai 1b UU PLY] & PY) VU We UNLaAlLL @DlU) — U.P 
=z 


Schroder-Bernstein Theorem. If there is a one-one correspondence f between X and a 
subset of Y and a one-one correspondence g between Y and a subset of X, then 
there is 4 one-one correspondence between X and Y. (In terms of cardinal num- 
bers m and n, if m=n and n=m, then m= n.) 


Proof, For every subset ZC X, let ¢(Z) = X~g[Y ~f[2Z]] (Fig. D-1). (Recall that, 


for any function h, A[C] = {h(u): wu EC}.) 


Y x Y 
a | o-3 LN 
i 
¥~j[Z) X~aZ* ¥~/{Zz*] 
\ a / 
_—_— 
Fig. D-2 
Now, Z:G22> f[Zs)Cf[Z] > Y~ fle] CY ~ 112s] 
~ of¥ ~ f[Ze]] C of¥ ~ f(A] 
> X~glY ~ f[Z.]] ¢ X~ g[¥ ~ f[2Za]] 
—— SSS OES 
¢(Z)) (29) 
Hence ¢ is an order-preserving function from the complete lattice (P(X), C) into itself 
£46210 $ a AL VS US OIA ee sey iad VO Ute os 


Hence by the lemma above, ¢ a fixed point Z*, i.e. 
= 9(2*) = X~g9[Y~7[2"]] 


Iw. #977 
L|4 


Therefore g[¥ ~ 
It is easy now to verify, using Fig. D-2 as a guide, that the following function h, 
if f(z) if xEe2* 

97a) if rEeX~Z* 


n_Yy wu 
JJ — A™ G4 


hiz) = 
is a one-one correspondence between X and Y.p 
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